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ÀÑÈÌÏÒÎÒÈ×ÍÀ ÏÎÂÅÄIÍÊÀ ÐÎÇÂ'ßÇÊIÂ ÇÂÈ×ÀÉÍÈÕ
ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ n-ÃÎ ÏÎÐßÄÊÓ Ç
ÏÐÀÂÈËÜÍÎ ÇÌIÍÍÈÌÈ ÍÅËIÍIÉÍÎÑÒßÌÈ

In the paper the question of existence and asymptotic behaviour of Pk
+∞(λ0)–solutions, k ∈

{3, . . . , n} and λ0 ∈ {1,±∞}, of a binomial non-autonomous n-th order ordinary differential equa-
tion with regularly varying nonlinearities was investigated. The asymptotic formulas of their
derivatives of order up to n− 1 were obtained too.

Ó ðîáîòi âèâ÷åíî ïèòàííÿ ïðî iñíóâàííÿ òà àñèìïòîòè÷íó ïîâåäiíêó Pk
+∞(λ0)�ðîçâ'ÿçêiâ ïðè

k ∈ {3, . . . , n} i λ0 ∈ {1,±∞} ó äâî÷ëåííîãî íåàâòîíîìíîãî çâè÷àéíîãî äèôåðåíöiàëüíîãî
ðiâíÿííÿ n-ãî ïîðÿäêó ç ïðàâèëüíî çìiííèìè íåëiíiéíîñòÿìè. Îòðèìàíi òàêîæ àñèìïòîòè÷íi
ôîðìóëè äëÿ ¨õ ïîõiäíèõ äî ïîðÿäêó n− 1 âêëþ÷íî.

1. Âñòóï. Ðîçãëÿíåìî äèôåðåíöiàëüíå ðiâíÿííÿ

y(n) = αp(t)
n−1∏
j=0

φj(y
(j)), (1)

â ÿêîìó n ≥ 2, α ∈ {−1, 1}, p : [a, ω[→]0,+∞[ � íåïåðåðâíà ôóíêöiÿ, −∞ < a <
ω ≤ +∞, φj : ∆Yj →]0; +∞[ � íåïåðåðâíà òà ïðàâèëüíî çìiííà ïðè y(j) → Yj
ôóíêöiÿ ïîðÿäêó σj, j = 0, n− 1, ∆Yj � äåÿêèé îäíîñòîðîííié îêië òî÷êè Yj,
Yj ∈ {0,±∞}3.

Âàæëèâèì îêðåìèì âèïàäêîì ðiâíÿííÿ (1) ¹ óçàãàëüíåíå ðiâíÿííÿ òèïó
Åìäåíà-Ôàóëåðà

y(n) = αp(t)
n−1∏
j=0

|y(j)|σjsign y, (2)

äå n ≥ 2, α ∈ {−1, 1}, σj ∈ R (j = 0, n− 1), p : [a, ω[→]0,+∞[ � íåïåðåðâíà
ôóíêöiÿ, −∞ < a < ω ≤ +∞, ÿêå ìà¹ áåçëi÷ çàñòîñóâàíü íà ïðàêòèöi: ó ÿäåðíié
ôiçèöi, ãàçîâié äèíàìiöi, ìåõàíiöi ðiäèíè òà iíøèõ ãàëóçÿõ ïðèðîäîçíàâñòâà.

Ó ðîáîòi [1] Â. Ì. �âòóõîâ ç ìíîæèíè ðîçâ'ÿçêiâ ðiâíÿííÿ (2) âèäiëèâ äîñòà-
òíüî øèðîêèé êëàñ, òàê çâàíèõ, Pω(λ0)�ðîçâ'ÿçêiâ (λ0 ∈ R). Äîñëiäæóþ÷è àïði-
îðíi àñèìïòîòè÷íi âëàñòèâîñòi Pω(λ0)�ðîçâ'ÿçêiâ, ó ðîáîòi [2] áóëî âñòàíîâëåíî,
ùî ¨õ ìíîæèíà ðîçïàäà¹òüñÿ íà n + 2 íåïåðåòèííèõ ïiäìíîæèí â çàëåæíîñòi
âiä çíà÷åíü λ0. Ïðè âèêîíàííi íåðiâíîñòi σ0+ . . .+σn−1 ̸= 1 áóëè îòðèìàíi íåîá-
õiäíi òà äîñòàòíi óìîâè iñíóâàííÿ ó äèôåðåíöiàëüíîãî ðiâíÿííÿ (2) êîæíîãî ç
n+ 2 ìîæëèâèõ òèïiâ Pω(λ0)�ðîçâ'ÿçêiâ òà âñòàíîâëåíi àñèìïòîòè÷íi ïðè t ↑ ω
çîáðàæåííÿ äëÿ òàêèõ ðîçâ'ÿçêiâ òà ¨õ ïîõiäíèõ äî ïîðÿäêó n− 1 âêëþ÷íî.

Ó çâ'ÿçêó çi ñòðiìêèì ðîçâèòêîì òåîði¨ ïðàâèëüíî òà ïîâiëüíî çìiííèõ ôóíê-
öié òà ðåãóëÿðíèì ¨õ âèêîðèñòàííÿì ó áàãàòüîõ íàóêîâèõ äîñëiäæåííÿõ íå çãà-
ñàâ iíòåðåñ äî ¨õ çàñòîñóâàííÿ â àñèìïòîòè÷íié òåîði¨ äèôåðåíöiàëüíèõ ðiâíÿíü.

