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ÍÅËÎÊÀËÜÍI ÇÀ ×ÀÑÎÌ ÇÀÄÀ×I ÄËß ÎÄÍÎÃÎ ÊËÀÑÓ
ÅÂÎËÞÖIÉÍÈÕ ÐIÂÍßÍÜ

Âñòàíîâëþ¹òüñÿ êîðåêòíà ðîçâ'ÿçíiñòü íåëîêàëüíî¨ áàãàòîòî÷êîâî¨ çà ÷àñîì çàäà÷i äëÿ
åâîëþöiéíèõ ðiâíÿíü ç íåâiä'¹ìíèìè ñàìîñïðÿæåíèìè îïåðàòîðàìè â ãiëüáåðòîâîìó ïðîñòîði.

The correct solvability of the nonlocal multi-point on time problem for the evolution equations
win non-negative self-conjugate operators in the Gilbert space is established.

Òåîðiÿ íåëîêàëüíèõ êðàéîâèõ çàäà÷ ÿê
ðîçäië çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ äëÿ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè iíòåíñèâ-
íî ðîçâèâà¹òüñÿ ç ñiìäåñÿòèõ ðîêiâ ìèíóëî-
ãî ñòîëiòòÿ. Äîñëiäæåííÿ òàêèõ çàäà÷ çó-
ìîâëåíî áàãàòüìà çàñòîñóâàííÿìè ó ìåõàíi-
öi, ôiçèöi, õiìi¨, áiîëîãi¨, åêîëîãi¨ òà iíøèõ
ïðèðîäíè÷èõ äèñöèïëiíàõ. Ïðèêëàäàìè ìî-
æóòü áóòè çàäà÷i, ïîâ'ÿçàíi ç äîñëiäæåííÿì
ïðîöåñiâ ïîøèðåííÿ òåïëà, âîëîãîïåðåíîñó â
êàïiëÿðíî-ïîðèñòèõ ñåðåäîâèùàõ, äèôóçi¨ i
äåÿêèõ òåõíîëîãi÷íèõ ïðîöåñiâ, îáåðíåíi çà-
äà÷i äëÿ ïàðàáîëi÷íèõ ðiâíÿíü, à òàêîæ çà-
äà÷i ìàòåìàòè÷íî¨ áiîëîãi¨ òà äåìîãðàôi¨ [1�
4]. Íåëîêàëüíi çàäà÷i âèíèêàþòü òàêîæ ïðè
îïèñi âñiõ êîðåêòíèõ çàäà÷ äëÿ êîíêðåòíî-
ãî îïåðàòîðà, ïðè ïîáóäîâi çàãàëüíî¨ òåîði¨
êðàéîâèõ çàäà÷ [5].

Ïðè äîñëiäæåííi íåëîêàëüíèõ çàäà÷ äëÿ
äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü âè-
ãëÿäó u′(t) + Au(t) = 0, t ∈ (0, T ], àêòóàëü-
íèì ¹ ïèòàííÿ ïðî âiäøóêàííÿ �ìàêñèìàëü-
íèõ� ïðîñòîðiâ åëåìåíòiâ (ìîæëèâî, óçà-
ãàëüíåíèõ) äëÿ ïîñòàíîâêè äâîòî÷êîâî¨ i áà-
ãàòîòî÷êîâî¨ çàäà÷, çà ÿêèìè ðîçâ'ÿçîê u(t)
îäíîçíà÷íî âiäíîâëþ¹òüñÿ i âîëîäi¹ íåîáõi-
äíèìè âëàñòèâîñòÿìè. Òóò äà¹òüñÿ âiäïî-
âiäü íà ïîñòàâëåíå ïèòàííÿ ó âèïàäêó îäíî-
ãî êëàñó åâîëþöiéíèõ ðiâíÿíü ç íåâiä'¹ìíè-
ìè ñàìîñïðÿæåíèìè îïåðàòîðàìè â ãiëüáåð-
òîâîìó ïðîñòîði, âñòàíîâëþ¹òüñÿ êîðåêòíà
ðîçâ'ÿçíiñòü äâîòî÷êîâî¨ òà áàãàòîòî÷êîâî¨
çàäà÷ äëÿ òàêèõ ðiâíÿíü, ïðè öüîìó u(t) ïðè
êîæíîìó t ∈ (0, T ] íàëåæèòü äî ïåâíîãî ïðî-
ñòîðó, ïîðîäæåíîìó îïåðàòîðîì A.

1. Ïîïåðåäíi âiäîìîñòi òà ïîçíà÷åí-
íÿ

Íåõàé A � íåâiä'¹ìíèé ñàìîñïðÿæåíèé
íåîáìåæåíèé îïåðàòîð ó ñåïàðàáåëüíîìó
ãiëüáåðòîâîìó ïðîñòîði H çi ñêàëÿðíèì äî-
áóòêîì (·, ·) òà íîðìîþ ∥ · ∥ çi ùiëüíîþ â H
îáëàñòþ âèçíà÷åííÿ D(A), Eλ (λ ≥ 0) � éîãî
ðîçêëàä îäèíèöi. Äëÿ äîâiëüíî¨ íåïåðåðâíî¨
íà [0,∞) ôóíêöi¨ G(λ), ùî çàäîâîëüíÿ¹ óìî-
âè

G(λ) ≥ 1, lim
λ→+∞

G(λ) = +∞, (1)

íà îáëàñòi âèçíà÷åííÿ D(G(A)) îïåðàòîðà

G(A) =

∞∫
0

G(λ)dEλ ââåäåìî ñêàëÿðíèé äî-

áóòîê

(f, g)HG := (G(A)f,G(A)g),

{f, g} ⊂ D(G(A)) =

=
{
ψ ∈ H :

∞∫
0

G2(λ)d(Eλψ, ψ) <∞
}
.

