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Äàíó äèñåðòàöiþ ïðèñâÿ÷åíî âèâ÷åííþ òåðìîäèíàìiêè ñèñòåì ÷àñòèíîê, ÿêi

ìîæóòü áóòè îïèñàíi äðîáîâèìè ñòàòèñòèêàìè, ùî óçàãàëüíþþòü ñòàòèñòèêè Áîçå�

Àéíøòàéíà òà Ôåðìi�Äiðàêà.

Äî ïåðøî¨ ãðóïè çàäà÷ íàëåæàòü äîñëiäæåííÿ ñòàòèñòè÷íèõ âëàñòèâîñòåé ÷à-

ñòèíîê, ùî ïiäïîðÿäêîâóþòüñÿ åíiîííié ñòàòèñòèöi, òîáòî, òàê çâàíèõ åíiîíiâ. Íà

âiäìiíó âiä áîçîíiâ ÷è ôåðìiîíiâ, äëÿ òàêèõ ÷àñòèíîê ïåðåñòàíîâêà ïðèâîäèòü äî

äîâiëüíî¨ çìiíè ôàçè õâèëüîâî¨ ôóíêöi¨ (çâiäñè é ïîõîäèòü íàçâà anyon). Åôåêòèâ-

íî òàêà ïîâåäiíêà ìîæëèâà ó äâîâèìiðíèõ ñèñòåìàõ. Äðóãà ãðóïà çàäà÷ ïîâ'ÿçàíà ç

âèâ÷åííÿì êiëüêîõ òèïiâ äðîáîâèõ ñòàòèñòèê, îòðèìàíèõ ÷åðåç óçàãàëüíåííÿ âèðà-

çiâ äëÿ ÷èñåë çàïîâíåííÿ. Äî íèõ íàëåæàòü ôåðìi-ãàç, äåôîðìîâàíèé àäèòèâíîþ

q-åêñïîíåíòîþ Öàëëiñà, à òàêîæ íèçêà ìîäèôiêàöié ñòàòèñòèê Ïîëiõðîíàêîñà òà

Ãîëäåéíà�Âó.

Ó ðîáîòi ðîçãëÿíóòî àáåëåâi òà íåàáåëåâi åíiîíè. Äëÿ îñòàííiõ ïåðåñòàíîâêà

÷àñòèíîê çìiíþ¹ íå ëèøå ôàçó, àëå é ñàìó õâèëüîâó ôóíêöiþ. Äëÿ íèõ ïðîàíà-

ëiçîâàíî äâà òèïè, çàëåæíî âiä ïàðàìåòðà æîðñòêîñòi � ç ì'ÿêîþ òà òâåðäîþ

ñåðöåâèíîþ.

Äëÿ ïåðøîãî òèïó ïðîïðàöüîâàíî äåòàëüíèé îïèñ òåðìîäèíàìiêè ñèñòåìè åíiî-

íiâ, ùî ìàþòü îêðiì åëåêòðè÷íîãî ùå i ìàãíiòíèé çàðÿä. Äîñëiäæåííÿ  ðóíòó¹òüñÿ

íà âèêîðèñòàííi äðóãîãî âiðiàëüíîãî êîåôiöi¹íòà òà ïîïðàâêè äî íüîãî. Äëÿ îïèñó

âëàñòèâîñòåé ñèñòåìè áóëî âèêîðèñòàíî ðîçðàõóíîê ñïåêòðó äâîõ åíiîíiâ ó ìåæàõ

òåîði¨ çáóðåíü. Ðîçãëÿä ñèñòåìè ÷àñòèíîê ç ìàãíiòíèìè çàðÿäàìè, ðîçìiùåíèìè

â ïîñòiéíîìó ìàãíiòíîìó ïîëi, çàáåçïå÷ó¹òüñÿ âèáîðîì âåêòîðíèõ ïîòåíöiàëüíèõ

äîäàíêiâ ó ôîðìi A(e) = 1
2
[B0, r],A

(m) = at, äå B0 i a ¹ ñòàëèìè âåêòîðàìè. Ïîñòó-

ëþþ÷è, ùî a ≡ |a| ¹ íåâåëèêèì ÷èñëîâèì çíà÷åííÿì, ìè àâòîìàòè÷íî ìîæåìî âðà-
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õóâàòè, ùî ÷àñîâà çàëåæíiñòü ¹ äîñèòü ñëàáêîþ. Öåé ïiäõiä äîçâîëÿ¹ ïðàöþâàòè â