3Ïðè Yj = ±∞ òóò i äàëi áóäåìî ââàæàòè, ùî âñi ÷èñëà ç îêîëó ∆Yj îäíîãî çíàêó.
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Ó ðîáîòi [3] êëàñ Pω(λ0)�ðîçâ'ÿçêiâ áóâ óïåðøå êîíêðåòèçîâàíèé äëÿ ðiâíÿíü n�
ãî ïîðÿäêó ç ïðàâèëüíî çìiííîþ íåëiíiéíiñòþ. Ïiçíiøå â ðîáîòàõ Â. Ì. �âòóõîâà
òà Î. Ì. Êëîïîòà [4�6], Î. Ì. Êëîïîòà [7, 8] áóëè ðîçãëÿíóòi ðiâíÿííÿ âèäó

y(n) =
m∑
k=1

αkpk(t)
n−1∏
j=0

φkj(y
(j)),

äå n ≥ 2, αk ∈ {−1, 1} (k = 1,m), pk : [a, ω[→]0,+∞[ (k = 1,m) � íåïåðåðâ-
íi ôóíêöi¨, −∞ < a < ω ≤ +∞, φkj : ∆Yj →]0; +∞[ (k = 1,m, j = 0, n− 1)
� íåïåðåðâíi òà ïðàâèëüíî çìiííi ïðè y(j) → Yj ôóíêöi¨ ïîðÿäêó σj, ∆Yj �
äåÿêèé îäíîñòîðîííié îêië òî÷êè Yj, Yj äîðiâíþ¹ àáî 0, àáî ±∞. Äëÿ öèõ ðiâ-
íÿíü áóâ ââåäåíèé êëàñ Pω(Y0, . . . , Yn−1, λ0)�ðîçâ'ÿçêiâ, äëÿ ÿêèõ, çâàæàþ÷è íà
¨õ îçíà÷åííÿ, âèêîíóþòüñÿ òàêi óìîâè

lim
t↑ω

y(j)(t) = Yj (j = 0, n− 1), lim
t↑ω

[y(n−1)(t)]2

y(n−2)(t)y(n)(t)
= λ0,

áóëè âñòàíîâëåíi íåîáõiäíi òà äîñòàòíi óìîâè ¨õ iñíóâàííÿ.

2. Ïîñòàíîâêà çàäà÷i òà äîïîìiæíi ðåçóëüòàòè. Ó öié ðîáîòi ðîçãëÿäà-
¹òüñÿ äèôåðåíöiàëüíå ðiâíÿííÿ (1) ïðè ω = +∞ òà n ≥ 3, òîáòî äèôåðåíöiàëüíå
ðiâíÿííÿ

y(n) = αp(t)
n−1∏
j=0

φj(y
(j)), (3)

â ÿêîìó α ∈ {−1, 1}, p : [a,+∞[→]0,+∞[ � íåïåðåðâíà ôóíêöiÿ, a ∈ R, φj :
∆Yj →]0; +∞[� íåïåðåðâíà òà ïðàâèëüíî çìiííà ïðè y(j) → Yj ôóíêöiÿ ïîðÿäêó
σj, j = 0, n− 1, ∆Yj � äåÿêèé îäíîñòîðîííié îêië òî÷êè Yj, Yj ∈ {0,±∞}.

Îêðiì çàçíà÷åíèõ âèùå ðîçâ'ÿçêiâ, äëÿ ÿêèõ lim
t→+∞

y(n−k)(t) (k = 1, n) äîðiâ-

íþ¹ àáî 0, àáî ±∞, ó ðiâíÿííÿ (3) ìîæóòü áóòè òàêîæ ðîçâ'ÿçêè, äëÿ êîæíîãî
ç ÿêèõ iñíó¹ k ∈ {1, . . . , n} òàêå, ùî

y(n−k)(t) = c+ o(1) (c ̸= 0) ïðè t→ +∞. (4)

Äëÿ ðiâíÿíü çàãàëüíîãî âèäó áóëè îòðèìàíi äåÿêi ðåçóëüòàòè ïðî iñíóâàííÿ
ðîçâ'ÿçêiâ ç òàêèìè çîáðàæåííÿìè â íàñëiäêàõ 8.2, 8.6, 8.12 (äèâ. [9], ãë. II,
�8, ñ. 207, 214, 223) òà íàñëiäêàõ 9.3, 9.7 (äèâ. [9], ãë. II, �9, ñ. 230, 233), äëÿ
äèôåðåíöiàëüíèõ ðiâíÿíü òèïó Åìäåíà-Ôàóëåðà � â òåîðåìi 16.9 (äèâ. [9], ãë.
IV, �16, ñ. 321). Àëå öi ðåçóëüòàòè çàáåçïå÷óþòü äîñèòü æîðñòêå îáìåæåííÿ íà
(n− k + 1)�ó òà íàñòóïíi ïîõiäíi ðîçâ'ÿçêó.

