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tUG R r I r D r J r Z G e  

 3 0 3 2 0 3( ) = [ ( ) ( ) ( )].n n nR r I r D r J r  

 
. 6   3=r r   

  . 6  –  
.  

 
 (36), (35)  (37)  M N N  

 ,1 1

1 1, , 1 n k
n k k

tUG e ,  

. .  

 ,1 1

1 1

1 1

3 , ,( , , ) 1 n k
M N N

k
k n k k

n k k

tT r t UG e  

 
,, , , , ,

, 0 1 2
=1 =1

= ( ) = ( sin( ) cos( ) .
N M n kn k n k n k n k n k
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, , , , , , ,0 1

0 1, , , 2
3 4

1 0 0 1 sin( ) 1 cos( ) .
0 0

n k n k n k n k n k n k n k
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M
nk nk nk nk nknk

nk
n k nk nk nk nk nk

e t e ttD t e
e t e ch t                

(42) 
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, . 
 

 
:  

 
2

( ) ( ) ( 1)
, ,

, ,
0

= ( ) ( ) ( ) ( ) ( ) ( )
b b k

m m m
n k n k n k n k

n k n kr z Ta a

r z T
R r Z z D t R r Z z D t drdzdt  

 ( ) ( ) ( ) ( 1) ( 1) ( 1)
, , , , , ,

,
0

= [ ( ) ( ) 2 ( ) ( ) ( ) ( )]
k

m m m m m m
n k n k n k n k n k n k

n kT

T
D t D t D t D t D t D t dt  (43) 

 
. 

 
 – .  (22) 

. , 
 

z . :  

 
2

*
ef 2

1= ; = ( ).ef
v v p vc v c c L T T
t z z z

 (44) 

:  
 ( ,0) = ( ), ( ,0) = ( ,0).z pv z V z T z T z  (45) 

:  
 = 1 = 1 = ml, ,3

( ) = ( ), ( ) = ( ), ( , , ) | = .z z z z z p r r z tv t V t T t T t T r z t T  (46) 
 

. 



24 
 

1. ,  
(44).  

 
(0) 2 (0)

2= .v v
t z

 

= / .  =0 0( ) =tv z v . 
  

 = 0 = 0
( , ) ( , )( , ) | = 0.; ( , ) | = 0.v z z v z z

v z t v z th v z t h v z t
z z

 (47) 

 ( ) = sin( ) / cos( )k k k k v kZ z z h z  
  

 (0)

1

( , ) = ( ) .
N

k
k k k

tv z t Z z v e  

 2.  
  

 
(0)

* (0) (0) (0)[ 0 ] grad = div( grad ) .V V
Tc LT v T k T q

t
 

 3.  
 *0 ( )Vc L T T  – (1) ( , )T z t . 

4.  (1)= ( , )p RT z t . 
5.  (44) ,  

  
(1) 2 (0) (1)

(0) (1) (0) (1) (0)
2= ( , ); ( , ) = ( , ) .v v

v p v v TN v T N v T v z t R
t z z z z

 

 5.  2—5 ,  ( 1) ( )( , ) ( , ) >m mT z t T z t  
 0  1  m  1m . 

 
, . 

 
. 

 (`` '')  
 `` '' . 

,   
  –  ,  .   

 
 

[ , = ( )]a b b tr r r r z . 
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2

ï 2
1( ) = .r z

v
T T T T Tc T V V r
r z t r r r z

 (48) 

,  (48)  
 

.  
 (48):  

 , ,

( )
1= ( ) ( ) ( ) .

( )

b

m n l m n l
m m b ra

r z
nr B r B r B r rdr

B r
 

,  r  (48) 
 `` ''  z  
 ar .  L ,  b ar r  

 
. 

 
,  

.  
 vc ,   

 Tq   
2 2

*
2 2

1[ 0 ( )] = .V r z T
T T T T T Tc L T T v v q
t r z r r r z

 

  

 
2 2

*
2 2

1 1= [ ( )] ,
0 T T

V

T T T T TC L T T q
t c r r r z t

 

  –  
  – ,  TC  

  

 = ; = { , , }.r z r zC v v v v T
r z

 (49) 

 
.  

,  
. .  