Òîäi D(G(A)) ïåðåòâîðþ¹òüñÿ â ãiëüáåðòiâ
ïðîñòið, ÿêèé ïîçíà÷àòèìåìî ñèìâîëîì HG.
Ç (1) âèïëèâà¹, ùî ∥f∥HG ≥ ∥f∥, f ∈ HG,
òîìó HG ìîæíà ââàæàòè ïîçèòèâíèì ïðî-
ñòîðîì âiäíîñíî H ([6], ðîçäië 2, �1, ñ. 59-
64). Ïîçíà÷èìî ÷åðåç H ′

G íåãàòèâíèé ïðî-
ñòið, ïîáóäîâàíèé çà ïàðîþHG òà H. Âiäîìî
([6], ðîçäië 2, �1, ñ. 59-64), ùî H ′

G ìîæå áó-
òè îòðèìàíèé ÿê ïîïîâíåííÿ H çà íîðìîþ
∥f∥H′

G
= ∥G−1(A)f∥. H ′

G çáiãà¹òüñÿ ç ïðî-
ñòîðîì àíòèëiíiéíèõ íåïåðåðâíèõ ôóíêöiî-
íàëiâ íà HG.
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Íàïðèêëàä, ÿêùî H = L2(R), A � îïåðà-
òîð ìíîæåííÿ íà |x|, òî â öüîìó âèïàäêó

HG = L2(R, G2(|x|)dx),

H ′
G = L2(R, G−2(|x|)dx).

ßêùî A = |D| � ìîäóëü îïåðàòîðà äèôå-
ðåíöiþâàííÿ, G(λ) = λτ + 1, τ > 0, òî ([6],
ðîçäië 2, �2, ñ. 64-66)

Hλτ+1 = W τ
2 (R), H ′

λτ+1 = W−τ
2 (R),

äå W±τ
2 (R) � âiäïîâiäíî ïîçèòèâíèé i íåãà-

òèâíèé ïðîñòîðè Ñîáîë¹âà ïîðÿäêó τ .
Íåõàé G(λ), λ ∈ [0,∞), äîäàòêîâî äî

óìîâ 1), ìîíîòîííî çðîñòà¹,

∃c > 0 ∃α0 > 0 :
G(λ)

λ
≥ cG(α0λ), λ > 0,

G(λ) � íåïåðåðâíî äèôåðåíöiéîâíà íà [0,∞)
ôóíêöiÿ, à ôóíêöiÿ λG′(λ)G−1(λ) ìîíîòîí-
íà íà [0,∞). Çà ôóíêöi¹þ Gα(λ) = G(αλ)
(α > 0) ïîáóäó¹ìî ëàíöþæîê HGα ⊂ H ⊂
H ′
Gα

ãiëüáåðòîâèõ ïðîñòîðiâ. Çðîçóìiëî, ùî
HGα1

⊆ HGα2
ïðè α1 > α2.

Ïîêëàäåìî mn = sup
λ≥1

(λn/G(λ)), n ∈ Z+.

Ïîñëiäîâíiñòü {mn, n ∈ Z+} äîäàòíà i ìî-
íîòîííî çðîñòà¹. Âîíà âîëîäi¹ íàñòóïíèìè
âëàñòèâîñòÿìè ([6], ðîçäië 2, �2, ñ. 67): 1) äëÿ
äîâiëüíîãî α > 0 iñíó¹ ñòàëà c = c(α) > 0 òà-
êà, ùî mn ≥ cαn, n ∈ N; 2) m2

n ≤ mn−1mn+1

äëÿ äîâiëüíîãî n ∈ N (ëîãàðèôìi÷íà îïó-
êëiñòü); 3) iñíóþòü ñòàëi c, h > 0 òàêi, ùî
mn+1 ≤ chnmn, n ∈ N.

Ââåäåìî òåïåðHB⟨mn⟩ ÿê ñóêóïíiñòü åëå-

ìåíòiâ f ∈
∞∩
n=0

D(An), ùî çàäîâîëüíÿòü óìî-

âó
∃c > 0 ∃B > 0 ∀n ∈ Z+ :

∥Anf∥ ≤ cBnmn, c = c(f).

Ìíîæèíà HB⟨mn⟩ óòâîðþ¹ áàíàõiâ
ïðîñòið âiäíîñíî íîðìè ∥f∥HB⟨mn⟩ =
sup
n

(∥Anf∥/(Bnmn)). Çàçíà÷èìî, ùî

HB1⟨mn⟩ ⊆ HB2⟨mn⟩ ïðè B1 < B2. Íåõàé
H∞⟨mn⟩ := lim

B→∞
indHB⟨mn⟩. Òîäi, ÿê âiäîìî

([6], ðîçäië 2, �2, ñ. 67-69), H∞⟨mn⟩ = HG,0,
HG,0 = lim

α→0
indHGα .