àäiàáàòè÷íîìó íàáëèæåííi. Çà äîïîìîãîþ òåîði¨ çáóðåíü áóëî ðîçðàõîâàíî åíåðãå-

òè÷íèé ñïåêòð ñèñòåìè äâîõ åíiîíiâ, ùî ëiíiéíî çàëåæèòü âiä ââåäåíî¨ çìiííî¨. Ó

òåêñòi ðîáîòè îöiíåíî ïîðÿäîê çíà÷åííÿ ïàðàìåòðà a òà ïðîàíàëiçîâàíî ìåæi ðå-

àëüíî¨ çàñòîñîâíîñòi i äåòåêòóâàííÿ ïîëiâ òàêîãî ïîðÿäêó, çà ÿêîãî ïîïðàâêè íàáó-

âàþòü äîïóñòèìèõ, òîáòî äîñèòü ìàëèõ çíà÷åíü. Ïîêàçàíî, ùî âðàõóâàííÿ âíåñêó

âiä ãiïîòåòè÷íèõ ìàãíiòíèõ çàðÿäiâ çíiìà¹ âèðîäæåííÿ çà îðáiòàëüíèì êâàíòîâèì

÷èñëîì äëÿ åíåðãåòè÷íèõ ðiâíiâ. Îòðèìàíî âèðàç äëÿ ïîïðàâêè äðóãîãî âiðiàëü-

íîãî êîåôiöi¹íòà ∆b2. Ïðîäåìîíñòðîâàíî öiêàâó çàëåæíiñòü � ïðè α < 0.5, òîáòî

ïðè áîçîííié ñòîðîíi, öÿ ïîïðàâêà ìà¹ åêñòðåìóì, à ñàìå � ìiíiìóì àáî ìàêñèìóì

çàëåæíî âiä çíàêà äîáóòêó åëåêòðè÷íèõ i ìàãíiòíèõ çàðÿäiâ eµ. Ïðè íàáëèæåí-

íi α äî ôåðìiîííî¨ ñòîðîíè, òîáòî ïðè α → 1, çàëåæíiñòü ïîïðàâêè äî äðóãîãî

âiðiàëüíîãî êîåôiöi¹íòà ñòà¹ ëiíiéíîþ. Òàêîæ äåòàëüíî ðîçðàõîâàíî ïîïðàâêó äî

ìàãíiòíî¨ ñïðèéíÿòëèâîñòi. Çðîçóìiëî, ùî àíàëîãi÷íèì ÷èíîì ìîæíà ðîçðàõîâó-

âàòè ïîïðàâêè äî iíøèõ òåðìîäèíàìi÷íèõ ôóíêöié.

Îïèñ òåðìîäèíàìiêè ñèñòåìè áàãàòüîõ ÷àñòèíîê ¹ âàæëèâîþ ñêëàäîâîþ ôiçè-

÷íî¨ íàóêè. Îñòàííiì ÷àñîì áàãàòî ðîáiò ïðèñâÿ÷åííþ âèâ÷åííþ öüîãî ïèòàííÿ ÿê

ó òðèâèìiðíîìó ïðîñòîði, òàê i ó äâîâèìiðíîìó. Çîêðåìà â îñòàííüîìó i âèíèêà-

þòü åíiîíè. I ÿêùî äëÿ àáåëåâèõ åíiîíiâ ¹ äîñòàòíüî ðåçóëüòàòiâ çà ðiçíèõ óìîâ, ÿê

ðåàëüíèõ, òàê i ÷èñòî ãiïîòåòè÷íèõ, òî äëÿ íåàáåëåâèõ ìîæíà çíàéòè ëèøå äîñèòü

îáìåæåíó ÷àñòèíó äîðîáêó. Âëàñíå, ñàìå òîìó íàñòóïíîþ îïðàöüîâàíîþ ïðîáëåìà-

òèêîþ ñòàëî çàâäàííÿ îòðèìàòè áiëüøå iíôîðìàöi¨ ïî îïèñó öüîãî òèïó ÷àñòèíîê.