 
,

(0) ,
, ,

,

( , , ) = ( ) ( )[ 0 1 ].
M N

m k
m k m k m k

n k

t
T r z t R r Z z T T e  (50) 

 
 =p RT ,  / = /p r R T r , 
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/ = /p r R T z  (50). 
.  

 
(0) 2

= ;r z
e r r

v T vR v C
t r r z

 (51) 

 
(0) 21 1= ;z r r

e z z
v T v vR v C
t z r r z r z r

 (52) 

,  ,   
 (0) ( , , )rv r z t , (0) ( , , )zv r z t .  (51), (52) 

 =1,2,m :  
( )

( ) ( 1) ( 1) ( 1) ( 1)
, ,= ( ) = ( ) ( , , ), ( , , ) ;

m
v m m m m mr r rn k r r n k r r z

dv v RT t F t C v r z t v r z t
dt

 

 
( )

( ) ( 1) ( 1) ( 1)
, ,= ( ) = ( ) ( , , ), ( , , ) ;

m
v m m m mz z zn k z z n k r r z

dv v RT t F t C v r z t v r z t
dt

 

 (50)  
 `` ''   

 1 1

1 1

, ,(0) , 1 1
, , ,1 1

, ,, 1 1

, 0 11( ) ( ) = 2 .m k m km k
r m k m m k kv Tr

m k m km k

M K T T
V p vr r zd

p pp
 

1 ,1 1

1 1
,1 1

,(0) , 1
, , ,1 1

,,

, 0 11( ) ( ) = 2 ,m k

m k

m km k
z m k m k m m k kvz m km k

M K T T
V p r z vz r zd Tpp p

 

 , 1
2m mr , , 1k kzd  –  r  z  

. 
 

:  
(0) , (0) ,2 0 1 2 0 1

2 2
3 4 5 3 4 5

( ) ( ) ; ( ) ( ) .m k m k
r z

vr vr vr p vz vz vz pV p V p
p vr vr p vr p p vz vz p vz p

 

:  

 (0) (0)
,

=1 =1
( , , ) = ( ) ( )Vrt ( );

M N

m m k m k
m k

vr r z t R r Z z t  (53) 

 (0) ,
, 2 1 1Vrt ( ) = vrt vrt sin( ) vrt cos( ) ;

vr
m k

m k v vr r

t
t e t t   

 (0) (0)
,

=1 =1

( , , ) = ( ) ( )Vzt ( )
M N

m m k m k
m k

vz r z t R r Z z t  (54) 
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 (0) ,
, 2 1 1Vzt ( ) = vzt vzt sin( ) vzt cos( ) .

vz
m k

m k v vz z

t
t e t t   

 
 

.  (50), (53), (54)  (49).  vr
C .  

 vz
C  – . 

1

2 2

2 2
,1 1 1 1 1 2 2 2 2, ,1 1

( )(0) (0) (0)= ( ) ( )Vrt ( ) ( )Vrt ( ),
m m

v m m k k m k k k mr
m m k k

M K dR r
C R r Z z t Z z tkdr

 

 
1 2

2 2

2 2
, ,1 1 1 1 1 2 2 2

, ,1 1

( )(0) (0)( ) ( )Vzt ( ) ( ) Vrt ( ).k k
m m k k m k m m m k

m m k k

M K dZ z
R r Z z t R r t

dz
 

 
  

 
1 2 1 2

1 2 1 2

(0)
, , ,,

, ,

,= ( );
rv m m k km k

m m k k

M K m kC F t  

2 1 2 2 1 2 1 2 2 2 1 2 1 2, , , , , , , , , , , , ,1 1 1 1 1 2

(0) (0) (0) (0), , ,( ) = 1 Vrt ( )Vrt ( ) 2 Vzt ( )Vrt ( ).m m k k m m k k m k m k m m k k m k m k
m k m k m kF t F t t F t t  

 1 2 1 2, , ,m m k k  
  :  

 
, , ,

, 2 0 1
, , , 2

3 4 5

( ) ;
m k m k m k

m k
r m k m k m k

vr vr vr pC p
p vr vr p vr p

 (55) 

  
, , , , , ,

, ,2 0 1 2 0 1
, , , 2 , , , 2

3 4 5 3 4 5

( ) ; ( ) .
m k m k m k m k m k m k

m k m k
z Tm k m k m k m k m k m k

vz vz vz p t t t pC p C p
p vz vz p vz p p t t p t p

(56) 

 ,m k
jvr , ,m k

jvz , ,m k
jt  

 4. 
 

