AHOTAIA

Creopuos C.0. JlokajibHa HOBEIHKA BlJIOOparKeHb 3 HEOOMEXKEHOIO Xa-
pakTepucTuko. — KpaJsidikaliiiina HayKoBa, mpalls Ha MpaBax PYKOIHUCY.

JucepTaliis Ha 37100yTTsI HAYKOBOT'O CTYIIEHSI JOKTOpPa (pijiocodil 3a cie-
njasbhicrio 111 — Maremaruka (11 — Maremarnka ta cratuctuka). - Incruryr
maremaruku HAH Ykpainn, Kuis, 2021.

Hucepratiiiina pobora 1pucBsiueHa po3BUTKY TeoPil BiJI0OPaxKeHb, a Ca-
Me, JOCTIPKeHHIO TX JIOKAJhHOI, MEXOBOI Ta raobanbrol noseminku. Cepe
1HIIIOTO, PO3TJISIHYTI MUTAHHS, OB sI3aH] 3 OJJHOCTAHOK HEIIePEPBHICTIO ciMeit
Bijj0OparkeHb BcepeinHl 1 Ha MexKi 00J1acTi, mpodJieMa HelepepBHOIO TPOJIOB-
JKeHHST Ha MKy, pobJjieMa yCyHeHHs 130JIb0BAHOI MEXKOBOI TOUKH, TPOOJIEME
3012kHOCTI BijloOparkeHb TOI10. BijobparkeHHsi, 1110 pO3IJIsiIal0ThCs, SIK IIpa-
BIJIO 33JI0BOJILHSIIOTH 200 «TIPsiMy», abo «obepHeny» HepiBHicTh [oserbkoro.
BuBYeHHST TaKMX YMOB OB’ SI3aHO 3 TUM, IO MePEBaXKHa OLJIBIIICTH CYYaCHUX
KJIACIB BiJI0OpazkeHb 3aJI0BOJIbHsIE BEPXHI Ta/ab0 HUXKHI OIIHKK CHOTBOPEHHSI
MOJTyJIsI CiMeit KpUBUX. 30KpeMa, MOJIYJIb CiMell KpUBUX € HE3MIHHUM MPU KOH-
dopmuUMX BiJIOOparKeHHsIX, IPU KBa31KOH(MOPMHUX BiJI0OparKeHHAX BiH 3MIHIO-
€THCA B CKIHUEHHY KIJIBKICTh Pa3iB, 1 MOXKe 3MIHIOBATHCH K TIEBHA BaroBa
$yHKIIIS Tpu BigoOpaXkeHHI 31 CKIHYEHHUM CIIOTBOPEHHSIM, JI€ «Baray JIOpiB-
HIOE 200 Tak 3BaHiil BHYTpilHIA, abo 30BHIiNIHIH juaTanil BijjoOpakents. B
3arajibHiii Teopil BiJ0OOpaXkeHb 1HOJII PO3IJIAJMAIOTH 1 1HIINI Bard, HAIPUKJIAI,
JIOTHYHY JIAJIATAlio, ad0 JIMJIATallil0 BIAHOCHO P-MOJLYyJisd TOINO. YCI BOHU €
npuKaagaMn GyHKINT « () » 3 O3HAUEHHST KIIhIEBNX () -Bi0OpaskeHb, siki BUB-
JalOThCA B JIUCEPTAITil.

