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ÓÄÊ 517.9

Ñ. Ì. ×óéêî, Ä. Â. Ñèñî¹â (Äîíáàñüêèé äåðæ. ïåä. óí-ò)

ËIÍIÉÍÀ ÌÀÒÐÈ×ÍÀ ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÀËÃÅÁÐÀ�×ÍÀ
ÊÐÀÉÎÂÀ ÇÀÄÀ×À Ó ÂÈÏÀÄÊÓ ÏÀÐÀÌÅÒÐÈ×ÍÎÃÎ
ÐÅÇÎÍÀÍÑÓ

We construct necessary and sufficient conditions for the existence of solution of linear boundary
value problem for a parametric excitation system of differential-algebraic equations. The convergent
iteration algorithms for the construction of the solutions of the linear boundary value problem for
a parametric excitation system of differential-algebraic equations in the critical case have been
found.

Çíàéäåíî íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ ëiíiéíî¨ êðàéîâî¨ çàäà÷i äëÿ ñèñòå-
ìè äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó. Ïîáóäîâàíî
çáiæíó iòåðàöiéíó ñõåìó äëÿ çíàõîäæåííÿ íàáëèæåíü äî ðîçâ'ÿçêiâ ëiíiéíî¨ êðàéîâî¨ çàäà÷i
äëÿ ñèñòåìè äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ ðiâíÿíü ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó.

1. Âñòóï. Òðàäèöiéíå âèâ÷åííÿ ïåðiîäè÷íèõ i íåòåðîâèõ êðàéîâèõ çàäà÷ ó êðè-
òè÷íèõ âèïàäêàõ áóëî ïîâ'ÿçàíî ç ïðèïóùåííÿì, ùî äèôåðåíöiàëüíå ðiâíÿííÿ,
à òàêîæ êðàéîâà óìîâà, âiäîìi òà ôiêñîâàíi [1, 2]; êðiì òîãî, âèâ÷åííÿ ïåðiîäè-
÷íèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó áóëî ïîâ'ÿçàíî ç äîñëiäæåííÿì
íàñàìïåðåä ïèòàíü ñòiéêîñòi [3�5]. Ó òîé æå ÷àñ äîñëiäæåííÿ ïåðiîäè÷íèõ êðà-
éîâèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó, ïîâ'ÿçàíèìè ç ÷èñëåííèìè
çàñòîñóâàííÿìè â åëåêòðîíiöi [3], òåîði¨ ïëàçìè [6], íåëiíiéíié îïòèöi, ìåõàíi-
öi [7], òåîði¨ ñòiéêîñòi ðóõó [3], áiîëîãi¨, ðàäiîòåõíiöi òà âåðñòàòîáóäóâàííi [8] ïå-
ðåäáà÷à¹, ÿê ïîáóäîâó ðîçâ'ÿçêiâ ïåðiîäè÷íèõ êðàéîâèõ çàäà÷, òàê i îá÷èñëåííÿ
âëàñíî¨ ôóíêöi¨ âiäïîâiäíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ. Òàêèì ÷èíîì, îñíîâ-
íîþ âiäìiííiñòþ äàíî¨ ñòàòòi ¹ çíàõîäæåííÿ êîíñòðóêòèâíèõ óìîâ iñíóâàííÿ òà
ïîáóäîâà ðîçâ'ÿçêiâ íåòåðîâèõ êðàéîâèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçî-
íàíñó â çàëåæíîñòi âiä âëàñíî¨ ôóíêöi¨ êðàéîâî¨ çàäà÷i. Iñòîòíîþ âiäìiííiñòþ
äàíî¨ ñòàòòi ¹ òàêîæ ìàòðè÷íèé çàïèñ íåâiäîìî¨, ÿêèé óçàãàëüíþ¹ âèãëÿä, ÿê
ìàòðè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ, òàê i êðàéîâî¨ óìîâè. Ó ñòàòòi çíàéäåíi
óìîâè ðîçâ'ÿçíîñòi òà ñõåìà ïîáóäîâè ðîçâ'ÿçêiâ íåëiíiéíî¨ íåòåðîâî¨ êðàéîâî¨
çàäà÷i äëÿ ìàòðè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ.

Âèêîðèñòîâóâàíà êëàñèôiêàöiÿ íåòåðîâèõ êðàéîâèõ çàäà÷ ó âèïàäêó ïàðà-
ìåòðè÷íîãî ðåçîíàíñó â çàëåæíîñòi âiä ïðîñòîòè àáî êðàòíîñòi ðiâíÿííÿ äëÿ
ïîðîäæóþ÷èõ êîíñòàíò iñòîòíî âiäðiçíÿ¹òüñÿ âiä àíàëîãi÷íî¨ êëàñèôiêàöiÿ ïåði-
îäè÷íèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó [4,5] i âiäïîâiäà¹ çàãàëüíié
êëàñèôiêàöi¨ ïåðiîäè÷íèõ i íåòåðîâèõ êðàéîâèõ çàäà÷ [1]. Êðiì òîãî, îòðèìàíå
äëÿ íåòåðîâèõ êðàéîâèõ çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó ðiâíÿííÿ
äëÿ ïîðîäæóþ÷èõ êîíñòàíò iñòîòíî âiäðiçíÿ¹òüñÿ âiä òðàäèöiéíîãî ðiâíÿííÿ
äëÿ ïîðîäæóþ÷èõ êîíñòàíò çà âiäñóòíîñòi ïàðàìåòðè÷íîãî ðåçîíàíñó çàëåæíi-
ñòþ âiä ìàëîãî ïàðàìåòðà, ÿê ñàìîãî ðiâíÿííÿ, òàê i éîãî êîðåíiâ.

