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Âñòàíîâëåíî óìîâè iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i ç äâîòî÷êîâèìè íåëîêàëüíèìè
óìîâàìè çà ÷àñîâîþ çìiííîþ t ç áàãàòüìà ïàðàìåòðàìè äëÿ áåçòèïíî¨ ñèñòåìè äèôåðåíöi-
àëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, ÿêà ìiñòèòü çíà÷åííÿ øóêàíîãî ðîçâ'ÿçêó ó òî÷êàõ,
çñóíóòèõ íà ñòàëi âåëè÷èíè ξj çà ïðîñòîðîâîþ çìiííîþ x = (x1, . . . , xp). Ðîçâ'ÿçîê øóêà¹òüñÿ ó
øêàëi ãiëüáåðòîâèõ ïðîñòîðiâ 2π-ïåðiîäè÷íèõ çà çìiííîþ x âåêòîð-ôóíêöié ç åêñïîíåíöiéíîþ
ïîâåäiíêîþ êîåôiöi¹íòiâ Ôóð'¹. Äîâåäåíî ðîçâ'ÿçíiñòü çàäà÷i äëÿ ìàéæå âñiõ (çà âèíÿòêîì
ìíîæèíè ÿê çàâãîäíî ìàëî¨ ìiðè) çíà÷åíü âåêòîðà ïàðàìåòðiâ µ = (µ1, . . . , µm) ó íåëîêàëü-
íèõ óìîâàõ. Âñòàíîâëåíî îöiíêè çíèçó ìàëèõ çíàìåííèêiâ, ùî âèíèêàþòü ïðè äîñëiäæåííi
ãëàäêîñòi ðîçâ'ÿçêó.

The existence and uniqueness conditions of solution for the problem of multiple parameter
nonlocal two points conditions by time variable t for typeless system of di�erential equations,
which contains the value of original solution in the points shifted to the constant value ξj for
the spacial variable x = (x1, . . . , xp) are established. The solution sought in the scale of Hilbert
spaces 2π-periodic for variable x vector functions with exponential behaviour of Fourier coe�cients.
Solvability of the problem for almost all (except for sets of arbitrarily small measure) values of
vector of parameters µ = (µ1, . . . , µm) in nonlocal conditions are proved. Established lower bounds
of small denominators that arise in studying the smoothness of the solution.

1. Ïîñòàíîâêà çàäà÷i. Â öèëiíäðè÷íié
îáëàñòi Dp = [0, T ] × Ωp

2π, äå T > 0, Ωp
2π �

p-âèìiðíèé òîð, òîáòî Ωp
2π = (R/2πZ)p, ðîç-

ãëÿäà¹òüñÿ çàäà÷à

∂tu = A1(D)uξ1 + · · · + AQ(D)uξQ , (1)

Mu|t=0 − u|t=T = φ. (2)

ïðè÷îìó M = diag (µ1, . . . , µm), ÷èñëî µj íà-
ëåæèòü êðóãó Sj = {z ∈ C : |z − θj| < Rj},
θj ∈ C, Rj > 0, ìàòðè÷íi äèôåðåíöiàëü-
íi âèðàçè Aj(D) = Aj(−i∂x1, . . . ,−i∂xp) ìà-
þòü ñòàëi êîìïëåêñíi êîåôiöi¹íòè. Øóêà¹-
òüñÿ ðîçâ'ÿçîê u ðiâíÿííÿ (1) ç âåêòîðíè-
ìè çñóâàìè ξ1, . . . , ξQ, ùî çàäîâîëüíÿ¹ íå-
ëîêàëüíi äâîòî÷êîâi óìîâè (2) ç ïàðàìåòðà-
ìè µ1, . . . , µm, äå uξ �ôóíêöiÿ çi çñóâîì ξ,
à φ = col (φ1, . . . , φm), äå φ1, . . . , φm � çàäàíi
ôóíêöi¨ çìiííî¨ x = (x1, . . . , xp) ∈ Ωp

2π.
Äèôåðåíöiàëüíi ðiâíÿííÿ (1) òà óìîâè (2)

âèçíà÷åíi ó ïðîñòîði (T ′)m óçàãàëüíåíèõ 2π-

ïåðiîäè÷íèõ ôóíêöié, äå T �ïðîñòið òðè-
ãîíîìåòðè÷íèõ 2π-ïåðiîäè÷íèõ ìíîãî÷ëåíiâ
çìiííî¨ x.

ßêùî âåêòîð-ôóíêöi¨ φ = col (φ1, . . . , φm)
òà ψ = col (ψ1, . . . , ψm) íàëåæàòü äî ïðîñòî-
ðiâ (T ′)m òà T m âiäïîâiäíî, òî

φ =
∑
k∈Zp

φ̂ke
i(k,x) òà ψ =

∑
k

ψ̂ke
i(k,x),

i âèêîíóþòüñÿ ðiâíîñòi

⟨φ, ψ⟩ =
∑
k

ψ̂Hk φ̂k, ⟨ψ, ψ⟩ =
∑
k

∥ψ̂k∥2,

äå êîåôiöi¹íòè Ôóð'¹ φ̂k òà ψ̂k íàëåæàòü
äî ïðîñòîðó Cm, ⟨φ, ψ⟩�äiÿ óçàãàëüíå-
íî¨ âåêòîð-ôóíêöi¨ φ íà îñíîâíó âåêòîð-
ôóíêöiþ ψ, ψ̂Hk åðìiòîâî ñïðÿæåíèé ç âåêòî-
ðîì ψ̂k âåêòîð, (k, x) = k1x1+. . .+kpxp, ∥·∥�
åâêëiäîâà íîðìà â Cm,

∑
k � ñêií÷åííà ñóìà,

â ÿêié k ∈ Zp.
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ßêùî u = u(t, x) ¹ ðîçâ'ÿçêîì çàäà÷i (1),
(2), òî âií ¹ 2π-ïåðiîäè÷íèì çà çìiííîþ x i
íà âiäðiçêó [0, T ] ôóíêöiÿ u(t, ·) íàëåæèòü äî
ïðîñòîðó (T ′)m, òîáòî u =

∑
k∈Zp

uk(t)e
i(k,x).