  

 
22= ,

0
e r z

T
V

A v vq
c r z

 

 (55), (56)   

 , 2 0 1
2

3 4 5

2( ) .
0

m k e
T

V

A Tq Tq Tq pQ p
c p Tq Tq p Tq p

  

 
:  
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0 1

, ,(1) (0) ,
, , , 3 4 5 2

, , ,

1 1
( ) = ( ) ( ) ( ) .

1 1 1
m k m km k

m k m k T T m k
m k m k m k

t t p
T p T p C p q p

t t p t p
 

  

 (1) (1)
,

=1 =1
( , , ) = ( ) ( ) ( );

M N

m k n k
m k

T r z t R r Z z TT t  

 
(4)1(1) (0) (1) (5) (2) (5),

, , , 1 , , 2 ,( ) = 1 ( 1 ( 1 ) 1 ( 1 ),
t m k

n k m k m k m k m k m k
t

TT t t e t f t t t f t t  
 1 2( ), ( )f at f at  – . 

,  4, 
.  

:  
( ) ( ) ( ) ( )

, ,
=1 =1 =1 =1

( , , ) = ( ) ( ) ( ); ( , , ) = ( ) ( ) ( ).
M N M N

m m m m
r n k n k r n k n k

n k n k
v r z t R r Z z vr t v r z t R r Z z vz t  

. 9, 10   ( ) ( , , )m
rv r z t  

( ) ( , , )m
zv r z t : 

 
. 9,10  (3) ( , , )rv r z t  (3) ( , , )zv r z t : 

 m  
  

 ( ) ( )
,

=1 =1
( , , ) = ( ) ( ) ( )

M N
m m

m k n k
m k

T r z t R r Z z TT t  (57) 

 
(4, 1)1( ) (0, 1) (1, 1) (5, 1) (2, 1) (5, 1),

, , , 1 , , 2 ,( ) = 1 [ 1 ( 1 ) 1 ( 1 )].
mtm m m m m mm k

n k m k m k m k m k m k
t

TT t t e t f t t t f t t  (58) 
,  3-  

. 
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. 11,12  0-  3-  

 
 (57)  

 
  

 ( ) ( ) ( )
,

=1 =1

( , , ) = ( , , ) = ( ) ( ) ( )
M N

m m m
n k n k

n k
p r z t RT r z t R r Z z TT t   

 (58)  ( )
, ( )m

n kTT t . 
 

,  L  
:  

 ( ) ( ) ( )
,

=1 =1

( , , ) = ( , , ) = ( ) ( ) ( ).
M N

m m m
n k n k

n k
p r L t RT r L t R r Z L TT t  

 `` '' –  
 
 

 -- . 
, ,  

 (`` '').  
( [ , ]a br r r )  ( , )b ar r r ) . 

 
, : 

1)  (`` '') 
 z  zV ; 

2)  
z ,  = ( )z . 
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, :  

 | = | ,
S l

s s l l
V n l

s l

T TL V
n n

  

 = /nV d dz  – , VL  –  
 ( ). 

 5  
 (42). 

  

 (1) (0)

=1 =1
( , , ) = ( ) ( ) (1 ) ( ) .

M M
nk nk

n k nk
n k nk

G tT r z t R r Z z e D t  

:  

 ( ) ( 1)

=1 =1

( , , ) = ( ) ( ) (1 ) ( ) .
M M

m mnk nk
n k nk

n k nk

G tT r z t R r Z z e D t  

 ( øíR L ) ,   

 
'

( )
,

=1 =1

( )= ( ) ( ).
b

M K
plm

k m k
m kr

T T B r Z z tt t
n r r

 

:  

 
;

( )
,

=1 =1

( )= ( ) ( ).
b

M K
sls s m

k m k
m kr r

T T B r Z z tt t
n r r

 

 
'

( )
,

=1 =1

( )= ( ) ( ).
a

M K
pll l m

k m k
m kr r

T T B r Z z tt t
n r r

 

,  
,  

:  

 ( )
, ,

=1 =1'

1 ( )= ( ) ( ) ( ) ( ) .
M K

plm
V n k s m k l m k

m kpl r r

B rL V Z z tt sl t tt t
r

 

, , ,  
,  

.  
:  

 ( ) ( )
, ,

=1 =1'

1 ( )= ( ) (0) (0) .
M K

sl plm
V n k s m k l m k

m kpl r r

B rL V Z z tt tt
r

 

( ) ( )
, ,

=1 =1 '

1 1 ( )= = ( ) ; = (0) (0) .
K M

sl plm
n k k k s m k l m k

k mV pl r r

d B rV Z z C C tt tt
dz L r
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: 
=1

1(0) = ( 0) .
K

k k
kV

Z C
L

 

 8-  
. 