2. Ïîñòàíîâêà çàäà÷i. Äîñëiäæó¹ìî çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ Z(t, ε) :

Z(·, ε) ∈ C1
α×β[a; b] := C1[a, b]⊗ Rα×β, Z(t, ·) ∈ Cα×β[0; ε0] := C[0; ε0]⊗ Rα×β
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ìàòðè÷íîãî äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ

AZ ′(t, ε) = BZ(t, ε) + F(t, ε) + εΠ(Z(t, ε), h(ε), t, ε), h(ε) ∈ Cρ[0; ε0], (1)

ïiäïîðÿäêîâàíèõ êðàéîâié óìîâi

LZ(·, ε) = A(ε), A(ε) ∈ Cµ×ν [0; ε0]. (2)

Ðîçâ'ÿçîê ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) øóêà¹ìî ó ìàëîìó îêîëi ðîçâ'ÿçêó
ïîðîäæóþ÷î¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ çàäà÷i

AZ ′
0(t, ε) = BZ0(t, ε) + F(t, ε), LZ0(·, ε) = A(ε). (3)

Òóò [15,16]

AZ ′(t, ε) :=

p∑
i=1

Si(t)Z
′(t, ε)Ri(t), BZ(t, ε) :=

q∑
j=1

Φj(t)Z(t, ε)Ψj(t)

� ëiíiéíi ìàòðè÷íi îïåðàòîðè,

Si(t),Φi(t) ∈ Cγ×α[a, b], Ri(t),Ψj(t) ∈ Cβ×δ[a, b],

F(·, ε) ∈ Cγ×δ[a, b], F(t, ·) ∈ Cγ×δ[0; ε0]

� íåïåðåðâíi ìàòðèöi; êðiì òîãî α, β, γ, δ, µ, ν ∈ N � äîâiëüíi íàòóðàëüíi ÷è-
ñëà. Ìàòðè÷íèé îïåðàòîð Π(Z(t, ε), h(ε), t, ε) ïðèïóñêà¹ìî ëiíiéíèì çà ïåðøèì
àðãóìåíòîì Z(t, ε) ó ìàëîìó îêîëi ðîçâ'ÿçêó Z0(t, ε) ïîðîäæóþ÷î¨ çàäà÷i (3), à
òàêîæ íåïåðåðâíî äèôåðåíöiéîâíèì çà äðóãèì àðãóìåíòîì h(ε), i, êðiì òîãî,
íåïåðåðâíèì çà t ∈ [a, b] òà ε ∈ [0; ε0]. Êðiì òîãî, LZ(·, ε) � ëiíiéíèé îáìåæåíèé
ìàòðè÷íèé ôóíêöiîíàë:

LZ(·, ε) : C1
α×β[a; b] → Rδ×γ,

íåïåðåðâíèé çà ε ∈ [0; ε0]. Ïîñòàâëåíà çàäà÷à ïðîäîâæó¹ äîñëiäæåííÿ êðàéîâèõ
çàäà÷ ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó [9�11] íà âèïàäîê ëiíiéíèõ ìàòðè÷-
íèõ êðàéîâèõ çàäà÷ [20�22], à òàêîæ ìàòðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
êðàéîâèõ çàäà÷ [12�16].

Âèçíà÷èìî îïåðàòîð M[A] : Rm×n → Rm·n, ÿê îïåðàòîð, ÿêèé ñòàâèòü ó
âiäïîâiäíiñòü ìàòðèöi A ∈ Rm×n âåêòîð B := M[A] ∈ Rm·n, ñêëàäåíèé ç n
ñòîâïöiâ ìàòðèöi A, à òàêîæ îáåðíåíèé îïåðàòîð [16,17]

M−1

[
B

]
: Rm·n → Rm×n,

ÿêèé ñòàâèòü ó âiäïîâiäíiñòü âåêòîðó B ∈ Rm·n ìàòðèöþ A ∈ Rm×n. Çàäà÷à
ïðî çíàõîäæåííÿ ðîçâ'ÿçêiâ ìàòðè÷íîãî äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿí-
íÿ (3) ïðèâîäèòü äî çàäà÷i ïðî çíàõîäæåííÿ âåêòîðà

z(·, ε) ∈ C1
α·β[a; b], z(t, ·) ∈ Cα·β[0; ε0],
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êîìïîíåíòè ÿêîãî zj(t, ε) âèçíà÷àþòü ðîçâèíåííÿ ìàòðèöi

Z(t, ε) =

α·β∑
j=1

Ξ(j)zj(t, ε), zj(·, ε) ∈ C1[a; b], j = 1, 2, ... , α · β.

Ëiíiéíèé äèôåðåíöiàëüíî-àëãåáðà¨÷íèé ìàòðè÷íèé îïåðàòîð AZ ′(t, ε), çà âèçíà-
÷åííÿì, çîáðàæó¹òüñÿ ó âèãëÿäi

AZ ′(t, ε) =

αβ∑
j=1

A Ξ(j)(t)z′j(t, ε),

ïðè öüîìó

M

[
AZ ′(t, ε)

]
= Ω(t) · z′(t, ε), Ω(t) :=

[
Ωj(t)

]α·β
j=1

∈ Rγ·δ×α·β,

äå
Ωj(t) = M

[
A Ξ(j)(t)

]
, j = 1, 2, ... , α · β.

Àíàëîãi÷íî

M

[
BZ(t, ε)

]
= Θ(t)·z(t, ε), Θ(t) :=

[
Θj(t)

]α·β
j=1

∈ Rγ·δ×α·β, Θj(t) = M
[
B Ξ(j)(t)

]
.

Òàêèì ÷èíîì, çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî
ðiâíÿííÿ (3) ïðèâåäåíî äî çàäà÷i ïðî ïîáóäîâó ðîçâ'ÿçêiâ z0(t, ε) := M[Z0(t, ε)]
òðàäèöiéíîãî äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ [13,23�25]

Ω(t) · z′0(t, ε) = Θ(t) · z0(t, ε) +MF(t, ε). (4)

Óìîâè ðîçâ'ÿçíîñòi òà ñòðóêòóðà ðîçâ'ÿçêiâ ìàòðè÷íîãî äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ [12,20]

Z ′(t) = AZ(t) + Z(t)B + F (t), F (t) ∈ Cα×β[a, b], (5)

íàâåäåíi ó ìîíîãðàôi¨ [20]. Êîíñòðóêòèâíi óìîâè ðîçâ'ÿçíîñòi òà ñòðóêòóðà ïå-
ðiîäè÷íîãî ðîçâ'ÿçêó ñèñòåìè (5) çà óìîâè α = β = λ = µ îòðèìàíi ó ñòàòòi [22]
ç âèêîðèñòàííÿì óçàãàëüíåíîãî îáåðíåííÿ ìàòðèöü òà îïåðàòîðiâ, íàâåäåíèõ ó
ñòàòòi [18]. Äîñëiäæåííÿ ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çà-
äà÷i (1), (2) ó äàíié ñòàòòi ãðóíòó¹òüñÿ íà äîñëiäæåííi àëãåáðà¨÷íèõ ìàòðè÷íèõ
ðiâíÿíü, çîêðåìà, ðåçóëüòàòè, îòðèìàíi äëÿ ìàòðè÷íîãî äèôåðåíöiàëüíîãî ðiâ-
íÿííÿ Ëÿïóíîâà [18] òà ðåçóëüòàòè äîñëiäæåííÿ ìàòðè÷íèõ ðiâíÿíü, ó òîìó
÷èñëi, ðiâíÿíü òèïó Ñèëüâåñòðà [17,19]. Çà óìîâè [14,15]