Cutiji 3a3HaUNTH, IO B TEOpil BijoOpakeHb BeINKa yBara IPUILISIACH
JIOCJTIJPKEHHIO KOH(DOPMHUX IIEPETBOPEHD. 3T0JOM 3 SIBUJINCH KBa31KOH(MOPM-
Hi Bijobpaxenusi sik Oliabin mupokuii kiaac (M. Jlaspenrbes, F0. Bsiicsis,
®. Tepinr) Ta Tx ysarajibHeHHsI — BIIOOPayKeHHs 3 OOMEXKEHUM CIOTBOPEH-
aam (FO.I. Pemerngk). V pisumit qac m0C/aiyKeHHAM BIaCTHBOCTEl BKa3a-

HUX BijoOpakeHb 3afimasnch Taki Bigomi Bueni sik JI. Anwdope, B. Bosp-



cokuit, M. Bpakasosa, B. T'ogpamrreiin, B. I'yrnancokuit, T. Isanens, A. Ka-
zaky, O. Jlexro, M. Kpicri, O. Maprio, B. Miksokos, C. Pikman, B. Illa-
oat, A. YxmoB Ta inmi. [Ipubnuzno 3 mouarky 2000-x poKiB O BUBUEHHS:
OyB 3ampornonoBanuit Kiaac (-romeomopdiszmip. Tpoxwu mizuime OyB 3a1po-
MOHOBAHMI 1 «HAMDLIBIT 3araJbHMIY KJAac KLIbIEBUX () -ToMeoMOpPdIi3MiB,
JIOCJIIZKEHHSIM sIKOTO B €BKJI1JIOBOMY IIPOCTOPI, & 3r0J0M 1 Y METPUUHUX TTPO-
cropax, 3aiimasnch O. Adanacnesa, M. Kpicri, O. Maprio, B. Pszanos, P. Ca-
jimoB, €. CeBoctbsHos, Y. Cpebpo, E. Axybos Ta iHImi.

Cepe/t iHIIOrO, B jiucepTaliii JIOBECHa, OJIHOCTAilHHA HENEPEPBHICTH Ta
JlorapudmivdHa HerepepBHICTh 3a, ['esibjiepom BijloOparkeHb 3 0OEPHEHOIO He-
piBHicTIO [ToserbKoOro, MOXKIUBICTD 1X HEITEPEPBHOI'O MEXKOBOT'O TTPOIOBXKEHHS
Ta OJIHOCTaliHa HelepepBHICTh B MEXKOBUX TOYKaXx, Teopemu 30ikHocTi. st
BijloOpazkeHb 3 MpsMoio HepiBHicTIO [loJienbKoro JloBejieHr aHAJIOr TeopeMu
Coxonpkoro—Kacopari—Beiiepirpaca y MerpuaHux 1pocTopax.

Hwuceprarist Mmae Teopernyannii xapakrep. OTpuMaHi pe3yabTaTH MaiTh
CAMOCTIHUI HAyKOBUI 1IHTEpeC 1 MOXKYTh OYTH BUKOPUCTAHI K JIJIsI TIOJAJb-
IUX JIOCJIJPKEHb B TeOPil BiJIoOparkeHb, TaK 1 Mpu OTPUMaHHI T€OpeM 1CHYyBa-
HHsI TOMEOMOP(QHUX PO3B’sI3KIB PiBHsAHb BesibTpaMi 3 BUPOJIKEHHSM.

Hucepraniitna poboTa CKJIAJIAEThCs 3 aHOTAlll YKPATHChKOIO Ta, aHIJIiii-
ChKOIO MOBaMM, BCTYITY, YOTUPHOX PO3JILJIB, pO3OUTUX Ha, TMiJIPO3/II/IN, 3ara/ib-
HUX BUCHOBKIB 1 CIIMCKY BUKOPHCTAHUX JXKEPE.

Y BCTyIl OOI'PYHTOBYETHCsI aKTyaJibHICTh TEMHU JIOCJJPKEHHS, OIIUCAH]
00’€KT Ta IMpeJMeT JOCJIJXKEHHSI, HaBOJUTHCA 3B 130K POOOTH 3 HayKOBUMU
nporpamMaMu Ta remamu. TakoXK 3a3HaveHl HayKOBa HOBU3HA, TeMa, 3a/adql
JIOCJTIJPKEHHSI, TTPaKTUIHE 3HAUEHHsI, 0COOMCTUI BHECOK 3J100yBava Ta iH(OP-
MAIlisl PO anpodalliio pe3yJbTaTib.