Òîäi ôóíêöiÿ uξ äëÿ äîâiëüíîãî ξ ∈ Ωp
2π

òàêîæ íàëåæèòü (T ′)m i ôîðìóëà

⟨uξ, ψ⟩ =
∑
k∈Zp

ei(k,ξ)ψHk uk(t) ≡ ⟨u, ψ(· − ξ)⟩

âèçíà÷à¹ äiþ uξ íà ψ, äå (k, ξ)� ñêàëÿðíèé
äîáóòîê â Rm âåêòîðiâ k òà ξ. Çàóâàæèìî,
ùî uξ = u äëÿ ξ = 0, à uξ(t, x) = u(t, x + ξ)
äëÿ íåïåðåðâíî¨ ôóíêöi¨ u.

Äiþ îïåðàòîðà F (D) ó ïðîñòîði (T ′)m âè-
çíà÷à¹ ïîñëiäîâíiñòü F (k), k ∈ Zp, êâàäðà-
òíèõ ìàòðèöü ïîðÿäêó m, à ñàìå

F (D)φ =
∑
k∈Zp

F (k)φ̂ke
i(k,x).

Ñêàëÿðíèé îïåðàòîð D̃ äi¹ çãiäíî ç ôîðìó-
ëîþ D̃φ =

∑
k∈Zp

k̃ φ̂ke
i(k,x), äå k̃ =

√
1 + ∥k∥2 =√

1 + k21 + · · · + k2p �äîäàòíà ïîñëiäîâíiñòü.

Áóäåìî âèêîðèñòîâóâàòè òàêi ôóíêöiî-
íàëüíi ïðîñòîðè: Hq(Ω

p
2π), Eh,l(Ω

p
2π)� ãiëü-

áåðòîâi ïðîñòîðè ôóíêöié φ ∈ (T ′)m, äëÿ
ÿêèõ ñêií÷åííi âiäïîâiäíi íîðìè

∥φ;Hq(Ω
p
2π)∥ =

(∑
k∈Zp

k̃ 2q∥φ̂k∥2
)1/2

,

∥φ;Eh,l(Ω
p
2π)∥ =

(∑
k∈Zp

exp(2hk̃ l)∥φ̂k∥2
)1/2

.

Çàïðîâàäèìî íà ìíîæèíi S1 × · · · × Sm
âåêòîðiâ µ = (µ1, . . . , µm) ãåîìåòðè÷íó éìî-
âiðíiñòü

P (Ω) =
meas Ω

πmR2
1 · · ·R2

m

,

äå Ω ⊂ S1 × · · · × Sm � âèìiðíà çà Ëåáåãîì
ìíîæèíà ç ìiðîþ meas Ω ó ïðîñòîði R2m.
Îçíà÷åííÿ 1. Çàäà÷ó (1), (2) íàçèâà¹-

ìî ðîçâ'ÿçíîþ ó øêàëi ïðîñòîðiâ Eh,l(Ω
p
2π),

h ∈ R, ç éìîâiðíiñòþ 1− ε íà ìíîæèíi ïà-
ðàìåòðiâ S1×· · ·×Sm, ÿêùî iñíó¹ òàêà âè-
ìiðíà ïiäìíîæèíà Ω ìíîæèíè S1×· · ·×Sm,
ùî P (Ω) ≥ 1 − ε i äëÿ êîæíîãî âåêòîðà

µ ∈ Ω çàäà÷à (1), (2) ìà¹ ¹äèíèé ðîçâ'ÿçîê
u, òîáòî ⟨Mu|t=0 − u|t=T , ψ⟩ = ⟨φ, ψ⟩ i

⟨∂tu− A1(D)uξ1 − · · · − AQ(D)uξQ , ψ⟩ = 0

äëÿ âñiõ âåêòîð-ìíîãî÷ëåíiâ ψ ∈ T m, çi çíà-
÷åííÿìè u(t, ·) ó ïðîñòîðàõ Eh,l(Ω

p
2π).

2. Äîñëiäæåííÿ çàäà÷ äëÿ ðiâíÿíü çi
çñóâàìè àðãóìåíòiâ. Òåîði¨ äèôåðåíöiàëü-
íèõ ðiâíÿíü ç âiäõèëåííÿìè àðãóìåíòiâ (ðiâ-
íÿíü iç çàïiçíåííÿì, ðiâíÿíü ç âèïåðåäæåí-
íÿì) ñòàëîãî ÷è çìiííîãî âèãëÿäó ïðèñâ'ÿ-
÷åíî ÷èìàëî ïóáëiêàöié, çîêðåìà [1�7]. Çà-
äà÷i ç òàêèìè ðiâíÿííÿìè îïèñóþòü âàæëè-
âi ïðîöåñè iç ÷àñîâèìè çàïiçíåííÿìè ÷è çà-
ïiçíåííÿìè iíøîãî òèïó. Çîêðåìà, ñåðåä òà-
êèõ çàäà÷ ¹ çàäà÷i, ÿêèìè ìîäåëþ¹òüñÿ ðîáî-
òà ÿäåðíèõ ðåàêòîðiâ i ñèñòåì àâòîìàòè÷íî-
ãî êåðóâàííÿ, ÿâèùà æèâî¨ ïðèðîäè (ìîäåëi
â iììóíîëîãi¨, åïiäåìîëîãi¨) òà ìàòåìàòè÷íî¨
åêîíîìiêè òîùî.