PΩ∗(t)Θ(t) = 0, PΩ∗(t)MF(t, ε) = 0, (6)

ó âèïàäêó
Ω+(t)Θ(t), Ω+(t)F(t), PΩϱ(t)φ(t) ∈ Cα·β×ϱ[a, b] (7)

ñèñòåìà (4) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨

dz0
dt

= Ω+(t)Θ(t)z0 + F(t, φ(t));
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òóò
F(t, φ(t)) := Ω+(t)F(t, ε) + PΩϱ(t)φ(t);

PΩ∗(t) � (γ · δ×γ · δ)− ìàòðèöÿ-îðòîïðîåêòîð: PΩ∗(t) : Rγ·δ → N(Ω∗(t)), PΩϱ(t) �
(α · β × ϱ)− ìàòðèöÿ, óòâîðåíà ç ϱ ëiíiéíî-íåçàëåæíèõ ñòîâïöiâ (α · β × α · β)−
ìàòðèöi-îðòîïðîåêòîðà

PΩ(t) : Rα·β → N(Ω(t)).
Ïîçíà÷èìî X(t) íîðìàëüíó ôóíäàìåíòàëüíó ìàòðèöþ [1]

dX(t)

dt
= Ω+(t)Θ(t)X(t), X(a) = Iαβ

îäåðæàíî¨ òðàäèöiéíî¨ ñèñòåìè çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü. Çà óìîâè
(6), (7) ñèñòåìà (4) ìà¹ ðîçâ'ÿçîê âèãëÿäó

z0(t, c0(ε)) = X(t)c0(ε) +K

[
F(s, φ(s))

]
(t), c0(ε) ∈ Cα·β[0, ε0],

K

[
F(s, φ(s))

]
(t) := X(t)

∫ t

a

X−1(s)F(s, φ(s))ds,

ÿêèé âèçíà÷à¹ ðîçâ'ÿçîê äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ (3)

Z0(t, ε) = W (t, c0(ε)) +K

[
F(s, φ(s))

]
(t, ε). (8)

Òàêèì ÷èíîì, äîâåäåíî íàñòóïíó äîñòàòíþ óìîâó [15, 16] ðîçâ'ÿçíîñòi çàäà÷i
Êîøi äëÿ ñèñòåìè (3).

Ëåìà 1. Çà óìîâ (6) òà (7) ìàòðè÷íà çàäà÷à Êîøi Z(a) = A(ε) äëÿ
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (3) ðîçâ'ÿçíà äëÿ áóäü-ÿêîãî ïî÷àòêî-
âîãî çíà÷åííÿ A(ε) ∈ Cµ×ν [0, ε0]. Çà óìîâ (6) òà (7) çàãàëüíèé ðîçâ'ÿçîê (9)
ìàòðè÷íî¨ çàäà÷i Êîøi Z(a) = A(ε) äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè
(3) âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà

K

[
F(s, φ(s))

]
(t, ε) := M−1

{
K

[
F(s, φ(s))

]
(t)

}
çàäà÷i Êîøi Z(a) = 0 äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (3) òà çàãàëü-
íèé ðîçâ'ÿçîê

W (t, c0(ε)) := M−1

[
X(t)c0(ε)

]
, c0(ε) ∈ Cα·β[0, ε0]

çàäà÷i Êîøi Z(a) = A äëÿ îäíîðiäíî¨ ÷àñòèíè ðiâíÿííÿ (3).

Çàçíà÷èìî, ùî çà óìîâ (6), (7), òà ó âèïàäêó ϱ := rank PΩ(t) := 0 ìàòðè÷íà
çàäà÷à Êîøi Z(a) = A(ε) äëÿ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ ñèñòåìè (3) îäíî-
çíà÷íî ðîçâ'ÿçíà äëÿ áóäü-ÿêîãî ïî÷àòêîâîãî çíà÷åííÿ A(ε). ßêùî æ ϱ ̸= 0,
òî çà óìîâ (6), (7) ìàòðè÷íà çàäà÷à Êîøi Z(a) = A(ε) äëÿ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ ñèñòåìè (3) îäíîçíà÷íî ðîçâ'ÿçíà äëÿ áóäü-ÿêîãî ïî÷àòêîâîãî çíà-
÷åííÿ A(ε) òà äîâiëüíî¨ ôiêñîâàíî¨ ôóíêöi¨

φ(t) : PΩϱ(t)φ(t) ∈ Cα·β×ϱ[a, b].

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �1 (30)



122 Ñ. Ì. ×ÓÉÊÎ, Ä. Â. ÑÈÑÎ�Â

Ïðèïóñòèìî, ùî äëÿ ïîðîäæóþ÷î¨ ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨
êðàéîâî¨ çàäà÷i (3) ìà¹ ìiñöå êðèòè÷íèé âèïàäîê: (PQ∗ ̸= 0), ïðè öüîìó óìîâó

PQ∗
d
M

{
A(ε)− LK

[
F(s, φ(s))

]
(·)
}

= 0 (9)

âèêîíàíî. Òóò PQ∗ � îðòîïðîåêòîð: Rδ·γ×δ·γ → N(Q∗); ìàòðèöÿ PQ∗
d
óòâîðåíà ç d

ëiíiéíî íåçàëåæíèõ ðÿäêiâ îðòîïðîåêòîðà PQ∗ ìàòðèöi Q ∈ Rδ·γ×α·β. Ïîçíà÷èìî
α(ε) := M{A(ε)} Çà óìîâè (7) i òiëüêè çà íå¨ îòðèìó¹ìî çàãàëüíèé ðîçâ'ÿçîê
ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3)

Z0(t,Θ0(ε)) = W (t,Θ0(ε)) +M−1

{
X(t)Q+

{
α(ε)−MLK

[
F(s, φ(s))

]
(·, ε)

}}
+

+K

[
F(s, φ(s))

]
(t, ε); Θ0(ε) := M−1

[
PQrcr(ε)

]
;

òóò PQr � ìàòðèöÿ óòâîðåíà ç r ëiíiéíî íåçàëåæíèõ ñòîâïöiâ îðòîïðîåêòîðà
PQ ìàòðèöi Q. Íàñòóïíà ëåìà âèçíà÷à¹ äîñòàòíþ óìîâó [15, 16] ðîçâ'ÿçíîñòi
ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3).