Ó öié ðîáîòi äîñëiäæó¹òüñÿ ïèòàííÿ ïðî îòðèìàííÿ íîâèõ ðåçóëüòàòiâ ç
ìåíø æîðñòêèìè îáìåæåííÿìè. Ïðè k = 1, 2 àáî ó âèïàäêó, êîëè ãðàíèöi φi(y(i))
(i = n− k + 1, n− 2) ïðè y(i) → Yi äîðiâíþþòü äîäàòíiì ñòàëèì, â ðîáîòàõ [10]
òà [11] äëÿ ðiâíÿííÿ (3) áóëè îòðèìàíi íåîáõiäíi òà äîñòàòíi óìîâè iñíóâàííÿ
ðîçâ'ÿçêiâ âèäó (4) òà îïèñàíà ¨õ àñèìïòîòè÷íà ïîâåäiíêà áåç äîäàòêîâèõ îáìå-
æåíü íà öi ðîçâ'ÿçêè. Ó âñiõ iíøèõ âèïàäêàõ ç ðîçâ'ÿçêiâ âèäó (4) áóâ âèäiëåíèé
(äèâ. [12]) äîñèòü øèðîêèé ïiäêëàñ, òàê çâàíèõ, Pk+∞(λ0)�ðîçâ'ÿçêiâ ðiâíÿííÿ (3)
òàêèì ÷èíîì.
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Îçíà÷åííÿ 1. Ðîçâ'ÿçîê y äèôåðåíöiàëüíîãî ðiâíÿííÿ (3) áóäåìî ïðè k ∈
{3, . . . , n} íàçèâàòè Pk+∞(λ0)�ðîçâ'ÿçêîì, äå −∞ ≤ λ0 ≤ +∞, ÿêùî âií âèçíà-
÷åíèé íà ïðîìiæêó [t0k,+∞[⊂ [a,+∞[ òà çàäîâîëüíÿ¹ òàêi óìîâè

lim
t→+∞

y(n−k)(t) = c (c ̸= 0), lim
t→+∞

[y(n−1)(t)]2

y(n−2)(t)y(n)(t)
= λ0. (5)

Çà ñâî¨ìè àñèìïòîòè÷íèìè âëàñòèâîñòÿìè ìíîæèíà âñiõ Pk+∞(λ0)�ðîçâ'ÿçêiâ
ðiâíÿííÿ (3) ðîçïàäà¹òüñÿ íà k + 1 (k ∈ {3, . . . , n}) íåïåðåòèííèõ ïiäìíîæèí
(äèâ. [2]), ÿêi âiäïîâiäàþòü òàêèì çíà÷åííÿì ïàðàìåòðó λ0:

λ0 ∈ R \
{
0, 1

2
, . . . , k−3

k−2
, 1
}
, λ0 = ±∞, λ0 = 1,

λ0 =
n−j−1
n−j , j ∈ {n− k + 2, . . . , n− 1}.

Âèïàäîê λ0 ∈ R \
{
0, 1

2
, . . . , k−3

k−2
, 1
}
âèâ÷åíèé ó ðîáîòi [12]. Ìåòîþ öi¹¨ ðî-

áîòè ¹ äîñëiäæåííÿ ïèòàííÿ ïðî óìîâè iñíóâàííÿ òà àñèìïòîòè÷íó ïîâåäiíêó
Pk+∞(λ0)�ðîçâ'ÿçêiâ (k ∈ {3, . . . , n}) ðiâíÿííÿ (3) â îñîáëèâîìó âèïàäêó, êîëè
λ0 ∈ {1,±∞}, à òàêîæ ïðî êiëüêiñòü òàêèõ ðîçâ'ÿçêiâ.

Çãiäíî ç ðîáîòîþ [2] äîñëiäæóâàíi ðîçâ'ÿçêè ðiâíÿííÿ (3) ìàþòü òàêi àïðiîðíi
àñèìïòîòè÷íi âëàñòèâîñòi.

Ëåìà 1. Íåõàé k ∈ {3, . . . , n} òà y : [t0k,+∞[→ R � äîâiëüíèé Pk+∞(λ0)�
ðîçâ'ÿçîê ðiâíÿííÿ (3). Òîäi:
1) ÿêùî λ0 = ±∞, òî ìàþòü ìiñöå àñèìïòîòè÷íi ïðè t → +∞ ñïiââiäíîøå-
ííÿ

y(l−1)(t) ∼ tn−l

(n−l)!y
(n−1)(t) (l = n− k + 2, n− 1), y(n)(t) = o

(
y(n−1)(t)

t

)
; (6)

2) ÿêùî λ0 = 1, òî ïðè t→ +∞

y(n−k+2)(t)

y(n−k+1)(t)
∼ y(n−k+3)(t)

y(n−k+2)(t)
∼ . . . ∼ y(n)(t)

y(n−1)(t)
òà lim

t→+∞
ty(n−k+2)(t)

y(n−k+1)(t)
= +∞. (7)

Ç âèãëÿäó ðiâíÿííÿ (3) çðîçóìiëî, ùî y(n)(t) çáåðiãà¹ çíàê ó äåÿêîìó îêîëi
+∞. Òîäi y(n−l)(t) (l = 1, k − 1) ¹ ñòðîãî ìîíîòîííèìè ôóíêöiÿìè â îêîëi +∞
òà ç îãëÿäó íà (4) ìîæóòü ïðÿìóâàòè ëèøå äî íóëÿ ïðè t→ +∞. Òîìó

Yj−1 = 0 ïðè j = n− k + 2, n. (8)

Òóò i äàëi áóäåìî ââàæàòè, ùî ÷èñëà µj (j = 0, n− 1), ÿêi âèçíà÷åíi òàêèì
÷èíîì:

µj =


1, ÿêùî Yj = +∞,

àáî Yj = 0 òà ∆Yj − ïðàâèé îêië 0,
−1, ÿêùî Yj = −∞,

àáî Yj = 0 òà ∆Yj − ëiâèé îêië 0,

òàêi, ùî

µjµj+1 > 0 ïðè j = 0, n− k − 1, µjµj+1 < 0 ïðè j = n− k + 1, n− 2, (9)
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αµn−1 < 0. (10)

Öi óìîâè íà µj (j = 0, n− 1) òà α ¹ íåîáõiäíèìè äëÿ iñíóâàííÿ ó ðiâíÿííÿ (3)
Pk+∞(λ0)�ðîçâ'ÿçêiâ, îñêiëüêè äëÿ êîæíîãî ç íèõ â äåÿêîìó îêîëi +∞

sign y(j)(t) = µj (j = 0, n− 1), sign y(n)(t) = α.