Îòîæ, äëÿ äðóãîãî âèäó åíiîíiâ � íåàáåëåâèõ � äîñëiäæåíî ïèòàííÿ äðóãîãî âi-

ðiàëüíîãî êîåôiöi¹íòà. Âèâ÷åííÿ íåàáåëåâèõ åíiîíiâ ñóòò¹âî óñêëàäíþ¹òüñÿ òèì,

ùî çàëåæíî âiä òèïó æîðñòêîñòi ñåðöåâèíè âèðàç äëÿ äðóãîãî âiðiàëüíîãî êîåôi-

öi¹íòà ¹ ðiçíèì. I ÿêùî ó âèïàäêó òâåðäî¨ ñåðöåâèíè âií ìà¹ äîñèòü çðó÷íó ôîðìó

çàïèñó, òî äëÿ ì'ÿêî¨ � íàáóâà¹ äóæå ãðîìiçäêîãî âèãëÿäó, à òîìó ç íèì äóæå

ñêëàäíî ïðàöþâàòè, ÿê àíàëiòè÷íî, òàê i ÷èñåëüíî. Òîìó äëÿ ñïðîùåííÿ îïèñó

áóëî âèðiøåíî çàïðîïîíóâàòè îðèãiíàëüíèé ñïîñiá âèðàæåííÿ çâ'ÿçêó ïàðàìåòðiâ

¨õ âiðiàëüíèõ êîåôiöi¹íòiâ òà ïàðàìåòðiâ äâîïàðàìåòðè÷íèõ äðîáîâèõ ñòàòèñòèê,

ùîá îïèñóâàòè ñèñòåìó åíiîíiâ ÷åðåç îñòàííi. Î÷åâèäíî, ùî öå áóëî çðîáëåíî ç

âðàõóâàííÿì êiëüêîñòi ïàðàìåòðiâ ñòàòèñòèê. Äëÿ åíiîíiâ ç òâåðäîþ ñåðöåâèíîþ

áóëî âèêîðèñòàíî íåàäèòèâíi òà íåïîâíi ìîäèôiêàöi¨ q-åêñïîíåíòîþ Öàëëiñà ñòàòè-

ñòèê Ïîëiõðîíàêîñà òà Ãîëäåéíà�Âó. Ðîçðàõîâàíî çíà÷åííÿ ïàðàìåòðiâ äðîáîâèõ
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ñòàòèñòèê, çà ÿêèõ åíiîíè öüîãî âèäó ìîæóòü áóòè ÷åðåç íèõ îïèñàíi. Äëÿ íåà-

áåëåâèõ åíiîíiâ ç ì'ÿêîþ ñåðöåâèíîþ ïðîäåìîíñòðîâàíî ðåçóëüòàòè çâ'ÿçêó ëèøå

ç êîåôiöi¹íòàìè íåàäèòèâíî¨ ñòàòèñòèêè Ïîëiõðîíàêîñà. Î÷åâèäíî, ùî òàêèì æå

÷èíîì ìîæíà îòðèìàòè çâ'ÿçîê i ç iíøèìè äâîïàðàìåòðè÷íèìè ñòàòèñòèêàìè.

Îêðiì âèùå íàïèñàíîãî, òàêîæ áóëî îïðàöüîâàíî òà ïîðiâíÿíî äâà âàðiàíòè

âiðiàëüíîãî ðîçâèíåííÿ, ÿêi ìîæíà çóñòðiòè â íàóêîâié ëiòåðàòóði. Îäèí ç íèõ

 ðóíòó¹òüñÿ íà ðîçêëàäi â ðiâíÿííi ñòàíó â ðÿä çà ñòåïåíÿìè ãóñòèíè. Iíøèé ïiäõiä

áàçó¹òüñÿ íà ðîçêëàäi ñòàòèñòè÷íî¨ ñóìè â ðÿä ïî ñòåïåíÿì àêòèâíîñòi. Â ðîáîòi

ïîäàíî âèâåäåííÿ çâ'ÿçêó îáîõ âiðiàëüíèõ êîåôiöi¹íòiâ.