Ëåìà 2. Çà óìîâ (6) òà (7) ìàòðè÷íà äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà
çàäà÷à (3) ðîçâ'ÿçíà çà óìîâè (9) i òiëüêè çà íå¨. Çà óìîâ (6), (7) òà (9)
çàãàëüíèé ðîçâ'ÿçîê ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3)

Z0(t,Θ0(ε)) = W (t,Θ0(ε)) +G

[
F(s, ε);A(ε)

]
(t, ε), Θr(ε) ∈ Cα×β[0, ε0]

âèçíà÷à¹ óçàãàëüíåíèé îïåðàòîð Ãðiíà

G

[
F(s, ε);A(ε)

]
(t, ε) := M−1

{
X(t)Q+

{
α(ε)−MLK

[
F(s, φ(s))

]
(·, ε)

}}
+

+K

[
F(s, φ(s))

]
(t, ε)

ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3) òà çàãàëüíèé ðîçâ'ÿ-
çîê

W (t,Θ0(ε)) := M−1

[
X(t)PQrcr(ε)

]
, cr(ε) ∈ Cr[0, ε0]

îäíîðiäíî¨ ÷àñòèíè ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (3).

Ïðèïóñòèìî äàëi, ùî çàäà÷à (1), (2) ó ìàëîìó îêîëi ðîçâ'ÿçêó

Z0(t,Θ0(ε)) = W (t,Θ0(ε)) +G

[
F(s, ε);A(ε)

]
(t, ε)

ïîðîäæóþ÷î¨ çàäà÷i (3) ìà¹ ðîçâ'ÿçîê

Z(t, ε) = Z0(t,Θ0(ε)) +X(t, ε), Θ0(ε) ∈ Cα×β[0, ε0],
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äëÿ ÿêîãî ó äîñòàòíüî ìàëîìó îêîëi ïî÷àòêîâîãî çíà÷åííÿ âëàñíî¨ ôóíêöi¨ h0(ε)
iñíó¹ íåïåðåðâíà âëàñíà ôóíêöiÿ

h(ε) = h0(ε) + ζ(ε), h0(ε), ζ(ε) ∈ Cρ[0, ε0].

Òàêèì ÷èíîì, ïðèõîäèìî äî çàäà÷i ïðî çíàõîäæåííÿ ðîçâ'ÿçêó

X(t, ε) : X(·, ε) ∈ C1
α×β[a, b], X(t, ·) ∈ Cα×β[0, ε0]

òà âëàñíî¨ ôóíêöi¨ ζ(ε) ∈ Cρ[0, ε0] ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i

AX ′(t, ε) = BX(t, ε)+

+εΠ(Z0(t, c0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε), LX(·, ε) = 0. (10)

Çàäà÷ó ïðî ïîáóäîâó ðîçâ'ÿçêiâ äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ (10)
ïðèâîäèìî äî çàäà÷i ïðî ïîáóäîâó ðîçâ'ÿçêiâ

z(·, ε) ∈ C1
α·β[a; b], z(t, ·) ∈ Cα·β[0; ε0]

òðàäèöiéíîãî äèôåðåíöiàëüíî-àëãåáðà¨÷íîãî ðiâíÿííÿ [13,23�25]

Ω(t) · z′0(t, ε) = Θ(t) · z0(t, ε) +MF(t, ε)+ (11)

+εMΠ(Z0(t, c0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε).

Çà óìîâè (6), (7), ó âèïàäêó

PΩ∗MΠ(Z0(t, c0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε) = 0 (12)

ñèñòåìà (11) ðîçâ'ÿçíà âiäíîñíî ïîõiäíî¨

dz

dt
= Ω+(t)Θ(t)z + F(t, φ(t)) + εΩ+(t)MΠ(Z0(t, c0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε),

ïðè öüîìó âèõiäíà ìàòðè÷íà äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà çàäà÷à (1),
(2) ó êðèòè÷íîìó âèïàäêó (PQ∗ ̸= 0) ðîçâ'ÿçíà çà óìîâè

PQ∗
d
MLK

[
Ω+(t)MΠ(Z0(s, c0(ε)) +X(s, ε), h0(ε) + ζ(ε), s, ε)

]
(·, ε) = 0. (13)

Ïîçíà÷èìî âåêòîð

č0(ε) :=

[
cr(ε)
h0(ε)

]
∈ Cr+ρ[0, ε0].

Ó íàñëiäîê íåïåðåðâíîñòi ïî Z(t, ε) òà h(ε) íåëiíiéíî¨ ôóíêöi¨ Π(Z, h, t, ε) ó ìà-
ëîìó îêîëi ðîçâ'ÿçêó ïîðîäæóþ÷î¨ çàäà÷i (3) òà ïî÷àòêîâîãî çíà÷åííÿ h0(ε)
ôóíêöi¨ h(ε), çà óìîâè (6), (7), (12) äëÿ ðîçâ'ÿçêó Z0(t,Θ0(ε)) ïîðîäæóþ÷î¨ çà-
äà÷i (3) òà äëÿ ïî÷àòêîâîãî çíà÷åííÿ h0(ε) âëàñíî¨ ôóíêöi¨ êðàéîâî¨ çàäà÷i (1),
(2) ìà¹ âèêîíóâàòèñü ðiâíiñòü

F(č0(ε)) := PQ∗
d
MLK

[
Ω+(t)MΠ(Z0(s, cr(ε)), h0(ε), s, ε)

]
(·, ε) = 0. (14)
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Íåîáõiäíó óìîâó iñíóâàííÿ ðîçâ'ÿçêó ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷-
íî¨ êðàéîâî¨ çàäà÷i (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó âèçíà÷à¹ íàñòó-
ïíà ëåìà, ÿêà ¹ óçàãàëüíåííÿì âiäïîâiäíîãî òâåðäæåííÿ [11] íà âèïàäîê ìàòðè-
÷íî¨ êðàéîâî¨ çàäà÷i, óçàãàëüíåííÿì âiäïîâiäíîãî òâåðäæåííÿ [1, 2] íà âèïàäîê
ïàðàìåòðè÷íîãî ðåçîíàíñó òà ÿâíî¨ çàëåæíîñòi íåîäíîðiäíîñòåé ïîðîäæóþ÷î¨
êðàéîâî¨ çàäà÷i (3) âiä ìàëîãî ïàðàìåòðà, à òàêîæ óçàãàëüíåííÿì âiäïîâiäíîãî
òâåðäæåííÿ äëÿ ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i [30].