 
 –  

, . 
,  

. 
,  

. 
  ,  

.  
( , )x t  

 0 (  – 0)  1 ( ). 
 ( , )x t  

 0 (  – 0)  1 
). 

,  
, : 

1) ,  
; 

2)  ( ) 
, . 

 
:  

1 ( )( ) ( ) = ( ) ( ) ( ) .T T T d d tc T T r T T T Q Q
t r r r z z dt dt

 (59) 

  

 0
( , ) = (1 ( , ))(1 ( , ))(1 ( , ))d x t K x t c x t n x t
dt

 (60) 

  

 0
( , ) = ( )(1 ( , ))( ( ) ( , )), .p

d x t K T A x t T x t x V
dt

 (61) 

       = exp ; = exp .
p

U EK k K k
RT RT T T

     (62) 

:  
 0( ,0) = 0, ( ,0) = ;x T x T   
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 2( ) grad ( , ) = ( ( , ) ); grad ( , ) = 0, ;avT n T x t h T x t T n T x t x S   
 *

1( , ) = ( , ); ,T x t T x t x S   
 c  – ;  – ;  – ; 
,Q Q  – ,  

; R  – ; 0 1, , , , , ,U E k k c c n  – 
,  

; pT  – ; p  –  
. 

 ( ): 
c  – 2,0 – 3,5  ;  –  0,29 –0,42 ; plT  – 376 –388 ; cT  – 138 ; 

 – 7 . 
 (59)–(62)  

,  
 ( ) . 

: 4
1 = 2,33 10 1/K c , 1 = 30,2U , =182 K , 

= 415pT K , 0 = 82A , =164 / ;kQ , = 0,1k , 6= 4,19 10a Pa , 
8=1,78 10crB Pa , 5= 2,8 10 1/aa K , 5= 0,9 10 1/cra K , 8=1,08 10aB Pa . 

= 8,314R /( ); 1  =4,189 . 
  

 . 
 2

0 0 0(1 )(1 )(1 ) = (1 )[1 ( ) ]c n c n c n  
 2 3 2 3

0 0 0 0 0 1 2 3=1 ( 1) ( ( )) = .c n c n c n c n a a a a  
 0 1 0 2 3 0=1; = ; = 1; = , ( =1).a a c a a c n  

  

 2 3
1 2 3= [1 ]; = exp .d UK a a a K k

dt RT
 

 ( , )T r t ,  
, ,   

 
2

2

12 6 ,
12 6

x x xe
x x

 

 < 5x  [21] .  
= /C U R .   

 
2 2

2 2

12 6 / /= ; = / .
12 6 / /

T C T CK k C U R
T C T C

 

 (65) :  
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2 2 2 2 2 3
1 2 3

( , )(12 6 / / ) = (12 6 / / )(1 )d x tT C T C T C T C a a a
dt

 

  ,T :  

 2 3
1 2 3

( , ) =1/12(1 ) ( , );d x t a a a N T
dt

 (63) 

N  – :  

 2 3
1 2 3

( , )= / 6( / 1)(1 ) (1 / ) .d x tN T C T C a a a T C
dt

 (64) 

 (63)  = 0N .  

 
(0)

(0) 1
1

1

1=1 , (0) = 0; ( ) = 1 ;ad ta t e
dt a

 

 (1) (0) 2 (0) 3
2 3

1

1( ) = { [ ( )] [ ( )] }
( ) tp a t a t

p p a
 

 
2 3

2 31 1
2 3

1 1 1

1= 1 1 ;
( )

a a
t

a at te e
p p a a a

 

(1) (1)2 0 1
2 0 12

3 4 5

( ) ; ( ) [ ( ) ( )].A A A p tp t A e A T A t
p A A p A p

 

 K  (61).  