Îêðåìèì ïèòàííÿì áóëî ðîçâ'ÿçàíî çàäà÷ó äëÿ ôåðìi-ñèñòåìi çi ñëàáêîþ êîíòà-

êòíîþ âçà¹ìîäi¹þ, îïèñàíîþ ÷åðåç íåàäèòèâíó ñòàòèñòèêó Ïîëiõðîíàêîñà. Áåçñóì-

íiâíî, ùî äëÿ òàêî¨ ïîñòàíîâêè çàäà÷i ¹ äîðå÷íèì íàñòóïíèé çàïèñ, ùî õàðàêòåðè-

çó¹ íåâåëèêi âiäõèëåííÿ âiä ñòàíäàðòíî¨ ñòàòèñòèêè Ôåðìi: q = 1+ r i γ = 1+ η. Ó

ðîáîòi äåòàëüíî ïîêàçàíî îòðèìàííÿ ñïiââiäíîøåííÿ ìiæ ñòàòèñòè÷íèìè ïàðàìå-

òðàìè i ïàðàìåòðàìè âçà¹ìîäi¨ ðåàëüíî¨ ôåðìi-ñèñòåìè, âèêîðèñòîâóþ÷è âiðiàëü-

íå ðîçâèíåííÿ. Çîêðåìà, äëÿ äâîâèìiðíîãî ôåðìi-ãàçó ç êîíòàêòíèìè âçà¹ìîäiÿìè

âåëè÷èíà, ùî õàðàêòåðèçó¹ çìîäåëüîâàíó ñèñòåìó äîðiâíþ¹ Λ = Eb/T , äå Eb �

åíåðãiÿ çâ'ÿçêó ¹äèíîãî äîñòóïíîãî çâ'ÿçàíîãî ñòàíó. Íåâåëèêi âiäõèëåííÿ γ i q

âiä îäèíèöi ìîæíà îòðèìàòè ó âèãëÿäi ðÿäiâ çà 1/(lnΛ2). Ó âèïàäêó íåàáåëåâèõ

åíiîíiâ iç ì'ÿêîþ ñåðöåâèíîþ ìîæíà âèðàçèòè γ i q ÷åðåç òðè âåëè÷èíè � içî-

ñïií l, ñèëó âçà¹ìîäi¨ κ i ïàðàìåòð æîðñòêîñòi τ ç ïåâíîþ ñâîáîäîþ. Ãîëîâíèì

ðóøi¹ì ïîñòàíîâêè öüîãî ïèòàííÿ áóëî ìàêñèìàëüíå ñïðîùåííÿ çìàëüîâóâàííÿ

öüîãî òèïó ñòàòèñòèêè. ×åðåç ïðîñòîòó i çðó÷íiñòü, î÷åâèäíî, ùî âèáið ïðèïàâ íà

äâîïàðàìåòðè÷íi ñòàòèñòèêè.

Ó ðîáîòi òàêîæ äåòàëüíî ïîêàçàíî âïëèâ âèêîðèñòàííÿ äåôîðìàöi¨ äî óçàãàëü-

íåííÿ ðîçïîäiëó Ôåðìi, âèêîðèñòîâóþ÷è íåàäèòèâíó q-åêñïîíåíòó Öàëëiñà çàìiñòü

çâè÷àéíî¨ ó âèðàçi äëÿ ÷èñåë çàïîâíåííÿ. Äàíó ìîäèôiêàöiþ çàñòîñîâàíî ó äâîõ

ìîäåëÿõ, ÿêi âiäðiçíÿþòüñÿ ìiæ ñîáîþ ó ïëàíi âèáîðó çìiííî¨ ó ïîêàçíèêó åêñïî-

íåíòè, òîáòî çìiíó ôàêòîðà Ãiááñà. Ó ïåðøîìó âèïàäêó öå õiìi÷íèé ïîòåíöiàë µ,

à ó äðóãîìó � àêòèâíiñòü, ÷è iíøèìè ñëîâàìè, ôóãàòèâíiñòü z. Òîáòî, ïåðøà òà

äðóãà ìîäèôiêàöi¨, âiäïîâiäíî, ìàòèìóòü âèãëÿä:

n1(ε, µ, T ) =
1

e
(ε−µ)/T
q + 1

, n2(ε, z, T ) =
1

z−1e
ε/T
q + 1

.