Çàäà÷à (1), (2) âèâ÷àëàñÿ ó ïðàöÿõ [8, 9]
äëÿ ÷àñòèííîãî âèïàäêó µ1 = . . . = µm = µ,
òîáòî äëÿ âèïàäêó îäíîãî àðãóìåíòà µ ó íå-
ëîêàëüíèõ óìîâàõ (2). Ó ðîáîòi [8] âñòàíîâ-
ëåíî óìîâè ðîçâ'ÿçíîñòi çàäà÷i (1), (2) ñòî-
ñîâíî ïàðàìåòðà µ, à ó ðîáîòi [9] � ñòîñîâíî
âåêòîðà ïàðàìåòðiâ çñóâiâ ó ðiâíÿííi (1). Ðå-
çóëüòàòè îñòàííüî¨ ïðàöi ïîäàíî ó [10].

Çàäà÷ó äëÿ ñèñòåì ðiâíÿíü ç ÷àñòèííè-
ìè ïîõiäíèìè ç âiäõèëåííÿì àðãóìåíòiâ òà
íåëîêàëüíèìè iíòåãðàëüíèìè óìîâàìè ðîç-
ãëÿíóòî ó ðîáîòi [11].

Íåëîêàëüíi çàäà÷i ç âiäõèëåííÿì àðãó-
ìåíòiâ ¹ íåêîðåêòíîìè çà Àäàìàðîì, ÿê i
íåëîêàëüíi çàäà÷i áåç âiäõèëåíü àðãóìåíòiâ
[12, 13]. Õàðàêòåðíîþ îñîáëèâiñòþ öèõ çà-
äà÷ ¹ ìàëi çíàìåííèêè, ÿêi âèíèêàþòü ïðè
ïîáóäîâi ðîçâ'ÿçêiâ ó ïðîñòîðàõ ïåðiîäè÷íèõ
ôóíêöié çà çìiííîþ x. Äëÿ îöiíþâàííÿ ìà-
ëèõ çíàìåííèêiâ âèêîðèñòîâó¹òüñÿ ìåòðè-
÷íèé ïiäõiä [14�16].

Âàðiàíò òàêîãî ïiäõîäó çàñòîñîâàíî òà-
êîæ ó öié ðîáîòi äëÿ äîñëiäæåííÿ ðîçâ'ÿçíî-
ñòi çàäà÷i (1), (2) íà ìíîæèíi S1 × · · · × Sm
ïàðàìåòðiâ µ1, . . . , µm íåëîêàëüíèõ óìîâ.
3. Ïîáóäîâà òà îöiíêà ðîçâ'ÿçêó. Ó

ðîçâ'ÿçêó u çàäà÷i (1), (2) êîåôiöi¹íòè Ôóð'¹
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uk = uk(t) âèçíà÷àþòüñÿ ç âiäïîâiäíî¨ çàäà÷i

u′k =

Q∑
j=1

Aj(k)ei(k,ξj)uk, (3)

Muk(0) − uk(T ) = φ̂k, (4)

äå âåêòîðè uk i φ̂k ìàþòü âèãëÿä

uk = col (uk1, . . . , ukm), φ̂k = col (φ̂k1, . . . , φ̂km).

Ââåäåìî çàìiíó çìiííèõ

U = col
(
D̃d1u1, . . . , D̃

dmum
)
,

φ̃ = col
(
D̃d1φ1, . . . , D̃

dmφm
)
,

òîäi U =
∑
k∈Zp

Uk(t)e
i(k,x), Φ =

∑
k∈Zp

Φke
i(k,x), äå

Uk(t) = Zkuk(t), Φk = Zkφ̂k, ïðè÷îìó

Zk = diag
(
k̃ d1 , . . . , k̃ dm

)
.

Âåêòîð Uk(t) ¹ ðîçâ'ÿçêîì íåëîêàëüíî¨ çàäà-
÷i U ′

k = k̃ NA(k)Uk, MUk(0) − Uk(T ) = Φk

i, çà óìîâè iñíóâàííÿ ìàòðèöi M − ek̃
NA(k)T ,

çîáðàæó¹òüñÿ ôîðìóëîþ

Uk(t) = ek̃
NA(k)t

(
M − ek̃

NA(k)T
)−1

Φk, (5)

äå A(k) = k̃ −N
Q∑
j=1

ei(k,ξj)ZkAj(k)Z−1
k .

Äiéñíi ÷èñëà d1, . . . , dm òà N âèçíà÷à¹ìî
òàê [8], ùîá îáìåæèòè åëåìåíòè aαβ(k) ìà-
òðèöi A(k), òîáòî max

1≤α,β≤m
sup
k∈Zp

|aαβ(k)| <∞.

Âèáåðåìî ÷èñëà Λ òà A ç òàêèõ óìîâ:

Λ > lim sup
k∈Zp

Λ(k), A > lim sup
k∈Zp

∥A(k)∥,

äå Λ(k)�íàéáiëüøà äiéñíà ÷àñòèíà âëàñíèõ
çíà÷åíü ìàòðèöi A(k), i ïîçíà÷èìî K ìíî-
æèíó òèõ ÷èñåë k ∈ Zp, äëÿ ÿêèõ âèêîíó¹-
òüñÿ õî÷à á îäíà ç ÷îòèðüîõ íåðiâíîñòåé

Λ(k) ≥ Λ, ∥A(k)∥ ≥ A, 2TAk̃ N < 1,

(
TAk̃ N

)2(m−1)
<

m∑
j=1

( |θj| +Rj

2

)2
.

Ìíîæèíà K � îáìåæåíà i ìîæå ëèøå çáiëü-
øóâàòèñÿ ïðè çìåíøåííi Λ, ÷è A, ÷è T , ÷è
çáiëüøåííi

m∑
j=1

(
|θj| +Rj

)2
.