VY 1epiioMy posjiijil HaBejeHl HeoOXiHI BiJJOMOCTI, O3HAUYEHHSI, & TAKOXK
OTVISIJT BIJIOMUX PE3YJILTATIB 38 TEMOIO JIOC/I1JIXKEHHSI.

Y JpYyroMy poO3/iiji PO3LVIsIHYTI HUTaHHSI, 1IOB’si3aHl 3 IOBEIIHKOIO BijI-

obparkeHb obJiacTeil eBKJII0BOIO mpocTopy. Po3ii cKiIa aeThest 3 YOTUPhOX



iIPO3ILIIB. Y IepIoMy HiIpo3/1iil JoBeIeHa OJTHOCTaliHa, HEelepepPBHICTD Ci-
Meit BijoOpaskeHb, ODepHeHl JI0 SKWX € KuIbleBUMu () -romeomopdismMamn
3a YMOBH, IO BiJIOBiiHA (DYHKIIS () € IHTErpoBHOMO. ¥ JIPyroMmy IIijIpo3-
JIJIL JIoBEJIeHa TeopeMa, PO JIorapugMidHy OILIHKY 3BEpXY /Ui BIJIKPUTUX
JINCKPETHUX BijtoOpakeHb 3 obepHeHoto HepiBHicTio TTosenbkoro Ta BiAmoBijI-
HUIl HACJIIOK U1t roMeoMOpdi3MiB (Tak 3BaHa jlorapudMiTHa HEEPEPBHICTD
3a Lesibiepom). Tpetiit migposuin npucssdennii npobseMi pojoBKeHHs Biji-
oOpazkeHb B 130JIbOBaHY TOUKY MeXKi 0OJTacTi y BUMAJIKY, KOJU OOEpHEHE Bijl-
obparkeHHsT € KLIbIEeBUM () -BijIoOparkeHHsIM 33 YMOBU IHTEI'POBHOCTI (DyHKIIIT
@ . Ocranniit miapo3aiT — NPUKJIAIA.

Tperiit po3aia MICTUTH YOTHPHU Tiapo3aiin. [lepmmit miapo3i1 MicTUTD
JIBa BayKJIMBUX TBEPJKEHHST: MOXKJIMBICTH 3’€/HAHHS YOTUPHOX TOUYOK Y 3a-
MUKaHHI 00JIacTi HellepeCluHMMHU KPUBUMU 1 TBEPJIXKEHH: IIPO Te, 110 obpas
(iKCOBAHOTO KOHTHHYYyMa IPU KLJIbIEeBOMY () -BljI0OparkKeHH] He MOYKe HADJIH-
BUTHUCS JI0 MexXKi obsacTi 0bpasy, sIKIO Isi 00/IaCTh HE Ma€ HEBUPOJPKEHUX
KOMIIOHEHT MeKi, a JiiamMeTp obpasdy I[bOr0 KOHTUHYyMa OOMEXKeHUil 3HU3Y.
Y Jipyromy mijipo3;iiJi po3riisijialoThCs BiJoOpaXkeHHs, 0OepHEeHl JI0 AKUX €
KiJibiieBuMu () -romeomopdizmamu. Jljisi 11boro Kjacy BijoOpaxkeHb J0Bejie-

He TBEPJIKEHHs 11PO fOro oJiHOCTaiiHy HellepepBHICThL B 3aMUKaHHI 00J1acTi 3a

ymos Q € LY(D), diam f(A) > 6, abo h(f(A)) == sup h(z,y) = 6, ne
zyef(A)
A — pesiknit kouTuHyyM™M, a h(z,y) — xopmaibHa (cdepnuvna) Bigcranb Mix