ßêùî ðîçãëÿíóòè ôóíêöiþ G(λ) =
exp(λ1/β), β > 0, ÿêà, î÷åâèäíî, çàäîâîëü-
íÿ¹ âñi óìîâè, ùî íàêëàäàþòüñÿ íà G(λ), òî
êëàñ Hexp(λ1/β),0, ïîáóäîâàíèé ÿê iíäóêòèâíà
ãðàíèöÿ ãiëüáåðòîâèõ ïðîñòîðiâ Hexp(αλ)1/β ,
íàçèâà¹òüñÿ êëàñîì Æåâðå ïîðÿäêó β, ïî-
áóäîâàíèì çà îïåðàòîðîì A, i ïîçíà÷à¹-
òüñÿ ñèìâîëîì G{β}(A), òîáòî G{β}(A) =
H∞⟨nnβ⟩, β > 0 (òóò âðàõîâàíî, ùî mn =
sup
λ≥1

(λn/ exp(λ1/β)) = (e−βββ)nnnβ).

Íàïðèêëàä, ÿêùî H = L2(R), A � îïå-
ðàòîð ìíîæåííÿ íà |x|, òî ïðîñòið G{β}(A)
ñêëàäà¹òüñÿ ç ôóíêöié f ∈ L2(R), ùî çàäî-

âîëüíÿþòü óìîâó
∫
R

exp(α|x|1/β)|f(x)|2dx <

∞ äëÿ äåÿêîãî α > 0. Ïðîñòið G′
{β}(A) çái-

ãà¹òüñÿ â öüîìó âèïàäêó ç ìíîæèíîþ âñiõ
ôóíêöié f , ëîêàëüíî iíòåãðîâíèõ ç êâàäðà-

òîì, äëÿ ÿêèõ
∫
R

exp(−α|x|1/β)|f(x)|2dx <∞

äëÿ äîâiëüíîãî α > 0. ßêùî A = |D|, òî
(äèâ. [6], ðîçäië 2, �2, ñ. 73-75)

G{β}(|D|) =
{
f ∈ L2(R)

∣∣∣ ∃c, α > 0 :

(∫
R

|f (n)(x)|2dx
)
≤ cαnnnβ, ∀n ∈ N

}
.

Iç âëàñòèâîñòi ìîíîòîííîñòi ôóíêöi¨ G
âèïëèâà¹ íåðiâíiñòü G(α1λ) < G(α0λ), λ ∈
[0,∞), ÿêùî 0 < α1 < α0. Ïðèïóñòèìî, ùî
âèêîíó¹òüñÿ óìîâà

∀α0, α1 > 0 : α1 < α0 ∃c = c(α0, α1) > 0

∃α2 > 0 : G(α2λ)G(α1λ) < cG(α0λ), (2)

λ ∈ [0,∞).

Íåõàé f ∈ H∞⟨mn⟩ =
∪
α>0

HGα , òîáòî

f ∈ HGα0
ïðè äåÿêîìó α0 > 0. Òîäi f =

G−1(α0A)h, h ∈ H. Âiçüìåìî α1 < α0. Âðà-
õîâóþ÷è óìîâó (2), îäåðæèìî íàñòóïíi íå-
ðiâíîñòi:

∀k ∈ N : ∥Akf∥HGα1 = ∥G(α1A)Akf∥ =

= ∥Gα1(A)AkG−1(α0A)h∥ =
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=

√√√√√ ∞∫
0

G2(α1λ)λ2kG−2(α0λ)d(Eλh, h) ≤

≤

√√√√√ ∞∫
0

c2λ2k

G2(α2λ)
d(Eλh, h) ≤

≤ c∥h∥ sup
λ≥1

λk

G(α2λ)
=
c∥h∥
αk2

sup
α2λ≥1

(α2λ)k

G(α2λ)
=

=
c∥h∥ ·mk

αk2
. (3)

Ïðèïóñòèìî òåïåð, ùî öiëà ôóíêöiÿ

F (z) =
∞∑
k=0

ckz
k, z ∈ C, íàáóâà¹ íåâiä'¹ìíèõ

çíà÷åíü íà R i çàäîâîëüíÿ¹ óìîâó

∀ε > 0 ∃cε > 0 ∀z = x+ iy ∈ C :

|F (z)| ≤ cε ·G(ε|z|). (4)

Êîåôiöi¹íòè Òåéëîðà ôóíêöi¨ F îá÷èñëþ-
þòüñÿ çà ôîðìóëîþ

ck =
1

2πi

∫
ΓR

F (z)

zk+1
dz,

äå ΓR � êîëî ðàäióñà R ç öåíòðîì ó òî÷öi
z0 = 0. Çâiäñè òà ç (4) äiñòà¹ìî, ùî

|ck| ≤ cε inf
R

G(εR)

Rk
= cε · εk inf

G(εR)

(εR)k
=

= cεε
k 1

sup
R

Rk

G(R)

=
cε · εk

mk

. (5)

Âðàõîâóþ÷è (3) òà (5) çíàéäåìî, ùî äëÿ
0 < ε < α2

∞∑
k=0

|ck| ∥Akf∥HGα1 ≤ ccε∥h∥
∞∑
k=0

( ε
α2

)k
= c̃ε∥h∥.