Ëåìà 3. Ïðèïóñòèìî, ùî äëÿ ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàé-
îâî¨ çàäà÷i (1), (2) ìà¹ ìiñöå êðèòè÷íèé (PQ∗ ̸= 0) âèïàäîê òà âèêîíóþòüñÿ
óìîâè ðîçâ'ÿçíîñòi (6), (7) òà (9) ïîðîäæóþ÷î¨ çàäà÷i (3). Ïðèïóñòèìî òà-
êîæ, ùî ó ìàëîìó îêîëi ïîðîäæóþ÷îãî ðîçâ'ÿçêó Z0(t, c0(ε)) òà ïî÷àòêîâîãî
çíà÷åííÿ h0(ε) âëàñíî¨ ôóíêöi¨ h(ε) ìàòðè÷íà äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðà-
éîâà çàäà÷à (1), (2) ìà¹ ðîçâ'ÿçîê

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a, b], Z(t, ·) ∈ Cα×β[0, ε0],

ïðè öüîìó ó äîñèòü ìàëîìó îêîëi ôóíêöi¨ h0(ε) iñíó¹ ôóíêöiÿ h(ε) ∈ C[0, ε0]; ó
öüîìó âèïàäêó ìà¹ ìiñöå ðiâíiñòü

F(č0(ε)) = 0. (15)

Àíàëîãi÷íî äî íåòåðîâèõ ñëàáêîíåëiíiéíèõ êðàéîâèõ çàäà÷ ó êðèòè÷íîìó âè-
ïàäêó [1], à òàêîæ ïåðiîäè÷íèìè êðàéîâèìè çàäà÷àìè [2,4,5], ðiâíÿííÿ (15) áóäå-
ìî íàçèâàòè ðiâíÿííÿì äëÿ ïîðîäæóþ÷èõ ôóíêöié ìàòðè÷íî¨ äèôåðåíöiàëüíî-
àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó. Êîðå-
íi ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ ôóíêöié (15), ó äàíîìó âèïàäêó � ìàòðèöi Θ0(ε),
à òàêîæ âëàñíi ôóíêöi¨ h0(ε) âèçíà÷àþòü ïîðîäæóþ÷èé ðîçâ'ÿçîê Z0(t,Θ0(ε)),
ó ìàëîìó îêîëi ÿêîãî ìîæóòü iñíóâàòè øóêàíi ðîçâ'ÿçêè âèõiäíî¨ ìàòðè÷íî¨
äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) ó âèïàäêó ïàðàìåòðè÷íî-
ãî ðåçîíàíñó. ßêùî æ ðiâíÿííÿ (15) íå ìà¹ ðîçâ'ÿçêiâ

Θ0(ε) ∈ Cα×β[0, ε0], h0(ε) ∈ Cρ[0, ε0],

òî âèõiäíà ìàòðè÷íà êðàéîâà çàäà÷à (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçî-
íàíñó íå ìà¹ øóêàíèõ ðîçâ'ÿçêiâ.

3. Äîñòàòíÿ óìîâà iñíóâàííÿ ðîçâ'ÿçêó êðàéîâî¨ çàäà÷i (1), (2).
Ïðèïóñòèìî, ùî ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ ôóíêöié (15) ìà¹ íåïåðåðâíi äiéñíi
ðîçâ'ÿçêè. Ôiêñóþ÷è îäèí iç ðîçâ'ÿçêiâ č0(ε) ∈ Rr+ρ ðiâíÿííÿ (15), îòðèìó¹ìî
çàäà÷ó ïðî iñíóâàííÿ ðîçâ'ÿçêó

X(t, ε) : X(·, ε) ∈ C1
α×β[a, b], X(t, ·) ∈ Cα×β[0, ε0]

ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (1), (2) â îêîëi ïîðîäæóþ÷îãî ðîçâ'ÿçêó

Z0(t,Θr(ε)) = W (t,Θr(ε)) +G

[
F (s);A

]
(t), Θr(ε) := M−1

[
PQrcr(ε)

]
,

à òàêîæ ôóíêöi¨ h(ε) := h0(ε) + ζ(ε), ζ(ε) ∈ Cρ[0, ε0] â îêîëi òî÷êè h0(ε). Ó
çàçíà÷åíîìó îêîëi ìà¹ ìiñöå ðîçâèíåííÿ

Π

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
= Π

[
Z0(t,Θ0(ε)), h0(ε), t, ε

]
+
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+DX

[
Z0(t,Θ0(ε)), h0(ε), X(t, ε)

]
+Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]
+

+R

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
.

Äiéñíî, ó ìàëîìó îêîëi ðîçâ'ÿçêó č0(ε) ∈ Rr+ρ ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ ôóíê-
öié (15) ìà¹ ìiñöå ðîçâèíåííÿ âåêòîð-ôóíêöi¨ [31, c. 636]

MΠ

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
=

= MΠ

[
Z0(t,Θ0(ε)), h0(ε), t, ε

]
+ Ax

[
Z0(t,Θ0(ε)), h0(ε)

]
x(t, ε)+

+Aζ

[
Z0(t,Θ0(ε)), h0(ε)

]
ζ(ε) + R

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
.

Òóò

Ax

[
Z0(t,Θ0(ε)), h0(ε)

]
:=

∂

∂x
Π

[
Z(t, ε), h(ε), t, ε

] ∣∣∣∣∣∣∣∣ X(t, ε) = 0
ζ(ε) = 0

� (γ · δ × α · β) � ìàòðèöÿ,

Aζ

[
Z0(t,Θ0(ε)), h0(ε)

]
:=

∂

∂ζ
Π

[
Z(t, ε), h(ε), t, ε

] ∣∣∣∣∣∣∣∣ X(t, ε) = 0
ζ(ε) = 0

� (γ · δ × ρ) � ìàòðèöÿ, R[Z(t, ε), h(ε), t, ε] ∈ Rγδ � çàëèøîê öüîãî ðîçâèíåííÿ
òà

x(t, ε) := MX(t, ε) : x(·, ε) ∈ C1
αβ[a, b], x(t, ·) ∈ Cαβ[0, ε0]

� íåâiäîìà âåêòîð-ôóíêöiÿ. Òàêèì ÷èíîì

DX

[
Z0(t,Θ0(ε)), h0(ε), X(t, ε)

]
:= M−1

{
Ax

[
Z0(t,Θ0(ε)), h0(ε)

]
x(t, ε)

}
òà

Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]
:= M−1

{
Aζ

[
Z0(t,Θ0(ε)), h0(ε)