TOUYKAMU T,Y € Y TPETHOMY TIJIPO3JILI JIOCTZKEeHa TOBeIIHKA KiTb-
nesux () -romeomopdismis y 3amukanni obsiacti 3 ymosamu h(f(A)) > 0 i
h(R™\ f(D)) > &. Oxpemo oTpuMane aHaJOTidHe TBEP/KEHH /s BUTIAI-
Ky BIJIKPUTHX JIMCKPETHUX 3aMKHEHUX KLIbIEBUX ()-BlJ00parkeHb 3a yMOBU
icnysanns y koxniit obsacti konrunyyma Ky C D} rakoro, mo h(Ky) =6 i
h(f Y(Ky),0D) =& > 0. Y npomy nigpos i Takox 6yB po3rIgHy THii Bulla-
JIOK TaK 3BaHUX MPOCTUX KiHIiB. Haperiri, B ocraHHbOMY MiJIpO3/IiJI1 JI0BEJIeH]
TEOPEMH IIPO JIOKAJIBbHY 1 MEXKOBY IIOBEIHKY roMeoMop(di3MiB 3 06epHEHOIO He-

pisuicTio [Tostenbkoro B repminax mpocTux KiHIIB (BUIAJOK CKIAJIHUX MEX ).



Yerpepruit po3iia MICTUTD II'ITh MIJIPO3/IJIIB, HEPIIUil 3 IKUX IPUCBSI-
deHuil JoC/IijpKeHHI0 301KHOoCTI BljloOpaxetb, siki € obeprenumvu 10 (p, q)-
BijloOpazkeHb B KOXKHi# To4Ill 06pa3y. ¥ Jpyromy IiJipo3/iji ij1eTbes Ipo Ipo
OJIHOCTAliHy HenepesHicTh ¢iM’T Beix romeomopdismis g : D' — D, obepneni
J0 gkux € (Q-romeomopdizmamu 3a ymos, mo D’ € obsiacrio KBasiekcrpe-
MaJIbHOT JIOBXKUHU (cKOpoueno — QQED-obmactio). Pesynbrar nosesenuit 3a
YMOBH ICHYBaHHSI HE MEHIIIE JIBOX TOYOK MexKi o0pa3y Ta 3a yMOBU IHTEIDOB-
HocTi (byHKIIT () 3 O3HAUEHHs KJacy. AHAJOTIYHUN pe3ysbTaT JI0BEJICHH
3a ymosu, mo diam f(A) > 0 npu sigobpaxenni f := g }(A). B rperbo-
My TAPO3ILIL JOBeJIeHa TeopeMa PO HerepepBHe MPOIOBXKEHHS K1JIHIIEBOTO
() -BitoOpazkeHHst BiTHOCHO (P, q)-MOJyJIsi B 130JIbOBAHY TOUKY MeXKi 00Jacti
METPUYHOTO ITPOCTOPY. K HACIIJIOK, JIJIst IIUX BiJIOOpParKeHb 1 IMUPOKOro KJiacy
METPUYHUX [IPOCTOPIB OTpUMaHMI aHaJor KjacudHol TeopeMu CoXOlbKOro—
Kacopari—Beitepiirpacca. ¥ uderBeproMy 1ijipo3/iijii J0BeJeHl TeoOpeMu 1po
HerepepBHe MPOOBKEHHsT Ta, OJIHOCTANHY HENePEePBHICTH CiMeil KIThleBux () -
BiI0OpaKeHb METPUIHUX TIPOCTOPIB BIIHOCHO (P, ¢) -MOJIYJIB MO TIPOCTUX KiH-
1six. [DUsruit migposaia MiCTUTh TBEPJKEHHSI IIPO OJHOCTAHY HellepepPBHICTH
ciM’T BIIKPUTHX JIMCKPETHUX BiJI0OparkeHb 3a yMOBH, IO BUXIJHHUN IIPOCTIp
JIOIIYCKAE CJa0OKy cdepukaizaliiio, a Mexka odpasy MICTUTb HEe MEHIIEe JIBOX
TOYOK. TaKoXK y IbOMY TIJIPO3/11J11 HABEJICH] JIesKil TPUKJIA U, siKl LJIIOCTPYIOTH
OTpUMaH] pe3yJbTaTH.