Çà ôóíêöi¹þ F ïîáóäó¹ìî îïåðàòîð

F̃ (A) =
∞∑
k=0

ckA
k. Îñêiëüêè

∥F̃ (A)f∥HGα1 =
∥∥∥ ∞∑
k=0

ckA
kf
∥∥∥
HGα1

≤

≤
∞∑
k=0

|ck| ∥Akf∥HGα1 = c̃ε∥h∥, f ∈ HGα0
,

òî F̃ (A)f ∈ HGα1
. Çâiäñè âèïëèâà¹ òàêîæ,

ùî êîæíó îáìåæåíó ìíîæèíó L ïðîñòîðó
HGα0

îïåðàòîð F̃ (A) âiäîáðàæà¹ â îáìåæå-
íó ìíîæèíó F̃ (A)L ïðîñòîðó HGα1

. Äîâåäå-
ííÿ âèïëèâà¹ ç íàñòóïíèõ ìiðêóâàíü: ÿêùî
f ïåðåáiãà¹ îáìåæåíó ìíîæèíó â ïðîñòîði
HGα0

, òî ìíîæèíàM åëåìåíòiâ h ∈ H òàêèõ,
ùî f = G−1(α0A)h òàêîæ îáìåæåíà, òîáòî
∃γ0 > 0 ∀h ∈M : ∥h∥ ≤ γ0. Òîäi

∀f ∈ L : ∥F̃ (A)f∥HGα1 ≤
∞∑
k=0

|ck| ∥Akf∥HGα1 ≤

≤ c̃ε∥h∥ ≤ c̃εγ0.

Òàêèì ÷èíîì, îïåðàòîð F̃ (A) âiäîáðàæà¹
ïðîñòið H∞⟨mn⟩ â ñåáÿ i ¹ íåïåðåðâíèì,
H∞⟨mn⟩ ⊆ D(F̃ (A)). Çâóæåííÿ îïåðàòîðà
F̃ (A) íà H∞⟨mn⟩ ïîçíà÷èìî ñèìâîëîì F (A).
Îòæå, D(F (A)) = H∞⟨mn⟩ òà F (A)f =
∞∑
k=0

ckA
kf , ∀f ∈ H∞⟨mn⟩.

Íåõàé Fj, j ∈ {1, . . . , s}, � öiëi ôóíêöi¨,
íåâiä'¹ìíi íà R, äëÿ ÿêèõ âèêîíó¹òüñÿ àíà-
ëîã óìîâè (4):

∀ε > 0 ∃cε > 0 ∀z = x+ iy ∈ C :

|Fj(z)| ≤ cεG(ε|z|), j ∈ {1, . . . , s},
αj: (0, T ] → (0,∞), j ∈ {1, . . . , s}, �
íåïåðåðâíi ôóíêöi¨, iíòåãðîâíi íà (0, T ].
Ñèìâîëîì γ(t, A), t ∈ (0, T ], ïîçíà÷èìî

îïåðàòîð-ôóíêöiþ âèãëÿäó
s∑
j=1

αj(t)Fj(A),

äå Fj(A), j ∈ {1, . . . , s}, � çâóæåííÿ âiäïî-
âiäíîãî îïåðàòîðà F̃j(A) íà H∞⟨mn⟩. Îòæå,
D(γ(t, A)) = H∞⟨mn⟩ äëÿ êîæíîãî t ∈ (0, T ].
Iç âèãëÿäó γ(t, A) âèïëèâà¹, ùî ïðè êîæíî-
ìó t ∈ (0, T ] îïåðàòîð γ(t, A) ¹ ñàìîñïðÿæå-
íèì i

(γ(t, A)f, f) =
s∑
j=1

αj(t)(Fj(A)f, f) =

=
s∑
j=1

αj(t)

∞∫
0

Fj(λ)d(Eλf, f) ≥ 0,

Íàóêîâèé âiñíèê ×åðíiâåöüêîãî íàö. óí-òó. Ìàòåìàòèêà. 2012. � Ò. 2, � 2-3. 43



∀f ∈ H∞⟨mn⟩,
òîáòî γ(t, A) � íåâiä'¹ìíèé îïåðàòîð ïðè êî-
æíîìó t ∈ (0, T ].

2. Îñíîâíi ðåçóëüòàòè
Ðîçãëÿíåìî ðiâíÿííÿ

u′(t) + γ(t, A)u(t) = 0, t ∈ (0, T ], (6)

äå γ(t, A) � îïåðàòîð-ôóíêöiÿ, ïîáóäîâàíà â
ï. 1. Ïðèïóñêà¹ìî òàêîæ, ùî ôóíêöi¨ Fj, j ∈
{1, . . . , s}, çàäîâîëüíÿþòü óìîâó

∀c > 0 ∃µ = µ(c) > 0 : cFj(λ) ≥ lnG(µλ),

λ ∈ [0,∞), j ∈ {1, . . . , s}.
Çâiäñè ïðè ôiêñîâàíîìó t ∈ (0, T ] âèïëèâà-
þòü íåðiâíîñòi

exp{φ(t, λ)} ≡ exp
{ s∑

j=1

bj(t)Fj(λ)
}
≡

≡ exp
{ s∑

j=1

cjFj(λ)
}
≥ exp{cFj(λ)} ≥

≥ exp{lnG(µλ)} = G(µλ), c = c(t) > 0,

bj(t) =

t∫
0

αj(τ)dτ, j ∈ {1, . . . , s}, t ∈ (0, T ],

exp{−φ(t, λ)} ≤ 1

G(µλ)
, µ = µ(t) > 0. (7)

Ç óðàõóâàííÿì (7) ìà¹ìî, ùî

∥e−φ(t,A)f∥2HGµ = ∥G(µA)e−φ(t,A)f∥2 =

=

∞∫
0

G2(µλ)e−2φ(t,λ)d(Eλf, f) ≤

≤
∞∫
0

d(Eλf, f) = ∥f∥2, ∀f ∈ H.

Îòæå, exp{−φ(t, A)}f ∈ H∞⟨mn⟩, ∀f ∈ H,
ïðè êîæíîìó t ∈ (0, T ].