Iç íåðiâíîñòi Ãåëüôàíäà�Øèëîâà [17,
ñ. 78] âèïëèâà¹ îöiíêà∥∥etA(k)k̃N∥∥ ≤ etΛ(k)k̃

N
m∑
j=1

(
2TAk̃ N

)j−1
,

à iç íåðiâíîñòi Êàòî ∥A−1∥ ≤ ∥A∥m−1

| detA|
, äå

m�ïîðÿäîê ìàòðèöi A [18, ñ. 42], � îöiíêà

∥∥(M−eTA(k)k̃N
)−1∥∥≤(∥M∥ +

∥∥eTA(k)k̃N∥∥)m−1∣∣ det
(
M − eTA(k)k̃N

)∣∣ .

Ç îòðèìàíèõ íåðiâíîñòåé òà ôîðìóëè (5)
ïðè h = (t+ (m− 1)T )Λ îòðèìó¹ìî îöiíêè

∥e−hk̃NUk∥ ≤ 4m(2TAk̃ N)(m−1)m∥Φk∥
|∆k|

, (6)

∥e−hk̃NU ′
k∥

Ak̃ N
≤ 4m(2TAk̃ N)(m−1)m∥Φk∥

|∆k|
, (7)

äå ∆k = det
(
M − eTA(k)k̃

N)
.

Äëÿ îöiíþâàííÿ çíèçó âèðàçiâ ∆k âè-
êîðèñòîâó¹ìî ìåòðè÷íèé ïiäõiä, ïðè öüîìó
âñòàíîâëþ¹ìî îöiíêè ìið ìíîæèí, äëÿ ÿêèõ
âèêîíó¹òüñÿ ïðîòèëåæíà îöiíêà çâåðõó.
4. Ìåòðè÷íi îöiíêè. Ñôîðìóëþ¹ìî i

äîâåäåìî òåîðåìó ïðî ìiðó ìíîæèí (éìîâið-
íîñòi), ÿêi ïîâ'ÿçàíi çi ñïåöiàëüíèìè ìíîãî-
÷ëåíàìè âiä áàãàòüîõ çìiííèõ µ1, . . . , µm.

Òàêó òåîðåìó ó âèïàäêó äiéñíèõ çìiííèõ
µ1, . . . , µm äîâåäåíî ó ðîáîòi [19], çâiäêè âçÿ-
òî ïîçíà÷åííÿ é iäåÿ äîâåäåííÿ òåîðåìè 1 i
ëåì 1 òà 2 öi¹¨ ðîáîòè.
Òåîðåìà 1. Íåõàé γ(m) = γ1···1, ε > 0 i

∆ =
∑

q∈{0,1}m
γqµ

q = γ(m)µ1 · · ·µm + · · · �

ìíîãî÷ëåí çìiííî¨ µ = (µ1, . . . , µm), ôóíêöiÿ
Fm : (0,∞) → (0, 1] ïîâ'ÿçàíà ç ðîçâ'ÿçêîì

fm(w) = w
m−1∑
j=0

(− lnw)j/j! çàäà÷i Êîøi äëÿ

ðiâíÿííÿ Åéëåðà(
w(d/dw) − 1

)m
fm = 0,

fm(1) = 1, f ′
m(1) = · · · = f (m−1)

m (1) = 0,

ôîðìóëîþ Fm(w) = fm(w2) ïðè w ∈ (0, 1]
i Fm(w) = 1 ïðè w > 1. Òîäi éìîâiðíiñòü
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P
(
|∆| < ε

)
âèêîíàííÿ íåðiâíîñòi |∆| < ε íà

ïîëiêðóçi S1×· · ·×Sm îöiíþ¹òüñÿ çâåðõó çà
äîïîìîãîþ íåðiâíîñòi

P
(
|∆| < ε

)
≤ Fm

( ε/|γ(m)|
R1 · · ·Rm

)
. (8)

Äîâåäåííÿ. Âèêîðèñòîâó¹ìî ìåòîä ìà-
òåìàòè÷íî¨ iíäóêöi¨ çà êiëüêiñòþ çìiííèõ µj.

Çàôiêñó¹ìî äîâiëüíèé âåêòîð

(µ2, . . . , µm) ∈ S2 × · · · × Sm

i ââàæà¹ìî ∆µ2,...,µm ôóíêöi¹þ ∆ çìiííî¨
µ1 ∈ S1, à ñàìå ∆µ2,...,µm = γ(1)µ1 + γ′(1), äå

γ(1) =
∑

(q2,...,qm)∈{0,1}m−1

γ1q2...qmµ
q2
2 . . . µ

qm
m ,

γ′(1) =
∑

(q2,...,qm)∈{0,1}m−1

γ0q2...qmµ
q2
2 . . . µ

qm
m .

Îöiíèìî éìîâiðíiñòü P
(
|∆µ2,...,µm| < ε

)
, äå

P
(
|∆µ2,...,µm| < ε

)
=

=
meas {µ1 ∈ S1 : |γ(1)µ1 + γ′(1)| < ε}

πR2
1

.

Íåðiâíiñòü |γ(1)µ1 + γ′(1)| < ε ïðè γ(1) ̸= 0 âè-
êîíó¹òüñÿ äëÿ ìíîæèíè ÷èñåë µ1 ∈ S1, ÿêi
íàëåæàòü âiäêðèòîìó êðóãó ðàäióñà ε/|γ(1)|
ç öåíòðîì ó òî÷öi γ′(1)/γ(1), ÿêà ìà¹ ìiðó íå
áiëüøó, íiæ πε2/|γ(1)|2, à ïðè γ(1) = 0 âè-
êîíó¹òüñÿ äëÿ âñiõ µ1 ∈ S1 ïðè |γ′(1)| < ε
i íå âèêîíó¹òüñÿ äëÿ æîäíîãî µ1 ∈ S1 ïðè
|γ′(1)| ≥ ε. Òîìó â îáîõ âèïàäêàõ ìiðà ìíî-
æèíè {µ1 ∈ S1 : |∆µ2,...,µm | < ε} íå ïåðåâèùó¹
ìiíiìàëüíîãî ç ÷èñåë πε2/|γ(1)|2 i πR2