Äåòàëüíî ðîçãëÿíóòî íèçüêî- òà âèñîêîòåìïåðàòóðíó ãðàíèöi. Âèâåäåíî çàëåæíî-

ñòi äëÿ õiìi÷íîãî ïîòåíöiàëó òà àêòèâíîñòi âiä òåìïåðàòóðè äëÿ äâîõ ìîäåëåé ÿê



4

äëÿ ãðàíèöi T → 0, òàê i äëÿ T → ∞. Ïîêàçàíî, ùî ðåçóëüòàò îïèñó ç âèêîðè-

ñòàííÿì ïåðøî¨ ìîäåëi çáiãà¹òüñÿ çi çâè÷àéíèì ðîçïîäiëîì Ôåðìi ëèøå ó ãðàíèöi

íèçüêèõ òåìïåðàòóð, íàòîìiñòü ó ãðàíèöi âèñîêèõ òåìïåðàòóð çàëåæíî âiä òîãî,

ç ÿêîãî áîêó ïiäõîäèòè äî àäèòèâíî¨ ìåæi q = 1 ÷è çëiâà, ÷è ñïðàâà, ïèòîìà içî-

õîðíà òåïëî¹ìíiñòü ïðÿìó¹ ÷è äî íåñêií÷åííîñòi, ÷è äî íóëÿ, à íå äî êîíñòàíòè,

ÿê òî ¹ äëÿ çâè÷àéíîãî ôåðìi�ãàçó. Äëÿ äðóãî¨ ìîäåëi æ ìà¹ìî êàðäèíàëüíî iíøó

êàðòèíó: â ãðàíèöi íèçüêèõ òåìïåðàòóð ïðîäåìîíñòðîâàíî âðàæàþ÷i ðåçóëüòàòè

âiäõèëåííÿ âiä òðåòüîãî çàêîíó òåðìîäèíàìiêè, à ñàìå � íåíóëüîâà òåïëî¹ìíiñòü.

Çíîâó æ òàêè, çàëåæíî âiä çíà÷åííÿ q ìà¹ìî äâà ðiçíi âàðiàíòè. Çëiâà âiä îäè-

íèöi çà íóëüîâî¨ òåìïåðàòóðè òåïëî¹ìíiñòü íàáóâà¹ ïåâíîãî äîäàòíî¨ âåëè÷èíè, à

ñïðàâà � òåïëî¹ìíiñòü íàáóâà¹ íóëüîâîãî çíà÷åííÿ çà äåÿêî¨ äîäàòíî¨ òåìïåðà-

òóðè. Â ãðàíèöi æ âèñîêèõ òåìïåðàòóð îïèñ ñõîæèé äî çâè÷àéíîãî Ôåðìi-ãàçó �

çíà÷åííÿ ïèòîìî¨ içîõîðíî¨ òåïëî¹ìíîñòi ïðÿìó¹ äî êîíñòàíòè, çàëåæíî¨ âiä âè-

ìiðíîñòi ïðîñòîðó, ùî ðîçãëÿäàþòü. Ïîðàõîâàíî çíà÷åííÿ içîõîðíî¨ òåïëî¹ìíîñòi

CV äëÿ äðóãî¨ ìîäåëi ïðè T → 0 çà ðiçíèõ çíà÷åíü ïàðàìåòðiâ íåàäèòèâíîñòi q òà

ïîêàçíèêà s = D/2 â âèðàçi äëÿ ãóñòèíè ñòàíiâ (D � âèìiðíiñòü ïðîñòîðó).

Äëÿ áiëüøî¨ íàî÷íîñòi óñi ðåçóëüòàòè ïiäêðiïëåíi âiäïîâiäíèìè àíàëiòè÷íèìè

òà ÷èñëîâèìè ðîçðàõóíêàìè, à òàêîæ ðèñóíêàìè òà òàáëèöÿìè.