Ïiä ðîçâ'ÿçêîì ðiâíÿííÿ (6) ðîçóìi¹ìî
ôóíêöiþ u(t), t ∈ (0, T ], çi çíà÷åííÿìè â
H∞⟨mn⟩ = D(γ(t, A)), íåïåðåðâíî äèôåðåí-
öiéîâíó íà (0, T ], ÿêà çàäîâîëüíÿ¹ öå ðiâíÿ-
ííÿ.

Ëåìà 1. ßêùî ðîçâ'ÿçêè u1(t) i u2(t),
t ∈ (0, T ], ðiâíÿííÿ (6) ñïiâïàäàþòü ó òî÷öi
t0 ∈ (0, T ], òî u1(t) ≡ u2(t) äëÿ t ∈ [t0, T ] ⊂
(0, T ].
Äîâåäåííÿ. Âíàñëiäîê ëiíiéíîñòi ðiâíÿ-

ííÿ (6) äîñèòü äîâåñòè, ùî ÿêùî ðîçâ'ÿçîê
u(t) ðiâíÿííÿ (6) ïåðåòâîðþ¹òüñÿ â íóëü ó
òî÷öi t0 ∈ (0, T ], òî u(t) ≡ 0 íà ïðîìiæêó
[t0, T ]. Îòæå, íåõàé u(t0) = 0, t0 ∈ (0, T ].
Îñêiëüêè (u′(t), u(t)) = −(γ(t, A)u(t), u(t)) ≤
0 è (u′(t), u(t)) =

1

2
(u(t), u(t))′, òî äëÿ äî-

âiëüíîãî t ∈ (t0, T ]

∥u(t)∥2 − ∥u(t0)∥2 =

t∫
t0

d

dτ
(u(τ), u(τ))dτ =

= 2

t∫
t0

(du(τ)

dτ
, u(τ)

)
dτ =

= −2

t∫
t0

(γ(τ, A)u(τ), u(τ))dτ ≤ 0. (8)

Çãiäíî ç óìîâîþ u(t0) = 0, òîìó ∥u(t)∥ ≤ 0,
t ∈ (t0, T ]. Çâiäñè âèïëèâà¹, ùî u(t) ≡ 0 äëÿ
t ∈ [t0, T ].
Íàñëiäîê 1. ßêùî u(t), t ∈ (0, T ],

� ðîçâ'ÿçîê ðiâíÿííÿ (6), íåïåðåðâíèé íà
[0, T ], i u(0) = 0, òî u(t) ≡ 0 íà [0, T ].
Äîâåäåííÿ. Ç (8) âèïëèâà¹, ùî

∥u(t)∥2 ≤ ∥u(t0)∥2 äëÿ äîâiëüíèõ t0, t
òàêèõ, ùî 0 < t0 < t ≤ T . Ïîïðÿìóâàâøè t0
äî íóëÿ îòðèìà¹ìî, ùî ∥u(t)∥ ≤ ∥u(0)∥ ≤ 0
äëÿ âñiõ t ∈ (0, T ]. Îòæå, u(t) = 0 íà [0, T ].
Òåîðåìà 1. Ôóíêöiÿ u(t), íåïåðåðâíà íà

[0, T ], ¹ ðîçâ'ÿçêîì ðiâíÿííÿ (6) òîäi é ëèøå
òîäi, êîëè âîíà ïîäà¹òüñÿ ó âèãëÿäi

u(t) = e−φ(t,A)f, f = u(0) ∈ H,

φ(t, A) =
s∑
j=1

bj(t)Fj(A), (9)

äå bj(t) =

t∫
0

αj(τ)dτ , j ∈ {1, . . . , s}.

Äîâåäåííÿ. Ôóíêöiÿ e−φ(t,λ), (t, λ) ∈
(0, T ]× σ(A), äå σ(A) � ñïåêòð îïåðàòîðà A,
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äèôåðåíöiéîâíà ïî t íà äîâiëüíîìó ïðîìiæ-
êó [ε, T ], 0 < ε < T , ïðè÷îìó

sup
t∈[ε,T ],λ∈σ(A)

|(e−φ(t,λ))′t| ≤ c <∞,

äå c = c(ε, T ) > 0. Îòæå, îïåðàòîð-ôóíêöiÿ
e−φ(t,A) ñèëüíî äèôåðåíöiéîâíà íà âiäðiçêó
[ε, T ] i

d

dt
e−φ(t,A) = −γ(t, A)e−φ(t,A). (10)

Âíàñëiäîê äîâiëüíîñòi ε > 0 îòðèìó¹ìî, ùî
îïåðàòîð-ôóíêöiÿ e−φ(t,A) ñèëüíî äèôåðåí-
öiéîâíà íà ïðîìiæêó (0, T ]. Ç (10) âèïëèâà¹
òàêîæ, ùî ôóíêöiÿ u(t) = e−φ(t,A)f ¹ ðîçâ'ÿç-
êîì ðiâíÿííÿ (6); ïðè öüîìó, ÿê çàçíà÷àëîñÿ
ðàíiøå, u(t) ∈ H∞⟨mn⟩ = D(γ(t, A)) ïðè êî-
æíîìó t ∈ (0, T ].

Íàâïàêè, ÿêùî u(t), t ∈ (0, T ], � ðîçâ'ÿ-
çîê ðiâíÿííÿ (6), íåïåðåðâíèé ó òî÷öi 0, òî
ôóíêöiÿ z(t) = u(t) − e−φ(t,A)f , f = u(0), çà-
äîâîëüíÿ¹ óìîâè íàñëiäêó 1. Òîìó u(t) ≡ 0,
t ∈ (0, T ], òîáòî z(t) = e−φ(t,A)f , t ∈ (0, T ].
Òåîðåìà äîâåäåíà.