1.
Îòæå, îòðèìó¹ìî íåðiâíiñòü

P
(
|∆µ2,...,µm|<ε

)
≤
πmin{ε2/|γ(1)|2, R2

1}
πR2

1

=

=min
{ε2/|γ(1)|2

R2
1

, 1
}

= min{w2
1, 1}=F1(w1),

äå w1 = w1(µ2, . . . , µm) = ε/|γ(1)|R1.
Òåîðåìó äëÿ m = 1 äîâåäåíî.
Äîâåäåìî òåïåð êðîê iíäóêöi¨, çáiëüøóþ-

÷è êiëüêiñòü çìiííèõ íà îäèíèöþ. Çàôiêñó¹-
ìî çìiííó µm ∈ Sm i ðîçãëÿíåìî ôóíêöiþ

∆µm , ÿê ôóíêöiþ ∆ çìiííèõ µ1, . . . , µm−1,
òîáòî

∆µm = (γ(m)µm + γ′(m))µ1 · · ·µm−1 + · · · ,

äå γ(m) = γ1...1, à γ′(m) = γ1...10. Îöiíèìî øó-
êàíó éìîâiðíiñòü P (|∆| < ε) çà ôîðìóëîþ

P (|∆| < ε) =
(
πmR2

1 · · ·R2
m

)−1×
× meas {µ ∈ S1× · · ·×Sm : |∆| < ε} =

=
1

πR2
m

∫
Sm

((
πm−1R2

1 · · ·R2
m−1

)−1
dxm dym×

× meas
{

(µ1, . . . , µm−1) ∈ S1× · · ·×Sm−1 :

: |∆zm |<ε
})

=
1

πR2
m

∫
Sm

P (|∆zm|<ε) dxm dym,

äå zm = xm + iym ∈ Sm.
Îñêiëüêè çà ïðèïóùåííÿì iíäóêöi¨

P (|∆zm| < ε) ≤ Fm−1(wm−1),

äå wm−1 =
ε/R1 · · ·Rm−1

|γ(m)µm + γ′(m)|
, òî

P (|∆| < ε) ≤
(
πR2

m

)−1×

×
∫
Sm

Fm−1

( ε/R1 · · ·Rm−1

|γ(m)zm + γ′(m)|

)
dxm dym. (9)

Äëÿ ïîäàëüøîãî îöiíþâàííÿ iíòåãðàëà âè-
êîðèñòîâó¹ìî ëåìó.
Ëåìà 1. Ôóíêöi¨ Fj, j = 1, . . . ,m, ìîíî-

òîííî çðîñòàþòü íà iíòåðâàëi (0, 1) i ïî-
â'ÿçàíi ñïiââiäíîøåííÿì

1

πR2
m

∫
Sm

Fm−1

( 1

|Azm +B|

)
dxm dym ≤

≤ Fm

( 1

|A|Rm

)
. (10)

Çàñòîñó¹ìî ëåìó 1 ïðè

A =
R1 · · ·Rm−1γ(m)

ε
, B =

R1 · · ·Rm−1γ
′
(m)

ε
.

Iç íåðiâíîñòåé (9), (10) ìà¹ìî

P (|∆|<ε) ≤ Fm

( ε

R1 · · ·Rm|γ(m)|

)
= Fm(wm),

äå wm =
ε/|γ(m)|
R1 · · ·Rm

. Òåîðåìó äîâåäåíî.
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Iç òâåðäæåííÿ òåîðåìè âèïëèâà¹, ùî
lim
w→0

Fm(w) = 0 (ðèñ. 1). Äiéñíî, äëÿ äîâiëü-

íîãî α > 0 iñíó¹ ãðàíèöÿ lim
τ→∞

τ−α ln τ i äî-

ðiâíþ¹ íóëþ, îñêiëüêè ln τ → ∞ òà τα → ∞,
òî çà ïðàâèëîì Ëîïiòàëÿ

lim
τ→∞

ln τ

τα
= lim

τ→∞

1/τ

ατα−1
= lim

τ→∞

1

ατα
= 0.

Çâiäñè îòðèìó¹ìî øóêàíó ãðàíèöþ

lim
w→0

Fm(w) = lim
τ→∞

Fm(τ−1) =

= lim
τ→∞

m−1∑
j=0

(ln τ 2)j

j!τ 2
=

m−1∑
j=0

2j

j!

(
lim
τ→∞

ln τ

τ 2/j

)j
= 0.

Îòæå, ìîæåìî ïîêëàñòè Fm(0) = 0 i ðîç-
ãëÿäàòè ôóíêöiþ Fm íà ìíîæèíi [0,+∞).

F1HwLF2HwL

F3HwLF4HwL

F5HwLF6HwL

0.0 0.2 0.4 0.6 0.8 1.0 1.2
w

0.2

0.4

0.6

0.8

1.0
FmHwL

Ðèñ. 1: Ãðàôiêè ôóíêöié Fm(w) ïðè m = 1, . . . , 6.
Ñïðàâäæóþòüñÿ íåðiâíîñòi F1(w) ≤ F2(w) ≤ · · · .

Ëåìà 1 äîâîäèòüñÿ çà äîïîìîãîþ òàêîãî
òâåðäæåííÿ ïðî iíòåãðàëè.
Ëåìà 2. Íåõàé f : [0,∞) → R�íåçðî-

ñòàþ÷à íåïåðåðâíà ôóíêöiÿ,

S∗ = {z ∈ C : |z − θ∗| < R},

S∗∗ = {z ∈ C : |z − θ∗∗| < R} �
âiäêðèòi êðóãè ðàäióñà R, öåíòðè θ∗ i θ∗∗

ÿêèõ âïîðÿäêîâàíi òàê, ùî |θ∗| < |θ∗∗|, òîäi
ñïðàâäæó¹òüñÿ íåðiâíiñòü∫

S∗
f(|z|)dx dy ≥

∫
S∗∗

f(|z|)dx dy. (11)

Äîâåäåííÿ. ßêùî S∗ = S∗∗, òî íåðiâ-
íiñòü (11) î÷åâèäíî âèêîíó¹òüñÿ ÿê ðiâíiñòü,
ó ïðîòèëåæíîìó âèïàäêó, îñêiëüêè f � ñè-
ìåòðè÷íà ùîäî ïî÷àòêó êîîðäèíàò êîì-
ïëåêñíî¨ ïëîùèíè C, ââàæà¹ìî θ∗ i θ∗∗ äié-
ñíèìè ÷èñëàìè, à ñàìå 0 ≤ θ∗ < θ∗∗.