]
ζ(ε)

}
� äèôåðåíöiàëè ìàòðè÷íî¨ ôóíêöi¨

Π

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]
∈ Rα×β

òà

R[Z(t, ε), h(ε), t, ε] := M−1

{
R[Z(t, ε), h(ε), t, ε]

}
∈ Rα×β

� çàëèøîê öüîãî ðîçâèíåííÿ. Âðàõîâóþ÷è ðiâíÿííÿ äëÿ ïîðîäæóþ÷èõ ôóíêöié
(15), çàçíà÷èìî, ùî çàäà÷à ïðî çíàõîäæåííÿ ðîçâ'ÿçêó

X(t, ε) = W (t,Θr(ε)) +X(1)(t, ε)
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òà âëàñíî¨ ôóíêöi¨ ζ(ε) ∈ C[0, ε0] ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (10) ðîçâ'ÿçíà òîäi
é òiëüêè òîäi, êîëè

PQ∗
d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X(t, ε)

]
+Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]
+

+R

[
Z0(t,Θ0(ε)) +X(t, ε), h0(ε) + ζ(ε), t, ε

]}
(·) = 0.

Òóò W (t,Θr(ε)) � çàãàëüíèé ðîçâ'ÿçîê îäíîðiäíî¨ ÷àñòèíè êðàéîâî¨ çàäà÷i (10)
òà

X(1)(t, ε) = ε G

[
Φ(Z0(s,Θ0(ε)) +X(s, ε), h0(ε) + ζ(ε), s, ε); 0

]
(t)

� ÷àñòêîâèé ðîçâ'ÿçîê íåîäíîðiäíî¨ ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i (10). Ïîçíà÷èìî
ξj(ε) ñêàëÿðíi ôóíêöi¨, ÿêi âèçíà÷àþòü ðîçâèíåííÿ ìàòðèöi

Θr(ε) =

α·β∑
j=1

Ξ(j)ξj(ε), ξj(ε) ∈ C[0, ε0], j = 1, 2, ... , α · β

çà âåêòîðàìè Ξ(j) ∈ Rα×β áàçèñà ïðîñòîðó Rα×β, òà âåêòîð

č(ε) :=

(
ξ(ε)
ζ(ε)

)
∈ Cαβ+ρ[0, ε0], ξ(ε) ∈ Rαβ, ζ(ε) =

ρ∑
j=1

θ(j)ζj(ε);

òóò θ(j) ∈ Rρ, j = 1, 2, ... , ρ � ïðèðîäíèé áàçèñ [32] ïðîñòðîðó Rρ òà ζj(ε) �
êîíñòàíòè, ÿêi âèçíà÷àþòü ðîçâèíåííÿ âåêòîðíî¨ ôóíêöi¨

ζ(ε) ∈ Cρ[0, ε0]

çà âåêòîðàìè θ(j) áàçèñà ïðîñòîðó Rρ. Òàêèì ÷èíîì, ìàòðè÷íà êðàéîâà çàäà÷à
(10) ðîçâ'ÿçíà òîäi é òiëüêè òîäi, êîëè

PQ∗
d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε),W (t,Θr(ε))

]
+

+Dh

[
Z0(t,Θ0(ε)), h0(ε), ζ(ε)

]}
(·) =

= − PQ∗MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X

(1)(t, ε)

]
+R

[
Z(t, ε), h(ε), t, ε

]}
(·).

Çíàéäåíà íåîáõiäíà òà äîñòàòíÿ óìîâà ðîçâ'ÿçíîñòi ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i
(10) ÿâëÿ¹ ñîáîþ ëiíiéíå àëãåáðà¨÷íå ðiâíÿííÿ âiäíîñíî ìàòðèöi Θr(ε), à òàêîæ
âåêòîðíî¨ ôóíêöi¨ ζ(ε). Ïîçíà÷èìî ìàòðèöþ

D0 = D0(č0(ε)) :=

{
D

(0)
0 ; D

(1)
0

}
∈ Cd×(α·β+ρ)[0, ε0];

òóò

D
(0)
0 :=

{
PQ∗

d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε),W

(
t,Ξ(i)

)]}
(·)
} ∣∣∣∣∣∣

α · β

i = 0
,
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D
(1)
0 :=

{
PQ∗

d
MLK

{
Dh

[
Z0(t,Θ0(ε)), h0(ε), θ

(j)

]}
(·)
} ∣∣∣∣∣∣

ρ

j = 0
.

êðiì òîãî
D

(0)
0 ∈ Cd×α·β[0, ε0], D

(1)
0 ∈ Cd×ρ[0, ε0].

Äëÿ çíàõîäæåííÿ âåêòîðà č(ε) îòðèìó¹ìî ðiâíÿííÿ

D0 č(ε) = −PQ∗
d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X

(1)(t, ε)

]
+

+R

[
Z(t, ε), h(ε), t, ε

]}
(·).

Çà óìîâè [11]

PD∗
0
PQ∗

d
= 0, D+

0

(
č0(ε)

)
∈ C(α·β+ρ)×d[0, ε0] (16)

ìàòðè÷íà êðàéîâà çàäà÷à (1), (2) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê. Òóò PD∗
0
�

(d× d)− ìàòðèöÿ-îðòîïðîåêòîð [1,32]:

PD∗
0(č0(ε))

: Rd → N
(
D∗

0(č0(ε))

)
.

Òàêèì ÷èíîì, çà óìîâè (9) ïðèíàéìíi îäèí ðîçâ'ÿçîê ìàòðè÷íî¨ êðàéîâî¨ çàäà÷i
(1), (2) âèçíà÷à¹ íàñòóïíà îïåðàòîðíà ñèñòåìà

Z(t, ε) = Z0(t,Θ0(ε)) +X(t, ε), X(t, ε) = W (t,Θr(ε)) +X(1)(t, ε),

č(ε) = −D+
0 PQ∗

d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X

(1)(t, ε)

]
+ (17)

+R

[
Z(t, ε), h(ε), t, ε

]}
(·), Θr(ε) = M−1

[
J0 č(ε)

]
, ζ(ε) = J1 č(ε),

X(1)(t, ε) = ε G

[
Π(Z0(s,Θ0(ε)) +X(s, ε), h0(ε) + ζ(ε), s, ε); 0

]
(t);

òóò

J0 :=
(
Iαβ O

)
∈ Rαβ×(ρ+αβ), J1 :=

(
0 0 ... 0 Iρ

)
∈ Rρ×(ρ+αβ)