Äëÿ ðiâíÿííÿ (6) çàäàìî íåëîêàëüíó óìî-
âó

µ1u(0) − µ2u(T ) = g, g ∈ H, (11)

äå µ1, µ2 > 0 � ôiêñîâàíi ïàðàìåòðè, µ1 > µ2.
Ïiä ðîçâ'ÿçêîì äâîòî÷êîâî¨ çàäà÷i (6), (11)
ðîçóìi¹ìî ðîçâ'ÿçîê ðiâíÿííÿ (6), ÿêèé çà-
äîâîëüíÿ¹ óìîâó (11).

Íåõàé µ := µ1/µ2, µ > 1. Îïåðà-
òîð µ−1e−φ(T,A) îáìåæåíèé â H, ïðè÷îìó
∥µ−1e−φ(T,A)∥ < 1. Òîäi, ÿê âiäîìî, iñíó¹ îïå-
ðàòîð (I −µ−1e−φ(T,A))−1, ÿêèé îáìåæåíèé â
H i ïîäà¹òüñÿ ó âèãëÿäi

(I − µ−1e−φ(T,A))−1 =
∞∑
k=0

µ−ke−kφ(T,A).

Âðàõîâóþ÷è öåé ôàêò äîâåäåìî, ùî ôóí-
êöiÿ

u(t) = µ−1
1 e−φ(t,A)(I − µ−1e−φ(T,A))−1g =

= µ−1
1

∞∫
0

e−φ(t,λ)(1 − µ−1e−φ(T,λ))−1dEλg =

= µ−1
2

∞∑
k=0

µ−k−1e−(φ(t,A)+kφ(T,A))g

¹ ðîçâ'ÿçêîì çàäà÷i (6), (10). Ñïðàâäi, íåõàé

ψ := (I − µ−1e−φ(T,A))−1g, ψ ∈ H.

Òîäi u(t) = µ−1
1 e−φ(t,A)ψ, ïðè÷îìó u(t) ∈

H∞⟨mn⟩ ≡ D(γ(t, A)) ïðè êîæíîìó t ∈
(0, T ]. Ç òåîðåìè 1 âèïëèâà¹, ùî u(t) ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (6). Êðiì òîãî, u(t) çà-
äîâîëüíÿ¹ óìîâó (11). Ñïðàâäi,

µ1u(0)−µ2u(T ) =

∞∫
0

(1−µ−1e−φ(T,λ))−1dEλg−

−µ−1

∞∫
0

e−φ(T,λ)(1 − µ−1e−φ(T,λ))−1dEλg =

=

∞∫
0

dEλg = g,

ùî é ïîòðiáíî áóëî äîâåñòè.
Íåõàé òåïåð u(t) � ðîçâ'ÿçîê çàäà÷i (6),

(11). Òîäi, âíàñëiäîê òåîðåìè 1, u(t) ïîäà¹-
òüñÿ ó âèãëÿäi (9). Çíàéäåìî åëåìåíò f ∈ H
òàêèé, ùîá ôóíêöiÿ e−φ(t,A)f çàäîâîëüíÿëà
óìîâó (11). Öå áóäå òîäi é ëèøå òîäi, êîëè
âèêîíóþòüñÿ ñïiââiäíîøåííÿ

µ1f − µ2e
−φ(T,A)f = g ⇔

µ1(I − µ−1e−φ(T,A))f = g, µ =
µ1

µ2

> 1.

Çâiäñè çíàõîäèìî, ùî f = µ−1
1 (I −

µ−1e−φ(T,A))−1g ≡ µ−1
1 ψ. Îòæå, u(t) =

µ−1
1 e−φ(t,A)ψ.
Ïiäñóìó¹ìî îòðèìàíi ðåçóëüòàòè ó âèãëÿ-

äi íàñòóïíîãî òâåðäæåííÿ.
Òåîðåìà 2. Ôóíêöiÿ u(t), íåïåðåðâíà íà

[0, T ] â H, ¹ ðîçâ'ÿçêîì äâîòî÷êîâî¨ çàäà÷i
(6), (11) òîäi é òiëüêè òîäi, êîëè âîíà ïî-
äà¹òüñÿ ó âèãëÿäi

u(t) = µ−1
1 e−φ(t,A)ψ, ψ = (I − µ−1e−φ(T,A))−1g,

µ = µ1/µ2 > 1, t ∈ (0, T ]. (12)

Ç òåîðåìè 2 âèïëèâà¹
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Òåîðåìà 3. Äâîòî÷êîâà çàäà÷à (6), (11)
êîðåêòíî ðîçâ'ÿçíà â ãiëüáåðòîâîìó ïðî-
ñòîði H, ¨¨ ðîçâ'ÿçîê çîáðàæà¹òüñÿ ôîð-
ìóëîþ (12), u(t) ∈ H∞⟨mn⟩ ïðè êîæíîìó
t ∈ (0, T ].
Äîâåäåííÿ. Äëÿ äîâåäåííÿ òâåðäæåííÿ