Ó âèïàäêó θ∗ = 0 äëÿ òî÷îê z ∈ S∗ âèêî-
íó¹òüñÿ íåðiâíiñòü |z| < R i ëèøå äëÿ íèõ,
òîìó âíàñëiäîê íåçðîñòàííÿ f îòðèìó¹ìî

inf
S∗\S∗∗

f(|z|) ≥ sup
S∗∗\S∗

f(|z|). (12)

Ó âèïàäêó θ∗ > 0 i S∗ ∩ S∗∗ = ∅ ìà¹ìî

inf
S∗∗

|z| = θ∗∗ −R > θ∗ +R = sup
S∗

|z|,

òîáòî ñïðàâäæó¹òüñÿ (12), îñêiëüêè

inf
S∗
f(|z|) = f(sup

S∗
|z|), sup

S∗∗
f(|z|) = f(inf

S∗∗
|z|).

Äîâåäåìî öþ æ íåðiâíiñòü ó ïðîòèëåæíî-
ìó âèïàäêó S∗ ∩ S∗∗ ̸= ∅.

Òåïåð ìà¹ìî θ∗∗ −R ≤ θ∗ +R, àáî

θ∗∗ − θ∗ ≤ 2R (13)

i îáèäâi òî÷êè M1 òà M2 ïåðåòèíó êië

|z − θ∗| = R, |z − θ∗∗| = R

ìàþòü àáöèñó (θ∗ + θ∗∗)/2, à îðäèíàòè ±y
âèçíà÷àþòüñÿ ç ðiâíÿííÿ

y2 = R2 − (θ∗ − θ∗∗)2/4.

Îòæå, âiääàëi öèõ òî÷îê âiä ïî÷àòêó êîîð-
äèíàò îäíàêîâi i äîðiâíþþòü R1, äå

R2
1 = R2− (θ∗−θ∗∗)2

4
+

(θ∗−θ∗∗)2

4
= R2+θ∗θ∗∗,

òîáòî R1 =
√
R2 + θ∗θ∗∗.

Íåõàé z1 = x1 + iy1 ∈ S1 \ S2, òîäi

θ∗−R < x1 ≤ (θ∗+θ∗∗)/2, y21 ≤ R2−(x1−θ∗)2

i |z1|2 ≤ R2−(x1−θ∗)2+x21 = R2−θ∗2+2x1θ
∗ ≤

R2 − θ∗2 + (θ∗ + θ∗∗)θ∗ = R2 + θ∗θ∗∗ = R2
1.

ßêùî æ z2 = x2 + iy2 ∈ S2 \ S1, òî

(θ∗+θ∗∗)/2 ≤ x2 < θ∗∗+R, y22 ≥ R2−(x2−θ∗)2

i |z2|2 ≥ R2−(x2−θ∗)2+x22 = R2−θ∗2+2x2θ
∗ ≥

R2+θ∗θ∗∗ = R2
1 ïðè (θ∗+θ∗∗)/2 ≤ x2 ≤ θ∗+R,
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à ïðè θ∗+R < x2 < θ∗∗+R ìà¹ìî |z2|2 ≥ x22 =
R2 +2Rθ∗ +θ∗2 ≥ R2 +(θ∗∗−θ∗)θ∗ +θ∗2 = R2

1.
Öÿ íåðiâíiñòü âèïëèâà¹ ç ôîðìóëè (13).
Îòæå, ó âñiõ âèïàäêàõ âèêîíó¹òüñÿ íåðiâ-

íiñòü (12), îñêiëüêè âíàñëiäîê íåçðîñòàííÿ
ôóíêöi¨ f , ìà¹ìî

inf
S∗\S∗∗

f(|z|) = f( sup
S∗\S∗∗

|z|) ≥

≥ f( inf
S∗∗\S∗

|z|) = sup
S∗∗\S∗

f(|z|).

Òåïåð äîâåäåìî ôîðìóëó (11). Îá÷èñëè-
ìî ó íié ïîäâiéíi iíòåãðàëè:∫

S∗
f(|z|)dx dy =

=
(∫

S∗\S∗∗
+

∫
S∗∩S∗∗

)
f(|z|)dx dy ≥

≥ meas (S∗ \ S∗∗) inf
S∗\S∗∗

f(|z|)+

+

∫
S∗∩S∗∗

f(|z|)dx dy,

∫
S∗∗

f(|z|)dx dy =

=
(∫

S∗∗\S∗
+

∫
S∗∩S∗∗

)
f(|z|)dx dy ≤

≤ meas (S∗∗ \ S∗) sup
S∗∗\S∗

f(|z|)+

+

∫
S∗∩S∗∗

f(|z|)dx dy.

Îñêiëüêè meas (S∗ \S∗∗) = meas (S∗∗ \S∗), òî
ç íåðiâíîñòi (12) âèïëèâà¹ íåðiâíiñòü (11) i
äîâåäåííÿ ëåìè.

Âñòàíîâèìî òàêîæ òâåðäæåííÿ ëåìè 1.
Äîâåäåííÿ. Äèôåðåíöiþ¹ìî ðiâíiñòü

Fj(
√
τ) = f(τ) = τ

j−1∑
l=0

(− ln τ)l/l!,

òîäi f ′(τ) =
(

ln(1/τ)
)j−1

/(j − 1)! > 0 äëÿ
τ ∈ (0, 1), òîáòî ôóíêöiÿ f ìîíîòîííî çðî-
ñòà¹ ðàçîì iç ôóíêöi¹þ Fj íà iíòåðâàëi (0, 1).