Êðiì òîãî, î÷åâèäíî, ùî âðàõîâóþ÷è ïåðøå çi ñïiââiäíîøåíü (5) äëÿ òàêèõ
ðîçâ'ÿçêiâ ìàþòü ìiñöå òàêi àñèìïòîòè÷íi çîáðàæåííÿ

y(l−1)(t) =
ctn−l−k+1

(n− l − k + 1)!
[1 + o(1)] (l = 1, n− k) ïðè t→ +∞, (11)

c ∈ ∆Yn−k i òîäi

Yj−1 =

{
+∞, ÿêùî µn−k > 0,
−∞, ÿêùî µn−k < 0

ïðè j = 1, n− k. (12)

Ó ðiâíÿííi (3) êîæíà ç ïðàâèëüíî çìiííèõ ïðè y(j) → Yj ôóíêöié φj (j =
0, n− 1) ïîðÿäêó σj ìîæå áóòè ïðåäñòàâëåíà (äèâ. [13], ãë.I, �1, c.10) ó âèãëÿäi

φj(y
(j)) = |y(j)|σjLj(y(j)) (j = 0, n− 1), (13)

äå Lj : ∆Yj →]0,+∞[ (j = 0, n− 1) � ïîâiëüíî çìiííà ïðè y(j) → Yj ôóíêöiÿ.
Çãiäíî ç îçíà÷åííÿì òà âëàñòèâîñòÿìè ïîâiëüíî çìiííèõ ôóíêöié

lim
y(j)→Yj

y(j)∈∆Yj

Lj(λy
(j))

Lj(y(j))
= 1 äëÿ áóäü-ÿêîãî λ > 0 (j = 0, n− 1). (14)

Ó ÿêîñòi ïðèêëàäiâ ïîâiëüíî çìiííèõ ïðè y → Y0 ôóíêöié ìîæíà íàâåñòè òàêi:

| ln |y||γ1 , lnγ2 | ln |y||, γ1, γ2 ∈ R,
exp(| ln |y||γ3), 0 < γ3 < 1, exp

(
ln |y|

ln | ln |y||

)
,

ôóíêöi¨, ùî ìàþòü âiäìiííó âiä íóëÿ ãðàíèöþ ïðè y → Y0.

Áóäåìî òàêîæ ãîâîðèòè, ùî ïîâiëüíî çìiííà ïðè y → Y0 ôóíêöiÿ L : ∆Y0 →
]0,+∞[ çàäîâîëüíÿ¹ óìîâó S0, ÿêùî

L
(
µe[1+o(1)] ln |y|) = L(y)[1 + o(1)] ïðè y → Y0 (y ∈ ∆Y0),

äå µ = sign y.
Óìîâó S0 íàïåâíå çàäîâîëüíÿþòü ôóíêöi¨ L, ÿêi ìàþòü ñêií÷åííó ãðàíèöþ

ïðè y → Y0, à òàêîæ ôóíêöi¨ âèäó

L(y) = | ln |y||γ1 , L(y) = | ln |y||γ1 | ln | ln |y|||γ2 ,

äå γ1, γ2 ̸= 0, òà áàãàòî iíøèõ.

Çàóâàæåííÿ 1. ßêùî ïîâiëüíî çìiííà ïðè y → Y0 ôóíêöiÿ L : ∆Y0 →
]0,+∞[ çàäîâîëüíÿ¹ óìîâó S0, òî äëÿ áóäü-ÿêî¨ ïîâiëüíî çìiííî¨ ïðè y → Y0
ôóíêöi¨ l : ∆Y0 →]0,+∞[

L(yl(y)) = L(y)[1 + o(1)] ïðè y → Y0 (y ∈ ∆Y0).
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Ñïðàâåäëèâiñòü öüîãî òâåðäæåííÿ áåçïîñåðåäíüî âèïëèâà¹ ç òåîðåìè 1.1 ïðî
ðiâíîìiðíó çáiæíiñòü òà òåîðåìè 1.2 ïðî ïðåäñòàâëåííÿ ïîâiëüíî çìiííèõ ôóí-
êöié (äèâ. [13], ãë.I, �1, c.10).

Çàóâàæåííÿ 2 (äèâ. [3]). ßêùî ïîâiëüíî çìiííà ïðè y → Y0 ôóíêöiÿ L :
∆Y0 →]0,+∞[ çàäîâîëüíÿ¹ óìîâó S0, à ôóíêöiÿ y : [t0k,+∞[−→ ∆Y0 � íåïðåðâ-
íî äèôåðåíöiéîâíà i òàêà, ùî

lim
t→+∞

y(t) = Y0,
y′(t)

y(t)
=
ξ′(t)

ξ(t)
[r + o(1)] ïðè t→ +∞,

äå r � âiäìiííà âiä íóëÿ äiéñíà ñòàëà, ξ � íåïðåðâíî äèôåðåíöiéîâíà â äåÿêîìó
îêîëi +∞ äiéñíà ôóíêöiÿ, äëÿ ÿêî¨ ξ′(t) ̸= 0, òîäi

L(y(t)) = L (µ|ξ(t)|r) [1 + o(1)] ïðè t→ +∞,

äå µ = sign y(t) â äåÿêîìó îêîëi +∞.