äîñòàòíüî ïîêàçàòè, ùî ôóíêöiÿ u(t) íåïå-
ðåðâíî çàëåæèòü âiä ãðàíè÷íîãî åëåìåíòà g.
Îòæå, íåõàé {gn, n ≥ 1} ⊂ H, g ∈ H, gn → g
ïðè n→ ∞ â H,

un(t) = µ−1
1

∞∫
0

e−φ(t,λ)(1−µ−1e−φ(T,λ))−1dEλgn,

n ∈ N.
Ââåäåìî ïîçíà÷åííÿ: Φn(λ) = (Eλ(gn −

g), gn − g). Ïðè ôiêñîâàíîìó λ çà óìîâè, ùî
gn → g, n→ ∞ â H ìà¹ìî

0 ≤ Φn(λ) = (Eλ(gn − g), Eλ(gn − g)) =

= ∥Eλ(gn − g)∥2 ≤ ∥gn − g∥2 → 0, n→ ∞,

òîáòî Φn(λ) → 0 ïðè n → ∞. Îñêiëüêè
∃c > 0 ∀n: ∥gn − g∥ ≤ c, òî iç âëàñòèâîñòåé
ñïåêòðàëüíî¨ ôóíêöi¨ Eλ âèïëèâà¹, ùî âà-
ðiàöi¨ ôóíêöié Φn îáìåæåíi îäíèì ÷èñëîì.
Çâiäñè, ç óðàõóâàííÿì íåïåðåðâíîñòi ôóí-
êöi¨

Ψt(λ) := µ−1
1 e−φ(t,λ)(1 − µ−1e−φ(T,λ))−1,

λ ∈ [0,∞),

ÿê ôóíêöi¨ çìiííî¨ λ (ïðè ôiêñîâàíîìó t ∈
(0, T ]), ÿêà ïðÿìó¹ äî íóëÿ íà íåñêií÷åííî-
ñòi, ç ïåðøî¨ òåîðåìè Õåëëi âèïëèâà¹ ãðàíè-
÷íå ñïiââiäíîøåííÿ

∥un − u∥2 =

∞∫
0

Ψ2
t (λ)dΦn(λ) → 0, n→ ∞,

â H, ùî é ïîòðiáíî áóëî äîâåñòè.
Çàçíà÷èìî, ùî íàâåäåíi ðåçóëüòàòè ìî-

æíà ñôîðìóëþâàòè òàê: ôîðìóëà (12) îïè-
ñó¹ âñi ðîçâ'ÿçêè ðiâíÿííÿ (6), ÿêi çàäî-
âîëüíÿþòü óìîâó (11), ïðè öüîìó u(t) ∈
H∞⟨mn⟩ ïðè êîæíîìó t ∈ (0, T ].

Äëÿ ðiâíÿííÿ (6) ïîñòàâèìî m-òî÷êîâó
(m ≥ 2) çàäà÷ó

µu(0)− µ1u(t1)− · · · − µmu(tm) = g, g ∈ H,
(13)

äå m ∈ {2, 3, 4, . . . }, {µ, µ1, . . . , µm} ⊂ (0,∞),
{t1, . . . , tm} ⊂ (0, T ] � ôiêñîâàíi ÷èñëà, µ >
m∑
k=1

µk, 0 < t1 < t2 < · · · < tm ≤ T .

Ïiä ðîçâ'ÿçêîì çàäà÷i (6), (13) ðîçóìi¹-
ìî ðîçâ'ÿçîê ðiâíÿííÿ (6), ÿêèé çàäîâîëüíÿ¹
óìîâó (13). Îñêiëüêè

µI−
m∑
k=1

µke
−φ(tk,A) = µ

(
I−µ−1

m∑
k=1

µke
−φ(tk,A)

)
,

ïðè÷îìó∥∥∥µ−1

m∑
k=1

µke
−φ(tk,A)

∥∥∥ ≤ 1

µ

m∑
k=1

µk < 1,

òî iñíó¹ îïåðàòîð (I−B)−1, îáìåæåíèé â H,

äå B := µ−1

m∑
k=1

µke
−φ(tk,A). Âíàñëiäîê òåîðå-

ìè 1 ðîçâ'ÿçîê çàäà÷i (6), (13) ìà¹ âèãëÿä
e−φ(t,A)f , äå f � òàêèé åëåìåíò ç H, ùî

µf −
m∑
k=1

µke
−φ(tk,A)f = g ⇔

µ
(
I − µ−1

m∑
k=1

µke
−φ(tk,A)

)
f = g ⇔

µ(I −B)f = g.

Îòæå, f = µ−1(I − B)−1g. Âðàõîâóþ÷è
ðåçóëüòàòè, îòðèìàíi ó âèïàäêó äâîòî÷êîâî¨
çàäà÷i (6), (11), i, ìiðêóþ÷è àíàëîãi÷íî, ïðè-
éäåìî äî íàñòóïíîãî òâåðäæåííÿ.
Òåîðåìà 4. Ôóíêöiÿ u(t), íåïåðåðâíà íà

[0, T ] â H, ¹ ðîçâ'ÿçêîì m-òî÷êîâî¨ çàäà÷i
(6), (13) òîäi é ëèøå òîäi, êîëè âîíà ïîäà-
¹òüñÿ ó âèãëÿäi

u(t) = µ−1e−φ(t,A)ψ, ψ = (I −B)−1g,

t ∈ (0, T ].

m-òî÷êîâà çàäà÷à (6), (13) êîðåêòíî ðîçâ'ÿ-
çíà â ãiëüáåðòîâîìó ïðîñòîði H, u(t) ∈
H∞⟨mn⟩ ïðè êîæíîìó t ∈ (0, T ].