 2 2 2
0 0 1 2= =1; = 2/ ( 3 ); = ( 6 ( ))/ 6/ ;p pb d b D B T b B T B A D A  

 2 2
3 4 4= 6/ ( 2 ); = = 6/ ; = ;p pb D B T b d D D AT  

 2 2 2 2
1 2 3= 2/ ( 3 ); = ( 6 ( ))/ 6/ ; = 6/ (2 ).p p pd D T d B T B A D A d D T B  

2 3 4
0 1 2 3 4

2 3 4
0 1 2 3 4

; = ; = / ; = ;
( )

py

p

AT BTb bT b T b T b Te y A E R B A
d d T d T d T d T T T T

 

 
2 3 4

0 1 2 3 4
2 3 4

0 1 2 3 4

= .b bT b T b T b TK k
d d T d T d T d T

 

 (61) :  

 2 3 4
0 1 2 3 4

( , )( ) d x td d T d T d T d T
dt

 

 2 3 4 2
0 1 2 3 4 0 1 2= ( )( ).b bT b T b T b T e e e  (65) 

 0 = pe , 1 1= 1pe c , 2 1=e c . ,  
(59), (63), (65)  

   
. 

,  
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. 

 2
0 0 1 2

( , ) = ( ) ( , );d x td e e e N T
dt

 (66) 

 2 3 2
1 2 3 4 0 1 2( , ) = ( )( )N T T b b T b T b T e e e  

 2 3
1 2 3 4

( , )( ) .d x tT d d T d T d T
dt

 (67) 

  

 (1)
2 0 1( ) [ ( ) ( )].

t
t B e B t B t  

  
 ( , )T x t . 

 (59)  `` '', 
  

  ( = 0kQ ) .  

 ( ) ( 1)

=1 =1

( , , ) = ( ) ( ) (1 ) ( ) .
M M

m mnk nk
n k nk

n k nk

G tT r z t R r Z z e D t  (68) 

 (1) ( )t , (1) ( )t  

,  (59) p crQ Q
t t

,  

 (1) ( )t , (1) ( )t .  

0 1 0 1
( ) ( ) = ( )( ) ( )( )p cr p

d t d t tQ Q Q e A A t A A t
dt dt

 

 0 1 0 1[ ( )( )] ( )( )].cr
t

Q e B B t B B t  
 t ,  

  

 3 41 2 0 1
2 2 2 2 2

3 4

( )( )= .
( ) ( )T p cr

C C pC C p D D pL Q Q
p p D D p p

 

  
 0 1 0 1

2 2
, , 3 4 3 4

1 1{ } = .t T
n k n k

D D p E E pL
p p D D p p E E p p

 

 ( 1) ( )mD t .   

 ( 1) 0 1
, 1 2

3 4

( ) = ( ) 1 1 .T m
n k n k

E E pF t D t r z
E E p p

 

 1 , 1n kr z  –  ,r z .  
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,

, , , , ,
, 2 0 1

1 ( ) = [ ( ) ( )].
n k

T n k n k n k n k n kf
n k f f

t
F t f e f t f t

C
 

,  (75)   

 ( )
pol ,

=1 =1

( , , ) = ( , , ) ( ) ( ) ( ).
M M

m T
n k n k

n k
T r z t T r z t R r Z z F t  

 (64), (67) 
 (63), (66). 

 (64)  (63).  

 2 3
1 2 3

( , )= 6 / ( / 1)(1 ) ( / 1) .d x tN T C T C a a a T C
dt

 (69) 

 (1) ( )t   

 2 3
1 2 3 2 0 11 [ ( ) ( )].ta a a A e A t A t  

  
 , . 

 ( / )[( / ) 1]T C T C  (69).  

 
1 1

,1 1 1 1, 1 , 1

( / )[( / ) 1] = ( ) ( ) ( ) ( ) ( ) ( ).,
T

n k n k n k n
n n k k

M M
TT C T C R r Z z R r Z z F t F tk  

= 1F F ,  1 1 1 1
2 2= 1n k n kf f . 