Çàóâàæåííÿ 3 (äèâ. [5]). ßêùî ïîâiëüíî çìiííà ïðè y → Y0 ôóíêöiÿ L :
∆Y0 →]0,+∞[ çàäîâîëüíÿ¹ óìîâó S0, à ôóíêöiÿ r : ∆Y0 × K → R, äå K �
êîìïàêò â Rn, òàêà, ùî

lim
y→∆Y0
y∈∆Y0

r(z, v) = 0 ðiâíîìiðíî ïî v ∈ K,

òîäi

lim
y→∆Y0
y∈∆Y0

L(ve[1+r(z,v)] ln |z|)

L(z)
= 1 ðiâíîìiðíî ïî v ∈ K, äå v = sign z.

3. Îñíîâíi ðåçóëüòàòè. Ðîçãëÿíåìî âèïàäîê λ0 = ±∞. Äëÿ ðiâíÿííÿ (3)
ñïðàâåäëèâå òàêå òâåðäæåííÿ.

Òåîðåìà 1. Ïðè k ∈ {3, . . . , n} ðiâíÿííÿ (3) íå ìà¹ Pk+∞(±∞)�ðîçâ'ÿçêiâ.

Äîâåäåííÿ. Äiéñíî, ÿêùî y : [t0k,+∞[→ ∆Y0 � äîâiëüíèé Pk+∞(±∞)�
ðîçâ'ÿçîê ðiâíÿííÿ (3), òî ç îñòàííüîãî ñïiââiäíîøåííÿ (6) áåçïîñåðåäíüî âè-
ïëèâà¹, ùî

y(n−1)(t) ∼ to(1) ïðè t→ +∞,

à öå ðàçîì ç iíøèìè ñïiââiäíîøåííÿìè (6) ñóïåðå÷èòü óìîâi (8). Îòæå, ñïðàâå-
äëèâèì ¹ òâåðäæåííÿ òåîðåìè.

Äàëi äëÿ âèâ÷åííÿ âèïàäêó λ0 = 1 îêðiì ôàêòiâ, çàçíà÷åíèõ ó ïàðàãðàôi 2,
ïðî ïðàâèëüíî òà ïîâiëüíî çìiííi ïðè y(j) → Yj (j = 0, n− 1) ôóíêöi¨, áóäóòü
âèêîðèñòîâóâàòèñÿ ïðè k ∈ {3, . . . , n} òàêi äîïîìiæíi ïîçíà÷åííÿ:

γk = 1−
n−1∑

j=n−k+1

σj, νk =
n−2∑

j=n−k+1

σj(n− j − 1), Mk(c) =
n−k∏
j=1

∣∣∣ c
(n−j−k+1)!

∣∣∣σj−1

,

Ik(t) = φn−k(c)Mk(c)
t∫

A0k

p(τ)
n−k−1∏
j=0

φj
(
µjτ

n−k−j) dτ, I1k(t) =
t∫

A1k

Ik(τ)dτ,
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äå A0k (A1k) âèáèðà¹òüñÿ ðiâíèì ÷èñëó a0k ≥ a (a1k ≥ a0k) (ñïðàâà âiä ÿêîãî
ïiäiíòåãðàëüíà ôóíêöiÿ íåïåðåðâíà), ÿêùî ïðè öüîìó çíà÷åííi ãðàíèöi iíòåãðó-
âàííÿ âiäïîâiäíèé iíòåãðàë ïðÿìó¹ äî +∞ ïðè t → +∞, òà ðiâíèì +∞, ÿêùî
ïðè òàêîìó çíà÷åííi ãðàíèöi iíòåãðóâàííÿ âií ïðÿìó¹ äî íóëÿ ïðè t→ +∞.

Ïåðø çà âñå âñòàíîâèìî äëÿ ðiâíÿííÿ (3) ñïðàâåäëèâiñòü íàñòóïíèõ äâîõ
òåîðåì.

Òåîðåìà 2. Íåõàé k ∈ {3, . . . , n} òà γk ̸= 0. Äëÿ iñíóâàííÿ ó ðiâíÿííÿ
(3) Pk+∞(1)�ðîçâ'ÿçêiâ íåîáõiäíî, ùîá c ∈ ∆Yn−k, ðàçîì ç (8) − (10) òà (12)
âèêîíóâàëèñü óìîâè

I ′k(t)

Ik(t)
∼ Ik(t)

I1k(t)
ïðè t→ +∞, lim

t→+∞
|Ik(t)|

1
γk = 0 (j = n− k + 1, n− 1), (15)

òà áóëè ñïðàâåäëèâi ïðè t ∈]a,+∞[ íåðiâíîñòi

γkIk(t) < 0, I1k(t) > 0, (−1)n−j−1µjµn−1 > 0 (j = n− k + 1, n− 3). (16)

Áiëüø òîãî, äëÿ êîæíîãî òàêîãî ðîçâ'ÿçêó, îêðiì (4) òà (11), ìàþòü ìiñöå
ïðè t→ +∞ àñèìïòîòè÷íi çîáðàæåííÿ

y(j)(t) =

(
γkI1k(t)

Ik(t)