Êëþ÷îâi ñëîâà: òåîðiÿ çáóðåíü, âiðiàëüíèé ðîçêëàä, ìàãíiòíèé çàðÿä, ôåðìi-ãàç,

åíòðîïiÿ Öàëëiñà, q-åêñïîíåíòà Öàëëiñà, àáåëåâi åíiîíè, íåàáåëåâi åíiîíè, äâîïà-

ðàìåòðè÷íi äðîáîâi ñòàòèñòèêè, íåàäèòèâíà ñòàòèñòèêà, íåïîâíà ñòàòèñòèêà.
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This thesis is dedicated to the study of the thermodynamics of systems of particles,

which can be described by fractional statistics that generalize the Bose�Einstein and

Fermi�Dirac statistics.

The �rst group of tasks includes the statistical properties investigation of parti-

cles subject to anyonic statistics, i.e., so-called anyons. Unlike bosons or fermions,

for such particles the permutation leads to an arbitrary (any) change in the phase

of the wave function (hence the name anyon). E�ectively, this behavior can occur

in two-dimensional systems. The second group of problems is related to the study of

several types of fractional statistics obtained through the generalization of expressi-

ons for �lling numbers. These include the Fermi gas deformed by the non-additive

Tsallis q-exponential, as well as a number of modi�cations of the Polychronakos and

Haldane�Wu statistics.

Abelian and non-Abelian anyons are considered in the work. For the latter, a

permutation of particles changes not only the phase, but also the wave function itself.

Two types were analyzed for the non-Abelian anyons, depending on di�erent values of

hard-core parameter � with a soft and hard core.

For the �rst type, a detailed description of the thermodynamics of the system of

anyons, which have, in addition to the electric charge, also a magnetic charge, has been

worked out. The study is based on the usage of the second virial coe�cient and its

correction. To describe the properties of the system, the calculation of the spectrum of

two anyons within the framework of perturbation theory was used. Consideration of a

system of particles with magnetic charges placed in a constant magnetic �eld is ensured

by the selection of vector potential terms in the form A(e) = 1
2
[B0, r],A

(m) = at, where

B0 and a are constant vectors. By postulating that a ≡ |a| is a small numerical value,

we can automatically taken into account that the time dependence is quite weak. This

approach allows working in the adiabatic approximation. Using perturbation theory, the

energy spectrum of the system of two anyons was calculated, which depends linearly

on the introduced variable. In the text of the work, the order of the value of the
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parameter a is estimated and the limits of real applicability and detection of �elds of

such an order are analyzed, for which the corrections acquire admissible, that is, rather

small values. It is shown that taking into account the contribution from hypothetical

magnetic charges removes the degeneracy in the orbital quantum number for the energy

levels. The expression for the correction of the second virial coe�cient ∆b2 is obtained.

An interesting dependence was demonstrated � at α < 0.5, that is, at the bosonic

side, this correction has an extremum, namely � minimum or maximum depending on

the sign of the product of the electric and magnetic charges eµ. When α approaches

the fermionic side, that is, when α → 1, the dependence of the correction on the

second virial coe�cient becomes linear. The correction for magnetic susceptibility is

also calculated in detail. It is clear that corrections to other thermodynamic functions

can be evaluated in a similar way.

Description of the thermodynamics of a system of many particles is an important

component of physical science. Recently, many works have been devoted to the study of

this issue both in three-dimensional space and in two-dimensional space. In particular,

anyons arise in the latter one. While for the Abelian anyons there are enough results

under various conditions, both real and purely hypothetical, for non-Abelian ones one

can �nd only a fairly limited part of the work. In fact, that is why the task of obtaining

more information on the description of this type of particles became the next studied

issue. So, for the second type of anyons � non-Abelian � the question of the second

virial coe�cient was investigated. The study of non-Abelian anyons is signi�cantly

complicated by the fact that, depending on the type of the hard-core parameter, the

expression for the second virial coe�cient is di�erent. And if in the case of a hard

core it has a fairly convenient form of recording, then for a soft one it takes on a

very cumbersome appearance, and therefore it is very di�cult to work with it, both

analytically and numerically. Therefore, to simplify the description, it was decided

to propose an original way of expressing the relationship between the parameters of

their virial coe�cients and the parameters of two-parametric fractional statistics in

order to describe the system of anyons through the latter one. Obviously, this was

done taking into account the number of statistics parameters. For anyons with a hard

core, non-additive (with the Tsallis q-exponential) and incomplete modi�cations of

Polychronakos and Haldane�Wu statistics were used. The values of the parameters

of fractional statistics were calculated, according to which anyons of this type can
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be described through them. For non-Abelian anyons with a soft core, the results of

the connection only with the coe�cients of non-additive Polychronakos statistics are

demonstrated. It is obvious that in the same way it is possible to obtain a connection

with other two-parameter statistics.