 ( , )x t  ( , )x t  
 x ,  

.  
 K , K  

. ,  x  
.  0,2 . 

crB  – . 
: 0  – ; pQ  –  

; crQ  –  (  
); ,k k  –  

; U  – ; aE   – 
; 1 2,  –  

;  – ; R  
– ; 0 1,h h  –  

; = 415pT  K – ; b –  
:  

 4= 0,52 1 ( / ) .b pT T  
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:  
3 3 3 4

0= 0,24 10 /( ); =1,1 10 ; = 9 10 /( );c  
 3 3 5 4=18 / ; = 35 / ; = 5 10 1/ ; = 2 10 1/ ;n krQ k c k c  

 3
1 2= 13 10 ; = 2 /( ); = 0,18; = 0,05;uU R  

 3 3
1= 8,8 10 ; = 316 ; = =10 ;aE K E E  

 1 2
0 = 0,25 10 1/ ; =10 .A  

   C 
. 

 
 

 –  
 
 

,  
 

,  
,  

, . 
1.  

, ,  
 

-  
. 

2.  
 

.  
,  

 
.  

 
.  

3.  
,  

.  
4.  

 
, ,  

 
. 

5. , 
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 (`` '') –  
 

,  
, ,  

  , 
. 

6.  
 

,    
. 

7. ,  
 

,  
 

. 
8. ,  

,  
, .  

9.  
 – , 

 
 
 

. 
10.  

 
, g1  

. 
11. ,  

,  
. 

12. ,  
-  

 [ , ]
p
a bL  

.  
 5—10%  3—4 . 

13. ,  
 

,  
.  

14. , , 
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 (  

). 
15.  

 
 

,  
. 
 
 
 

 `` ''. 
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Abstract 
 Zelensky K.Kh Mathematical modeling of nonlinear polymer media in 

extruders – qualifying research work on the rights of the manuscript. The dissertation 
on competition of a scientific degree of the doctor of technical sciences on a specialty 
01.05.02 – mathematical simulation and computational methods. 

The dissertation is devoted to the decision of a scientific and technical problem 
of designing of the extrusion equipment for manufacturing of cables on ultrahigh 
voltages with a polymeric insulating covering. 

The creation of new technologies and improvements to existing ones leads to 
the need to take into account the properties of the objects being studied in order to 
create effective systems of automatic and automated control, which significantly 
affect the behavior of these objects. Existing approaches to the development of such 
systems are usually based on the use of linear mathematical models to describe the 
dynamics of objects. This approach to building models does not take into account the 
most significant properties of objects by either ignoring nonlinear components or their 
linearization. This problem is especially relevant for processes with distributed 
parameters, the mathematical models of which are described by partial differential 
equations with corresponding additional conditions at the boundary of the domain. In 
recent decades, much attention has been paid to objects with distributed parameters. 
This is due to the desire to increase the efficiency of mathematical modeling of the 
dynamics of such objects and processes and the development of automatic and 
automated control systems, as it is well known that all physical processes and objects 
are essentially objects with distributed parameters. But the vast majority of models 
describing the dynamics of objects with distributed parameters are linear models, 
although it is well known that real physical processes are inherently nonlinear. 

Based on this, the implementation of mathematical modeling of nonlinear 
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processes is an urgent scientific problem. Mathematical modeling of nonlinear 
processes using modern computer technology provides an opportunity for deeper and 
more reliable study of these processes, significant cost savings associated with 
traditional physical modeling of processes, the creation of automatic and automated 
control systems that are adequate to real objects. 

The methods of mathematical and computer modeling of polymers developed 
in the dissertation work taking into account nonlinear properties gave the chance to 
essentially improve quality of modeling, to develop recommendations on designing 
and improvement of technological processes on manufacturing of cables on ultrahigh 
voltages. 

The  scientific  novelty  of  the  work  is  that  for  the  first  time  a  method  of  
numerical-analytical solution of nonlinear differential equations in partial derivatives 
of parabolic type and its application to solve problems of heating the extruder body, 
heating the polymer mixture in the loading zone, melting zone and homogenizing and 
crystallizing the polymer melt in the dosing zone. The performed researches give the 
chance to calculate the optimum sizes of the specified zones at designing of the 
extrusion equipment intended for production of a wide range of production with use 
of extrusion devices. 

 Keywords: extruder, Stefan-type problem, integral transformations, iterative 
procedure, numerical-analytical method, phase transition, Bessel functions, Navier-
Stokes equation, screw, worm. 

 