)n−j−1

y(n−1)(t)[1 + o(1)] (j = n− k + 1, n− 2), (17)

∣∣y(n−1)(t)
∣∣γk

n−1∏
j=n−k+1

Lj

((
γkI1k(t)
Ik(t)

)n−j−1

y(n−1)(t)

) = αµn−1γkIk(t)

∣∣∣∣γkI1k(t)Ik(t)

∣∣∣∣νk [1+o(1)]4. (18)

Òåîðåìà 3. Íåõàé k ∈ {3, . . . , n}, γk ̸= 0 òà ïîâiëüíî çìiííi ïðè y(j) → Yj
ôóíêöi¨ Lj (j = n− k + 1, n− 1) çàäîâîëüíÿþòü óìîâó S0. Òîäi, ó ðàçi íàÿâíî-
ñòi ó ðiâíÿííÿ (3) Pk+∞(1)�ðîçâ'ÿçêiâ, âèêîíó¹òüñÿ óìîâà

+∞∫
a2k

(
I1k(τ)
Ik(τ)

)k−2

∣∣∣∣∣γkIk(τ) ∣∣∣γkI1k(τ)Ik(τ)

∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(τ)|

1
γk

)∣∣∣∣∣
1
γk

dτ < +∞, (19)

äå a2k ≥ a1k òàêå, ùî µj−1 |Ik(t)|
1
γk ∈ ∆Yj−1 (j = n− k + 2, n) ïðè t ≥ a2k, òà

äëÿ êîæíîãî ç òàêèõ ðîçâ'ÿçêiâ ìàþòü ìiñöå îêðiì (11) àñèìïòîòè÷íi ïðè
t→ +∞ çîáðàæåííÿ

y(n−k)(t) = c+ µn−1γ
k−2
k Wk(t) [1 + o(1)], (20)

y(l−1)(t) = µn−1γ
n−l
k

(
I1k(t)

Ik(t)

)n−l−k+2

W ′
k(t)[1 + o(1)] (l = n− k + 2, n), (21)

äå

Wk(t) =

t∫
+∞

(
I1k(τ)

Ik(τ)

)k−2
∣∣∣∣∣γkIk(τ)

∣∣∣∣γkI1k(τ)Ik(τ)

∣∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(τ)|

1
γk

)∣∣∣∣∣
1
γk

dτ.

4Òóò i äàëi áóäåìî ââàæàòè, ùî
l∏
m

= 1, ÿêùî m > l.
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Äîâåäåííÿ òåîðåì 2�3. Íåõàé y : [t0k,+∞[→ ∆Y0 � äîâiëüíèé Pk+∞(1)�
ðîçâ'ÿçîê ðiâíÿííÿ (3). Òîäi, ÿê áóëî âñòàíîâëåíî ïåðåä ôîðìóëþâàííÿìè òåî-
ðåì, c ∈ ∆Yn−k, âèêîíóþòüñÿ (8)− (10), (12) òà ìàþòü ìiñöå àñèìïòîòè÷íi ïðè
t→ +∞ çîáðàæåííÿ (4) òà (11). Ç (11) òàêîæ âèïëèâà¹, ùî

y(j+1)(t)

y(j)(t)
=
n− j − k

t
[1 + o(1)] (j = 0, n− k − 1) ïðè t→ +∞.

Âðàõîâóþ÷è ïðåäñòàâëåííÿ (13) ïðàâèëüíî çìiííèõ ïðè t → +∞ ôóíêöié
φj(y

(j)) ïðè j = 0, n− k − 1 òà ñïðàâåäëèâiñòü âèêîíàííÿ ñïiââiäíîøåíü (14)
ðiâíîìiðíî ïî λ íà áóäü-ÿêîìó âiäðiçêó [d1, d2] ⊂]0,+∞[, ìà¹ìî

φj−1

(
ctn−j−k+1

(n−j−k+1)!
[1 + o(1)]

)
=
∣∣∣ ctn−j−k+1

(n−j−k+1)!
[1 + o(1)]

∣∣∣σj−1

Lj−1

(
ctn−j−k+1

(n−j−k+1)!
[1 + o(1)]

)
=

=
∣∣∣ c
(n−j−k+1)!

∣∣∣σj−1

t(n−j−k+1)σj−1Lj−1

(
µj−1t

n−j−k+1
)
[1 + o(1)] =

=
∣∣∣ c
(n−j−k+1)!

∣∣∣σj−1

φj−1(µj−1t
n−j−k+1)[1 + o(1)] (j = 1, n− k) ïðè t→ +∞.

Òîäi, ïiäñòàâèâøè ðîçâ'ÿçîê ðàçîì ç ïîõiäíèìè äî ïîðÿäêó n−k âêëþ÷íî â (3),
ïðè t→ +∞ îòðèìà¹ìî

y(n)(t)

φn−1(y(n−1)(t))...φn−k+1(y(n−k+1)(t))
=

= αMk(c)p(t)φ0

(
µ0t

n−k)φ1

(
µ1t

n−k−1
)
. . . φn−k(c) [1 + o(1)].