Kittouosi cjioBa: kBazikoHdopMHI BijloOparkeHHst, BijjoOpakeHHs 3 odMe-
JKeHUM 1 CKIHYEeHHUM CIIOTBOPEHHSAM, MOJIYJl ciMell KPUBHUX, OJIHOCTaiiHa He-

IIEPEPBHICTDH, HEIIEPEPBHE TTPOJIOBXKEHHS Ha MEXKY.



Skvortsov S.0. Local behavior of mappings with unbounded characteri-
stics.

The thesis for obtaining the scientific degree Doctor of Philosophy in
speciality 111 — Mathematics(PhD). (11 — Mathematics and Statistics). —
Institute of Mathematics of the National Academy of Sciences of Ukraine,
Kyiv, 2021.

The dissertation is devoted to the development of the mapping theory,
namely, the study of local, boundary and global behavior of mappings. Among
other things, we have considered issues related to the equicontinuity of families
of mappings inside and at the boundary of the domain, the problem of conti-
nuous extension to the boundary, the problem of removability of an isolated
boundary point, the problem of convergence of mappings, and so on. The
mappings under consideration, as a rule, satisty either the «direct» or the
«inverse» Poletsky inequality. The study of such conditions due to the fact
that most modern classes of mappings satisfy the upper and/or lower esti-
mates of the distortion of the modulus of the families of paths. In particular,
the modulus of families of paths is not distorted under conformal mappings,
may be distorted in a finite number of times under quasiconformal mappings,
and can change as a certain weight function under mappings with a finite
distortion, where the weight is equal to either so-called inner or outher di-
latation. In general mapping theory, other weights are sometimes considered,
such as tangent dilatation, or dilatation with respect to p-modulus, and so
on. They are all examples of the function «()» from the definition of ring
(@ -maps, which are studied in the dissertation.

Initially, the study of the theory of mappings was primarily concerned
with conformal transformations. Later, quasiconformal mappings began to be
studied, which were a wider class of mappings in comparison with conformal
mappings (M. Lavrentyev, J. Viiséld, F. Gehring). As a result of the further
development of the theory of mappings, quasiconformal mappings with branchi-

ng, or quasiregular mappings, also appeared (Yu. Reshetnyak). The well-



known scientists such as L. Ahlfors, B. Bojarski, M. Brakalova, V. Gol’dshtein,
V. Gutlyanskii, T. Iwaniec, A. Cazacu, O. Lehto, M. Cristea, O. Martio, V. Mi-
klyukov, S. Rickman, B. Shabat, A. Ukhlov and others have been studying
the properties of such mappings at various times. Around the beginning of the
2000s, the class ) -homeomorphisms was proposed for study. A little later, the
«most general» class of ring ()-homeomorphisms was proposed. O. Afanasi-
eva, M. Cristea, O. Mario, V. Ryazanov, R. Salimov, E. Sevost’yanov, U.
Srebro, E. Yakubov studied this class both in Euclidean space and later in
metric spaces.

Among other things, in our dissertation we proved the equicontinuity and
logarithmic Holder continuity of mappings with the inverse Poletsky inequali-
ty, the possibility of their continuous boundary extension and equicontinui-
ty at boundary points, convergence theorems, as well. For mappings with a
direct Poletsky inequality, we proved an analogue of the Sokhotsky-Casorati-
Weierstrass theorem in metric spaces.

The dissertation has a theoretical character. The obtained results have
an independent scientific interest and can be used both for further research
in the theory of mappings and in obtaining theorems for the existence of
homeomorphic solutions of Beltrami equations with degeneration.