� ñòàëi ìàòðèöi. Äëÿ çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó îïåðàòîðíî¨ ñèñòå-
ìè (17) ìîæíà çàñòîñóâàòè ìåòîä ïîñëiäîâíèõ íàáëèæåíü [1, 2, 31]. Òàêèì ÷è-
íîì, äîâåäåíî íàñòóïíå òâåðäæåííÿ, ÿêå óçàãàëüíþ¹ âiäïîâiäíi òâåðäæåííÿ äëÿ
íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü íà
âèïàäîê ïàðàìåòðè÷íîãî ðåçîíàíñó [4,11], à òàêîæ ìàòðè÷íèõ çàäà÷ ó âèïàäêó
ïàðàìåòðè÷íîãî ðåçîíàíñó [30] íà âèïàäîê äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ êðàé-
îâèõ çàäà÷.
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Òåîðåìà 1. Ïðèïóñòèìî, ùî äëÿ ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨
êðàéîâî¨ çàäà÷i (1), (2) ìà¹ ìiñöå êðèòè÷íèé (PQ∗ ̸= 0) âèïàäîê òà âèêîíó-
þòüñÿ óìîâè ðîçâ'ÿçíîñòi (6), (7) òà (9) ïîðîäæóþ÷î¨ çàäà÷i (3). Ó öüîìó
ðàçi äëÿ êîæíîãî ðîçâ'ÿçêó c0(ε) ∈ Cr[0, ε0], h0(ε) ∈ Cρ[0, ε0] ðiâíÿííÿ äëÿ ïî-
ðîäæóþ÷èõ ôóíêöié (15) çà óìîâè (16) ó ìàëîìó îêîëi ðîçâ'ÿçêó Z0(t, c0(ε))
ïîðîäæóþ÷î¨ çàäà÷i (3) òà ó äîñòàòíüî ìàëîìó îêîëi ïî÷àòêîâîãî çíà÷åííÿ
h0(ε) ôóíêöèè h(ε) çàäà÷à (10) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê

X(t, ε) : X(·, ε) ∈ C1
α×β[a, b], X(t, ·) ∈ Cα×β[0, ε0]

òà iñíó¹ íåïåðåðâíà ôóíêöiÿ h(ε) : h(0) := h∗0. Ïðè öüîìó ó ìàëîìó îêîëi
ðîçâ'ÿçêó Z0(t, c0(ε)) ïîðîäæóþ÷î¨ çàäà÷i (3) òà â äîñèòü ìàëîìó îêîëi ïî-
÷àòêîâîãî çíà÷åííÿ h0(ε) ôóíêöi¨ h(ε) ìàòðè÷íà äèôåðåíöiàëüíî-àëãåáðà¨÷íà
êðàéîâà çàäà÷à (1), (2) ìà¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê

Z(t, ε) : Z(·, ε) ∈ C1
α×β[a, b], Z(t, ·) ∈ Cα×β[0, ε0],

ÿêèé âèçíà÷à¹ îïåðàòîðíà ñèñòåìà (17); äëÿ çíàõîäæåííÿ öüîãî ðîçâ'ÿçêó çà-
ñòîñîâíà iòåðàöiéíà ñõåìà

Zk+1(t, ε) = Z0(t,Θ0(ε)) +Xk+1(t, ε), Xk+1(t, ε) = W (t,Θr(ε)) +X
(1)
k+1(t, ε),

čk+1(ε) = −D+
0 PQ∗

d
MLK

{
DX

[
Z0(t,Θ0(ε)), h0(ε), X

(1)
k (t, ε)

]
+

+R

[
Zk(t, ε), hk(ε), t, ε

]}
(·), Θrk+1

(ε) = M−1

[
J0 čk+1(ε)

]
, (18)

X
(1)
k+1(t, ε) = ε G

[
Π(Z0(s,Θ0(ε)) +Xk(s, ε), h0(ε) + ζk(ε), s, ε); 0

]
(t),

ζk+1(ε) = J1 čk+1(ε), k = 0, 1, 2 ... .

Ïðîìiæîê çíà÷åíü ìàëîãî ïàðàìåòðó [0, ε∗], ε0 ≥ ε∗, íà ÿêîìó çáåðiãà¹òüñÿ
çáiæíiñòü iòåðàöiéíî¨ ñõåìè (18), ìîæå áóòè çíàéäåíèé ÿê áåçïîñåðåäíüî ç îçíà-
÷åííÿ îïåðàòîðà ñòèñíåííÿ [28, 29], òàê i çà äîïîìîãîþ ìàæîðóþ÷èõ ðiâíÿíü
Ëÿïóíîâà [1, 2]. Êðiì òîãî, äëÿ ïîáóäîâè ðîçâ'ÿçêiâ îïåðàòîðíî¨ ñèñòåìè (17)
ìîæíà çàñòîñóâàòè ìåòîä ìàëîãî ïàðàìåòðó Ïóàíêàðå. Ó âèïàäêó ïàðàìåòðè-
÷íîãî ðåçîíàíñó òåîðåìà 1 óçàãàëüíþ¹ âiäïîâiäíi òâåðäæåííÿ [9�11] íà âèïàäîê
ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i òà âåêòîðíî¨ ôóíêöi¨
h(ε). Ó âèïàäêó âiäñóòíîñòi ïàðàìåòðè÷íîãî ðåçîíàíñó òåîðåìà 1 óçàãàëüíþ¹
âiäïîâiäíi òâåðäæåííÿ [1,2] íà âèïàäîê ÿâíî¨ çàëåæíîñòi íåîäíîðiäíîñòåé F(t, ε)
òà A(ε) ïîðîäæóþ÷î¨ êðàéîâî¨ çàäà÷i (2) âiä ìàëîãî ïàðàìåòðó.