Iç ðiâíîñòi Fj(w) = 1 ïðè w ≥ 1 i äîäà-
òíîñòi íà (0, 1) âåëè÷èí w2(−2 lnw)l/l! âè-
ïëèâà¹, ùî F (w) ∈ (0, 1], ÿêùî w ∈ (0,+∞).

ßêùî A = 0, òî

1

πR2
m

∫
Sm

Fm−1

( 1

|Azm +B|

)
dxm dym =

=Fm−1

( 1

|B|

)
≤ 1 = Fm(+∞)=Fm

( 1

|0|Rm

)
.

ßêùî A ̸= 0, òî ââåäåìî çàìiíó

z = Azm +B, zm = (z −B)/A,

ç ÿêîáiàíîì 1/|A|2, ÿêà êðóã Sm âiäîáðàæà¹
ó êðóã S ′ = {z ∈ C : |z−(Aθm+B)| < |A|Rm}
ðàäióñà |A|Rm i çàïèøåìî

1

πR2
m

∫
Sm

Fm−1

( 1

|Azm +B|

)
dxm dym =

=
1

π|A|2R2
m

∫
S′
Fm−1

( 1

|z|

)
dx dy ≤

≤ 1

π|A|2R2
m

∫
S

Fm−1

( 1

|z|

)
dx dy, (14)

äå S = {z ∈ C : |z| < |A|Rm}.
Îñòàííÿ íåðiâíiñòü ó ôîðìóëi îòðèìàíà

íà îñíîâi ëåìè 2, äå S∗∗ = S ′, S∗ = S, f(t) =
Fm−1(1/t).

Ó ïåðøîìó âèïàäêó |A|Rm < 1, êîëè ôóí-
êöiÿ Fm−1(1/|z|) ó êðóçi S äîðiâíþ¹ îäèíèöi,
ìà¹ìî∫

S

Fm−1

(
1/|z|

)
dx dy = π|A|2R2

m,

à ó äðóãîìó âèïàäêó |A|Rm ≥ 1 ïåðåéäåìî
äî ïîëÿðíèõ êîîðäèíàò (r, φ), òîìó∫

S

Fm−1

( 1

|z|

)
dx dy = 2π

∫ 1

0

r dr+

+ 2π

∫ |A|R

1

r

r2

m−2∑
j=0

(
ln r2

)j
j!

dr = π+

+π
m−2∑
j=0

(
ln r2

)j+1

(j + 1)!

∣∣∣|A|Rm
1

= π
m−1∑
j=0

(
ln |A|2R2

m

)j
j!

.

Iç íåðiâíîñòi (14) òà ç îñòàííüî¨ ôîðìóëè âè-
ïëèâà¹ äîâåäåííÿ ëåìè.

Ç òåîðåìè 1 i ôîðìóëè ∆k = µ1 · · ·µm+· · ·
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âèïëèâà¹ îöiíêà

P (|∆k| < εk) ≤ Fm

( εk
R1 · · ·Rm

)
=

=
ε2k

R2
1 · · ·R2

m

m−1∑
j=0

1

j!

(
− ln

ε2k
R2

1 · · ·R2
m

)j
, (15)

ÿêùî εk ≤ R1 · · ·Rm.
Çíàéäåìî éìîâiðíiñòü âèêîíàííÿ õî÷à á

îäíi¹¨ ç íåðiâíîñòåé |∆k| < εk, k ∈ Zp \K, äå
εk ≤ R1 · · ·Rm, à ñàìå éìîâiðíiñòü

P
(∨

k∈Zp\K

(
|∆k| < εk

))
,

äå
∨
k∈Zp\K � îïåðàöiÿ äèç'þíêöi¨ íà Zp \K.

Ç ïîïåðåäíüî¨ îöiíêè (15) îòðèìó¹ìî

P
(∨

k∈Zp\K

(
|∆k| < εk

))
≤

≤
∑

k∈Zp\K

Fm

( εk
R1 · · ·Rm

)
=
∑

k∈Zp\K

Fm(Ck̃ −r)

ÿêùî εk = CR1 · · ·Rmk̃
−r, äå r > p/2, à C �

äåÿêà ñòàëà ç iíòåðâàëó (0, 1).

He, 1L

1 2 3 4 5
w0.0

0.2

0.4

0.6

0.8

1.0

e-w we

Ðèñ. 2: Ãðàôiê ôóíêöi¨ we/ew. �äèíèé ìàêñèìóì äî-
ñÿãà¹òüñÿ ó òî÷öi (e, 1).

Iç íåðiâíîñòi xe/ex ≤ 1, ÿêà âèêîíó¹òüñÿ
íà ìíîæèíi x ≥ 0 (ðèñ. 2), âèïëèâà¹, ùî
w−α lnw ≤ 1/eα äëÿ äîäàòíèõ w i α, òîìó
äëÿ w > 0 i β > 0 ìà¹ìî

w
m−1∑
j=0

1

j!

(
ln

1

w

)j
≤ mme1/βw1−β.

Îòæå, Fm(w) ≤ mme1/βw2(1−β) i øóêàíà éìî-
âiðíiñòü ìà¹ îöiíêó

P
(∨

k∈Zp\K

(
|∆k| < εk

))
≤ C2(1−β)×

×mme1/β
∑

k∈Zp\K

k̃ −2r(1−β) <∞. (16)

Âèáåðåìî (òà çàôiêñó¹ìî) ñòàëó β ç óìîâè
0 < β < 1 − p/2r, à ñòàëó C çà ôîðìóëîþ
C = ε1/2(1−β)C1, äå ε ∈ (0, 1),

C1 =
(
mme1/β

∑
k∈Zp

k̃ −2r(1−β)
)1/2(β−1)

.