The dissertation consists of annotations in Ukrainian and English, intro-
duction, four sections, divided into subsections, general conclusions and a list
of references.

In the introduction we substantiate the relevance of the research topic,
describe the object and subject of research, as well as we provide a link to
work with research programs and topics. We also indicate the scientific novelty,
topic, research objectives, practical significance, personal contribution of the
applicant and information on approbation of results.

In the first section we provide the necessary information, definitions, as
well as an overview of the known results on the research topic.

In the second section, we consider issues related to the behavior of mappi-



ngs of domains of the Euclidean space. The section consists of four subsections.
In the first subsection we proved the equicontinuity of the families of mappi-
ngs inverse to which are ring ()-homeomorphisms provided that the corres-
ponding function @) is integrable. The second subsection proves the theorem
on the logarithmic upper estimate for open discrete mappings with inverse
Poletsky inequality and the corresponding consequence for homeomorphisms
(the so-called logarithmic Holder continuity). The third subsection is devoted
to the problem of continuous extension of mappings to an isolated point of
the boundary of the domain in the case when the inverse mapping is a ring
@ -mapping and a function ) is integrable. The last subsection is devoted to
examples.

The third section contains four subsections. The first subsection con-
tains two important statements such as the possibility of joining four points
with disjoint paths in the closure of the domain and the statement that the
image of a fixed continuum under a ring ()-mapping can not be close to the
boundary of the image domain, if this domain does not have nondegenerate
boundary components, and the diameter of the image of this continuum is
bounded from below. The second subsection considers mappings inverse to
which are ring @ -homeomorphisms. For this class of mappings, we have

proved its equicontinuity in the closure of a domain under the conditions

Q € LY(D), diam f(A) > 6, or h(f(A)) := sup h(z,y) = §, where A
z,yef(A)
is some continuum, and h(z,y) is the chordal (spherical) distance between

the points @,y € R". The third subsection investigates the behavior of ring
() -homeomorphisms in the closure of a domain with conditions h(f(A)) > ¢
and h(R"\ f(D)) > §. A similar statement was obtained separately for case
of open discrete closed ring ()-maps provided that there exists the continuum
Ky C Dy such that h(Ky) > 6 and h(f~'(K;),0D) = 6 > 0 for any Dj.
In this subsection we also considered the case of the so-called prime ends.
Finally, in the last subsection we prove theorems on the local and boundary

behavior of homeomorphisms with the inverse Poletsky inequality in terms of



prime ends (the case of complex boundaries).

The fourth section contains five subsections, the first of which is devoted
to the study of the convergence of mappings that are inverse to (p, q)-map-
pings at each point of the image. The second subsection deals with the equi-
continuity of the family of all homeomorphisms ¢g : D’ — D, the inverses
of which are @ -homeomorphisms under the conditions that D’ is a quasi-
extremal distance domain (abbreviated — QQFED-domain). We proved this
result provided that there are at least two points of the boundary of the
image and the function (@) is integrable. A similar result is proved under
the condition that diam f(A) > 6 for f := g !(A). In the third subsec-
tion, the theorem on the continuous extension of a ring ()-map with respect
to (p,q)-modulus to an isolated point of the boundary of the metric space
is proved. As a consequence, for these mappings an analog of the classical
Sokhotsky-Casorati-Weierstrass theorem is obtained for a wide class of metric
spaces. The fourth subsection proves the theorems on continuous extension
and equicontinuity of families of ring () -maps of metric spaces with respect
to (p,q) -modulus by prime ends. The fifth subsection contains statements
about the equicontinuity of the family of open discrete mappings provided
that the source space allows a weak sphericalization, and the boundary of the
image contains at least two points. In this subsection, are also given some
examples that illustrate the obtained results.

Key words: quasiconformal mappings, mappings with bounded and fini-
te distortion, modules of curve families, equicontinuity, continuous boundary

extension.