In addition to what was written above, two variants of virial expansion, which can

be found in the scienti�c literature, were also analyzed and compared. One of them

is based on the expansion in the equation of state in a power series of the density.

Another approach is based on the expansion of the partition function in a series by

degrees of fugacity. The work presents the derivation of the relationship between both

virial coe�cients.

As a separate issue, the problem for a Fermi system with a weak contact interacti-

on described by non-additive Polychronakos statistics was solved. There is no doubt

that the following notation, which characterizes small deviations from standard Fermi

statistics, is appropriate for such a formulation of the problem: q = 1+r and γ = 1+η.

The work shows in detail how to obtain the relationship between the parameters of

the statistics and interaction parameters of a real Fermi system using virial expansion.

In particular, for a two-dimensional Fermi gas with contact interactions, the quantity

characterizing the modeled system is equal to Λ = Eb/T , where Eb is the binding

energy of the only available bound state. Small deviations of γ and q from unity can be

obtained as series in 1/(lnΛ2). In the case of soft-core non-Abelian anions, γ and q can

be expressed in terms of three quantities � isospin l, interaction force κ and hard core

parameter τ with some degree of freedom. The main driver for posing this question

was the maximum simpli�cation of drawing this type of statistics. Due to simplicity

and convenience, it is obvious that the choice fell on two-parameter statistics.

The work also shows in detail the e�ect of using deformation to generalize the Fermi

distribution using the non-additive Tsallis q-exponential instead of the usual one in the

expression for the occupation numbers. This modi�cation is applied in two models,

which di�er from each other in terms of the choice of variable in the exponent power,

that is, the change in the Gibbs factor. In the �rst case, it is the chemical potential µ,

and in the second it is the activity, or in other words, the fugacity z. That is, the �rst

and second modi�cations, respectively, will look like this:

n1(ε, µ, T ) =
1

e
(ε−µ)/T
q + 1

, n2(ε, z, T ) =
1

z−1e
ε/T
q + 1

.

The low- and high-temperature limiting cases are considered in detail. The dependences
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of the chemical potential and activity on temperature are derived for two models both

for the limits of T → 0 and for T → ∞. It is shown that the result of the description

using the �rst model coincides with the usual Fermi distribution only in the limit of

low temperatures. On the other hand, in the limit of high temperatures, depending on

whether we approach the additive limit q = 1 from the left side or from the right one, the

isochoric speci�c heat capacity goes either to in�nity or to zero, and not to a constant,

as it is for an ordinary Fermi gas. For the second model, we have a radically di�erent

picture: in the limit of low temperatures, impressive results of deviation from the third

law of thermodynamics, namely � non-zero heat capacity, have been demonstrated.

Again, depending on the value of q, we have two di�erent options. To the left of the

unit at zero temperature, the heat capacity acquires a certain positive value, and to

the right � the heat capacity acquires a zero value at some positive temperature. In

the limit of high temperatures, the description is similar to the usual Fermi gas �

the value of the speci�c isochoric heat capacity leads to a constant that depends on

the dimensionality of the space under consideration. The value of the isochoric heat

capacity CV for the second model at T → 0 was calculated for di�erent values of the

nonadditivity parameters q and the power s = D/2 in the expression for the density

of states (D is the dimensionality of space).

For better clarity, all results are supported by appropriate analytical and numerical

calculations, as well as �gures and tables.

Key words: perturbation theory, virial expansion, magnetic charge,

Fermi gas, Tsallis entropy, Tsallis q-exponential, Abelian anyons, non-Abelian anyons,

two-parameter fractional statistics, non-additive statistics, incomplete statistics.
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