ßê âiäîìî (äèâ. [6], ðîçäië. 2, �3, ñ. 80-82),
îïåðàòîð A äîïóñêà¹ çàìèêàííÿ â ïðîñòîði
H ′
G äî ñàìîñïðÿæåíîãî íåâiä'¹ìíîãî îïåðà-

òîðà ÂG, ïðè öüîìó A ⊂ ÂG, φ(A) ⊂ φ(ÂG)
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äëÿ äîâiëüíî¨ íåïåðåðâíî¨ íà [0,∞) ôóíêöi¨
φ. Íåõàé Êλ � ðîçêëàä îäèíèöi îïåðàòîðà ÂG
ó ïðîñòîði H ′

G. Òîäi äëÿ äîâiëüíîãî f ∈ H

(Êλf, f)H′
G

= (Eλf, f)H′
G

=

= (G−1(A)Eλf,G
−1(A)f) =

= (EλG
−1(A)f, EλG

−1(A)f) =

= ∥EλG−1(A)f∥2 =

= ∥G−1(A)Eλf∥2 =

=

∞∫
0

G−2(µ)d(EµEλf, Eλf) =

=

λ∫
0

G−2(µ)d(Eµf, f).

Îòæå,

∀f ∈ H : (Eλf, f) =

λ∫
0

G2(µ)d(Êµf, f)H′
G
.

Çâiäñè âèïëèâà¹, ùî H ′
G = G(Â)H. Äëÿ çðó-

÷íîñòi äàëi ÷åðåç Â áóäåìî ïîçíà÷àòè îïå-
ðàòîð ÂG, äå G(λ) = eλ, ÷åðåç H ′

e � ïðîñòið
H ′
eλ
, ñïðÿæåíèé äî Heλ , H ′

e,α ≡ H ′
eαλ

, α > 0.
Òàêèì ÷èíîì, ÿêùî G(λ) = eαλ, α > 0, òî
H ′
e,α = eαÂH, ïðè÷îìó îïåðàòîð e−αÂ içîìå-

òðè÷íî âiäîáðàæà¹ H ′
e,α íà H.

Ó ìîíîãðàôi¨ [6] (ðîçäië 2, �4, ñ. 87-89)
âñòàíîâëåíî, ùî âñi íåïåðåðâíî äèôåðåíöi-
éîâíi íà (0, T ] ó ïðîñòîði H ðîçâ'ÿçêè ðiâíÿ-
ííÿ

u′(t) + Au(t) = 0, t ∈ (0, T ], (14)

ìàþòü âèãëÿä u(t) = e−tÂf , äå f ∈ H ′
∞⟨n!⟩;

ïðè öüîìó ôóíêöiÿ u(t) íåïåðåðâíà íà [0, T ]
â H ′

∞⟨n!⟩. Ãðàíè÷íå çíà÷åííÿ u(t) ïðè t →
+0 iñíó¹ â ïðîñòîði H ′

∞⟨n!⟩ (àëå íå iñíó¹,
âçàãàëi êàæó÷è, â H). Óðàõóâàâøè ñêàçàíå,
ïîñòàâèìî íàñòóïíó çàäà÷ó: çíàéòè ãëàäêèé
ðîçâ'ÿçîê u(t) ðiâíÿííÿ (14) íà (0, T ], ÿêèé
çàäîâîëüíÿ¹ óìîâó

µ1u(0) − µ2u(T ) = g, g ∈ H ′
∞⟨n!⟩, (15)

äå u(0) = lim
t→+0

u(t), u(T ) = lim
t→T−0

u(t) (ãðàíè-

öi ðîçãëÿäàþòüñÿ â ïðîñòîði H ′
∞⟨mn⟩), µ1 >

µ2 > 0.
Òåîðåìà 5. Ôóíêöiÿ u(t), t ∈ (0, T ], ¹

ðîçâ'ÿçêîì äâîòî÷êîâî¨ çàäà÷i (14), (15) òî-
äi é ëèøå òîäi, êîëè âîíà ïîäà¹òüñÿ ó âè-
ãëÿäi

u(t) = µ−1
1 e−tÂψ, ψ = (I − µ−1e−TÂ)−1g,

µ = µ1/µ2 > 1.

Çàäà÷à (14), (15) êîðåêòíî ðîçâ'ÿçíà, u(t) ∈
H∞⟨n!⟩ ïðè êîæíîìó t ∈ (0, T ].

Äîâåäåííÿ òåîðåìè 5 çäiéñíþ¹òüñÿ çà ñõå-
ìîþ äîâåäåíü òåîðåì 2, 3.
Çàóâàæåííÿ. ßêùî äëÿ ðiâíÿííÿ (14)

ïîñòàâèòè m-òî÷êîâó (m ≥ 2) çàäà÷ó

µ lim
t→+0

u(t) −
m∑
k=1

µk lim
t→tk

u(t) = g,

g ∈ H ′
∞⟨n!⟩ (16)

(ãðàíèöi ðîçãëÿäàþòüñÿ â ïðîñòîði H ′
∞⟨n!⟩),

äå ïàðàìåòðè µ, µ1, . . . , µm, t1, . . . , tm çàäî-
âîëüíÿþòü óìîâè, ñôîðìóëüîâàíi ðàíiøå, òî
ïðèéäåìî äî íàñòóïíîãî òâåðäæåííÿ: ôóí-
êöiÿ u(t), t ∈ (0, T ], ¹ ðîçâ'ÿçêîì çàäà÷i (14),
(16) òîäi é ëèøå òîäi, êîëè âîíà ïîäà¹òüñÿ ó
âèãëÿäi

u(t) = µ−1e−tÂ
(
I − µ−1

m∑
k=1

µke
−tkÂ

)−1

g,

g ∈ H ′
∞⟨n!⟩;

çàäà÷à (14), (16) êîðåêòíî ðîçâ'ÿçíà, u(t) ∈
H∞⟨n!⟩ ïðè êîæíîìó t ∈ (0, T ].
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