Çâiäñè îòðèìó¹ìî

P
(∨

k∈Zp\K

(
|∆k| < εk

))
≤ ε

i äëÿ âñiõ k ∈ Zp \ K ç éìîâiðíiñòþ 1 − ε
âèêîíóþòüñÿ íåðiâíîñòi

|∆k| ≥ ε1/2(1−β)C1R1 · · ·Rmk̃
−r. (17)

5. Òåîðåìà iñíóâàííÿ òà ¹äèíîñòi.
Ïîçíà÷èìî ΠK �ïðîåêòîð íà ìíîæèíó K,
òîáòî ΠKψ =

∑
k∈Zp

ψ̂ke
i(k,x), òîäi I − ΠK ¹ òà-

êîæ ïðîåêòîðîì íà ìíîæèíó Zp \K.
Íåõàé ÷èñëà d1, . . . , dm, N , Λ, A, r òà ìíî-

æèíàK ¹ ôiêñîâàíèìè, ht =
(
t+(m−1)T

)
Λ,

Xt = E−ht,N(Ωp
2π), Yj = Hqj+r+(m−1)mN(Ωp

2π),

äå t ∈ [0, T ], j = 1, . . . ,m.
Òåîðåìà 2. Ïðèïóñòèìî, ùî r > p/2,

φj ∈ Yj i âèêîíó¹òüñÿ óìîâà ∆k ̸= 0 äëÿ
âñiõ k ∈ Zp. Òîäi ç éìîâiðíiñòþ îäèíèöÿ
çàäà÷à (1), (2) ðîçâ'ÿçíà i êîìïîíåíòè uj
¨¨ ðîçâ'ÿçêó u = col (u1, . . . , um) çàäîâîëüíÿ-
þòü óìîâè

{
D̃qjuj(t, ·), D̃qj−Nu′j(t, ·)

}
⊂ Xt.

Êðiì òîãî, , ÿêùî âèêîíó¹òüñÿ óìîâà
min
k∈K

|∆k(k)| > 0, òî äëÿ äîâiëüíîãî ε ∈ (0, 1)

ç éìîâiðíiñòþ 1−ε íà ìíîæèíi S1×· · ·×Sm
çàäà÷à (1), (2) ðîçâ'ÿçíà i ñïðàâäæóþòüñÿ
îöiíêè

∥(I−Πk)U(t, ·);Xt∥2≤C2
2

m∑
j=1

∥φj;Yj∥2,

∥D̃−N(I−Πk)U
′(t, ·);Xt∥2≤

≤ A2C2
2

m∑
j=1

∥φj;Yj∥2,

(18)
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äå C2 = ε1/2(β−1)4m(2TA)(m−1)mC1R1 · · ·Rm.
Äîâåäåííÿ. ßêùî ∆k ̸= 0 äëÿ âñiõ

k ∈ Zp, òî äëÿ ôóíêöié Uk ñïðàâäæóþ-
òüñÿ îöiíêè (6), (7). Iç ôîðìóëè (16) i ëå-
ìè Áîðåëÿ�Êàíòåëëi [14, c. 13] âèïëèâà¹, ùî
éìîâiðíiñòü íåñêií÷åííîñòi ìíîæèíè {k ∈
Zp : |∆k(k)| < Ck̃ −r} äîðiâíþ¹ íóëåâi. Îòæå,
ç éìîâiðíiñòþ îäèíèöÿ âèêîíóþòüñÿ ïðîòè-
ëåæíi íåðiâíîñòi |∆k(k)| ≥ Ck̃ −r äëÿ âñiõ
âåëèêèõ k̃ . Ïiäñòàâëÿþ÷è îñòàííi îöiíêè ó
ôîðìóëè (6), (7), îòðèìó¹ìî âêëþ÷åííÿ{

D̃qjuj(t, ·), D̃qj−Nu′j(t, ·)
}
⊂ Xt

çà óìîâè φj ∈ Yj, äå j = 1, . . . ,m.
Ç éìîâiðíiñòþ 1 − ε âèêîíóþòüñÿ îöiíêè

çíèçó (17) íà ìíîæèíi Zp \ K, òîìó íà öié
ìíîæèíi ç éìîâiðíiñòþ 1−ε i îòðèìó¹ìî ðiâ-
íîìiðíó îöiíêó (18) íà îñíîâi ôîðìóë (6), (7)
òà (17).
6. Âèñíîâêè. Îòæå, ó ðîáîòi âñòàíîâëå-

íî ðîçâ'ÿçíiñòü ç éìîâiðíiñòþ îäèíèöÿ, ùîäî
ïàðàìåòðiâ ó íåëîêàëüíié óìîâi (2), çàäà÷i ç
äâîòî÷êîâîþ íåëîêàëüíîþ óìîâîþ äëÿ àíi-
çîòðîïíî¨ ñèñòåìè ðiâííü ç ÷àñòèííèìè ïî-
õiäíèìè (1) çi ñòàëèìè êîåôiöi¹íòàìè ó øêà-
ëi ãiëüáåðòîâèõ ïðîñòîðiâ 2π-ïåðiîäè÷íèõ çà
ïðîñòîðîâèìè çìiííèìè ôóíêöié. Îñîáëèâi-
ñòþ ðiâíÿíü ¹ øóêàíà ôóíêöiÿ çi çìiùåíèìè
çíà÷åííÿìè âåêòîðíîãî (ïðîñòîðîâîãî) àð-
ãóìåíòó x. Çàäà÷à ïîâ'ÿçàíà ç ïðîáëåìîþ
ìàëèõ çíàìåííèêiâ i ¹ íåêîðåêòíîþ ùîäî
ïàðàìåòðiâ çàäà÷i. Äëÿ ìàëèõ çíàìåííèêiâ
âñòàíîâëåíî îöiíêè çíèçó çà äîïîìîãîþ ìå-
òðè÷íîãî ïiäõîäó.
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