Ïåðåïèøåìî éîãî ó âèãëÿäi

y(n)(t)
n−1∏

j=n−k+1
φj(y(j)(t))

= αI ′k(t) [1 + o(1)]. (22)

Çãiäíî ç (13) òà òåîðåìîþ 1.2 ïðî ïðåäñòàâëåííÿ ( [13], ãë.I, �1, c.10) iñíóþòü
íåïåðåðâíî äèôåðåíöiéîâíi ïðàâèëüíî çìiííi ïðè y(j) → Yj ôóíêöi¨ φ0j : ∆Yj →
]0; +∞[ ïîðÿäêiâ σj (j = 0, n− 1) òàêi, ùî

lim
y(j)→Yj

y(j)∈∆Yj

φj(y
(j))

φ0j(y(j))
= 1, lim

y(j)→Yj

y(j)∈∆Yj

y(j)φ′
0j(y

(j))

φ0j(y(j))
= σj. (23)

Çâàæàþ÷è íà (23) òà ïåðøå çi ñïiââiäíîøåíü (7), ìà¹ìî y(s−1)(t)
n−1∏

j=n−k+1
φ0j(y(j)(t))

′

=

= y(s)(t)
n−1∏

j=n−k+1

φ0j(y(j)(t))

[
1−

n−1∑
j=n−k+1

(
y(s−1)(t)y(j+1)(t)

y(s)(t)y(j)(t)

y(j)(t)φ′
0j(y

(j)(t))

φ0j(y(j)(t))

)]
=

= y(s)(t)
n−1∏

j=n−k+1
φ0j(y(j)(t))

[γk + o(1)] ïðè t→ +∞ (s = n− k + 2, n).

(24)
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Çâiäñè ïðè s = n âèïëèâà¹, ùî (22) ìîæå áóòè ïåðåïèñàíå ó âèãëÿäi y(n−1)(t)
n−1∏

j=n−k+1

φ0j(y(j)(t))


′

= αγkI
′
k(t)[1 + o(1)] ïðè t→ +∞.

Iíòåãðóþ÷è öå ñïiââiäíîøåííÿ íà ïðîìiæêó âiä t0k äî t òà âðàõîâóþ÷è ïðàâèëî
âèáîðó ãðàíèöi iíòåãðóâàííÿ A0k ó ôóíêöi¨ Ik(t), îòðèìà¹ìî

y(n−1)(t)
n−1∏

j=n−k+1

φ0j(y(j)(t))

= αγkIk(t)[1 + o(1)] ïðè t→ +∞. (25)

Àíàëîãi÷íî ç (25) ç âèêîðèñòàííÿì (24) ïðè s = n− 1 îòðèìà¹ìî

y(n−2)(t)
n−1∏

j=n−k+1

φ0j(y(j)(t))

= αγ2kI1k(t)[1 + o(1)] ïðè t→ +∞. (26)

Ç (22), (25) òà (26) ç óðàõóâàííÿì ïåðøî¨ ç óìîâ (23) ìà¹ìî

y(n)(t)

y(n−1)(t)
∼ I ′k(t)

γkIk(t)
,
y(n−1)(t)

y(n−2)(t)
∼ Ik(t)

γkI1k(t)
ïðè t→ +∞ (27)

òà, çâàæàþ÷è íà (9), îòðèìó¹ìî ñïðàâåäëèâiñòü ïåðøèõ äâîõ íåðiâíîñòåé ç (16).
Òàêîæ ç (27) ç îãëÿäó íà ëåìó 1 âèïëèâà¹, ùî ñïðàâåäëèâi óìîâè (15), ç óðàõó-
âàííÿì òîòîæíîñòåé

y(j)(t) =
yj(t)

y(j+1)(t)
. . .

y(n−2)(t)

y(n−1)(t)
y(n−1)(t) (j = n− k + 1, n− 2)

ìàþòü ìiñöå àñèìïòîòè÷íi çîáðàæåííÿ (17) òà, â ðåçóëüòàòi, âèêîíó¹òüñÿ îñòà-
ííÿ ç íåðiâíîñòåé (16).

Âèêîðèñòîâóþ÷è íàâåäåíi âèùå òîòîæíîñòi, çîáðàæåííÿ (17) òà âëàñòèâîñòi,
ùî âèïëèâàþòü ç òåîðåìè 1.2 ( [13], ãë.I, �1, c.10) äëÿ ïîâiëüíî çìiííèõ ïðè

y(j) → Yj ôóíêöié L0j(y
(j)) =

φ0j(y
(j))

|y(j)|σj (j = n− k + 1, n− 1), çíàõîäèìî

φ0j(y
(j)(t)) = |y(j)|σjL0j(y

(j)(t)) ∼
∣∣∣∣(γkI1k(t)Ik(t)

)n−j−1

y(n−1)(t)

∣∣∣∣σj ×
×L0j

((
γkI1k(t)
Ik(t)

)n−j−1

y(n−1)(t)[1 + o(1)]

)
∼

∼
∣∣∣γkI1k(t)Ik(t)

∣∣∣(n−j−1)σj
|y(n−1)(t)|σjL0j

((
γkI1k(t)
Ik(t)

)n−j−1

y(n−1)(t)

)
(j = n− k + 1, n− 1) ïðè t→ +∞.

Ç îãëÿäó íà öi ñïiââiäíîøåííÿ ç (25) îòðèìó¹ìî ïðè t→ +∞ çîáðàæåííÿ

|y(n−1)(t)|γk
∣∣∣ Ik(t)
γkI1k(t)

∣∣∣νk
n−1∏

j=n−k+1

L0j

((
γkI1k(t)
Ik(t)

)n−j−1

y(n−1)(t)

) = αµn−1γkIk(t)[1 + o(1)],
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ç ÿêîãî âèïëèâà¹ ñïðàâåäëèâiñòü (18). Òàêèì ÷èíîì, äîâåäåíi òâåðäæåííÿ òåî-
ðåìè 2.