Ïðèêëàä 1. Óìîâè òåîðåìè 1 âèêîíóþòüñÿ ó âèïàäêó ìàòðè÷íî¨ äèôåðåí-
öiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i äëÿ ðiâíÿííÿ òèïó Ìàòü¹

AZ ′(t, ε) = BZ(t, ε) + F(t, ε) + εΠ(Z(t, ε), h(ε), t, ε), LZ(·, ε) = 0, (19)

äå

AZ ′(t, ε) :=
2∑
i=1

Si(t)Z
′(t, ε)Ri(t), BZ(t, ε) :=

2∑
j=1

Φj(t)Z(t, ε)Ψj(t),

Íàóê. âiñíèê Óæãîðîä óí-òó, 2017, âèï. �1 (30)



ÌÀÒÐÈ×ÍÀ ÄÈÔÅÐÅÍÖIÀËÜÍÎ-ÀËÃÅÁÐÀ�×ÍÀ ÇÀÄÀ×À Ó ÂÈÏÀÄÊÓ. . . 129

S1 :=


0 0 0
0 0 0
0 0 1
0 1 0

 , S2 :=


0 0 0
0 1 0
0 0 1
0 0 0

 , R1 :=

(
1 0 0
0 0 0

)
,

R2 :=

(
0 0 0
0 1 0

)
, Φ1 :=


0 0 0
0 0 1
0 0 0
0 0 0

 , Φ2 :=


0 0 0
0 0 1
0 0 0
0 0 0

 ,

Ψ1 :=

(
0 0 0
0 1 0

)
, Ψ2 :=

(
0 1 0
0 1 0

)
, F(t, ε) :=


0 0 0
0 sin t 0
0 0 0

cos t 0 0

 ,

êðiì òîãî

Π(Z(t, ε), h(ε), t, ε) := h1(ε)Λ1Z(t, ε)Λ2 + h2(ε)Λ3Z(t, ε)Λ4 + Λ5(t)Z(t, ε)Λ6(t),

Λ1 :=


0 0 0
0 0 0
1 0 0
0 0 0

 , Λ3 :=


0 0 0
0 0 0
0 0 0
1 0 0

 , Λ5(t) :=


0 0 0
0 0 0
t 0 0
0 0 0

 ,

Λ2 :=

(
0 0 0
1 1 0

)
, Λ4 :=

(
0 0 0
1 0 0

)
, Λ6(t) :=

(
0 0 0

sin t 2 sin 2t 0

)
,

LZ(·, ε) := Λ̌(Z(0, ε)− Z(2π, ε)), Λ̌ :=

(
0 1 0 0 0 0
0 0 1 0 0 0

)
,

h(ε) :=

(
h1(ε)
h2(ε)

)
∈ C2[0, ε0].

Ïðèðîäíèé áàçèñ ïðîñòðîðó R3×2 óòâîðþþòü ìàòðèöi

Ξ1 :=

 1 0
0 0
0 0

 , Ξ2 :=

 0 0
1 0
0 0

 , ... , Ξ6 :=

 0 0
0 0
0 1

 .

Êëþ÷îâi ïðè äîñëiäæåííi ðiâíÿííÿ (19) ìàòðèöi ìàþòü âèãëÿä

Ω =


0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0



∗

òà

Θ =


0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 2 0 0 0 0 0 0



∗

,
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ïðè÷îìó óìîâè (6) òà (7) âèêîíóþòüñÿ, ïðè öüîìó ìàòðè÷íà äèôåðåíöiàëüíî-
àëãåáðà¨÷íà êðàéîâà çàäà÷à (19) ÿâëÿ¹ êðèòè÷íèé âèïàäîê: PQ∗ = I2 ̸= 0. Ðiâ-
íÿííÿ (15) ó âèïàäêó ìàòðè÷íî¨ äèôåðåíöiàëüíî-àëãåáðà¨÷íî¨ êðàéîâî¨ çàäà÷i
äëÿ ðiâíÿííÿ òèïó Ìàòü¹ (19) ìà¹ äiéñíèé ðîçâ'ÿçîê

č0(ε) :=

[
c0(ε)
h0(ε)

]
∈ R8, h0(ε) :=

[
h1(ε)
h2(ε)

]
∈ R2

äå
c0(ε) = ( 1 1 0 0 1 0 )∗, h1(ε) = 1, h2(ε) = 0.

Öüîìó ðîçâ'ÿçêó âiäïîâiäà¹ ìàòðèöÿ ïîâíîãî ðàíãó

D0

(
č0(ε)

)
= −2π

(
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0

)
,

äëÿ ÿêî¨ óìîâó (16) âèêîíàíî, îòæå, çãiäíî äî òåîðåìè 1, ó ìàëîìó îêîëi ïîðî-
äæóþ÷îãî ðîçâ'ÿçêó

Z0(t, c0(ε)) =

 1 1
1 + sin t 2− cos t

0 0


òà ó äîñèòü ìàëîìó îêîëi ïî÷àòêîâîãî çíà÷åííÿ h0(ε) ôóíêöi¨ h(ε) ìàòðè÷íà
äèôåðåíöiàëüíî-àëãåáðà¨÷íà êðàéîâà çàäà÷à äëÿ ðiâíÿííÿ òèïó Ìàòü¹ (19) ìà¹
ïðèíàéìíi îäèí ðîçâ'ÿçîê

Z(t, ε) : Z(·, ε) ∈ C1
3×2[0, 2π], Z(t, ·) ∈ C3×2[0, ε0].

Çàçíà÷èìî, ùî ìàòðèöÿD0, êëþ÷îâà ïðè äîñëiäæåííi ìàòðè÷íèõ äèôåðåíöi-
àëüíî-àëãåáðà¨÷íèõ êðàéîâèõ çàäà÷ (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàí-
ñó, ÿê i ó âèïàäêó íåòåðîâèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöi-
àëüíèõ ðiâíÿíü, ìîæå áóòè çíàéäåíà áåçïîñåðåäíüî ç ðiâíÿííÿ äëÿ ïîðîäæóþ-
÷èõ ôóíêöié (15):

∂

∂č
PQ∗

d
M

{
LK

[
Π(Z0(s,Θ0(ε)), h0(ε), s, ε)

]
(·)
}

= D0(ε).

Çàïðîïîíîâàíó ñõåìó äîñëiäæåííÿ ìàòðè÷íèõ äèôåðåíöiàëüíî-àëãåáðà¨÷íèõ
êðàéîâèõ çàäà÷ (1), (2) ó âèïàäêó ïàðàìåòðè÷íîãî ðåçîíàíñó, ÿê i ó âèïàäêó íå-
òåðîâèõ êðàéîâèõ çàäà÷ äëÿ ñèñòåì çâè÷àéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü, àíà-
ëîãi÷íî [1, 15] ìîæå áóòè ïåðåíåñåíî íà ìàòðè÷íi êðàéîâi çàäà÷i ç iìïóëüñíèì
âïëèâîì [33]. Çàçíà÷èìî òàêîæ, ùî äëÿ çíàõîäæåííÿ íàáëèæåíîãî ðîçâ'ÿçêó
îïåðàòîðíî¨ ñèñòåìè (17) ìîæíà çàñòîñóâàòè ÷èñåëüíî-àíàëiòè÷íèé ìåòîä [34].
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