Ïðèïóñòèìî òåïåð äîäàòêîâî, ùî ïîâiëüíî çìiííi ïðè t → +∞ ôóíêöi¨
Lj (j = n− k + 1, n− 1) çàäîâîëüíÿþòü óìîâó S0. Òîäi çâàæàþ÷è íà ïåðøå
ñïiââiäíîøåííÿ (15) òà (25) ïðè t→ +∞ ìà¹ìî((

γkI1k(t)

Ik(t)

)n−j−1
y(n−1)

)′

((
γkI1k(t)

Ik(t)

)n−j−1
y(n−1)

) = (n− j − 1)
[
Ik(t)
I1k(t)

− I′k(t)

Ik(t)

]
+ y(n)(t)

y(n−1)(t)
=

=(n− j − 1) Ik(t)
I1k(t)

[1− h(t)] + Ik(t)
γkI1k(t)

[1 + o(1)]= Ik(t)
I1k(t)

[
1
γk

+ o(1)
]
=

I′k(t)

Ik(t)

[
1
γk

+ o(1)
]
,

äå h(t) =
I1k(t)I

′
k(t)

I2(t)
, lim
t→+∞

h(t) = 1. Îòæå, çãiäíî iç çàóâàæåííÿì 2 ñïðàâåäëèâi

òàêi àñèìïòîòè÷íi ïðè t→ +∞ çîáðàæåííÿ

Lj

((
γkI1k(t)

Ik(t)

)n−j−1

y(n−1)

)
= Lj

(
µj |Ik(t)|

1
γk

)
[1 + o(1)] (j = n− k + 1, n− 1).

Ç îãëÿäó íà îòðèìàíi ñïiââiäíîøåííÿ ç (18) âèïëèâà¹, ùî ïðè t→ +∞

y(n−1)(t) = µn−1

∣∣∣∣∣γkIk(t)
∣∣∣∣γkI1k(t)Ik(t)

∣∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(t)|

1
γk

)∣∣∣∣∣
1
γk

[1 + o(1)].

Çâàæàþ÷è íà öå ïåðåïèøåìî (17) ó âèãëÿäi

y(l−1)(t)=µn−1

(
γkI1k(t)
Ik(t)

)n−l ∣∣∣∣∣γkIk(t) ∣∣∣γkI1k(t)Ik(t)

∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(t)|

1
γk

)∣∣∣∣∣
1
γk

×

×[1 + o(1)] (l = n− k + 2, n− 1) ïðè t→ +∞,

(28)

òîáòî ìàþòü ìiñöå àñèìïòîòè÷íi ñïiââiäíîøåííÿ (21).
Ïðîiíòåãðóâàâøè (28) ïðè l = n − k + 2 íà [t∗k, t], äå t∗k = max{a2k, t0k},

ìà¹ìî

y(n−k)(t) = y(n−k)(t∗k)+

+µn−1γ
k−2
k

t∫
t∗k

(
I1k(t)
Ik(t)

)k−2

∣∣∣∣∣γkIk(t) ∣∣∣γkI1k(t)Ik(t)

∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(t)|

1
γk

)∣∣∣∣∣
1
γk

[1 + o(1)]dτ.

Âðàõîâóþ÷è ïåðøó ç óìîâ (5),

lim
t→+∞

t∫
t∗

(
I1k(t)
Ik(t)

)k−2

∣∣∣∣∣γkIk(t) ∣∣∣γkI1k(t)Ik(t)

∣∣∣νk n−1∏
j=n−k+1

Lj

(
µj |Ik(t)|

1
γk

)∣∣∣∣∣
1
γk

[1 + o(1)]dτ=const

i òîäi çà îçíàêîþ ïîðiâíÿííÿ âiðíî (19). Âèêîðèñòîâóþ÷è òâåðäæåííÿ 6 ç ìîíî-
ãðàôi¨ [14] (ãë.V, �3, ñ.293) ïðî àñèìïòîòè÷íå îá÷èñëåííÿ iíòåãðàëiâ, äëÿ (n−k)�¨
ïîõiäíî¨ ðîçâ'ÿçêó îäåðæèìî çîáðàæåííÿ (20).

Òàêèì ÷èíîì, àñèìïòîòè÷íi ïðè t → +∞ ñïiââiäíîøåííÿ (4), (17), (18)
ïðèéíÿëè ÿâíèé âèãëÿä (20), (21). Òåîðåìè 2 òà 3 ïîâíiñòþ äîâåäåíi.

Ó íàñòóïíié òåîðåìi íàâåäåìî äîñòàòíi óìîâè íàÿâíîñòi ó ðiâíÿííÿ (3) Pk+∞ (1)�
ðîçâ'ÿçêiâ iç çàçíà÷åíèìè â òåîðåìi 3 àñèìïòîòè÷íèìè çîáðàæåííÿìè.
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Òåîðåìà 4. Íåõàé k ∈ {3, . . . , n}, γk ̸= 0, c ∈ ∆Yn−k, âèêîíóþòüñÿ óìî-
âè (8) − (10), (12), (15), (16), (19) òà ïîâiëüíî çìiííi ïðè y(j) → Yj ôóíêöi¨
Lj (j = n− k + 1, n− 1) çàäîâîëüíÿþòü óìîâó S0. Íåõàé, êðiì òîãî, âèêîíó¹-
òüñÿ íåðiâíiñòü σn−1 ̸= 1 òà àëãåáðà¨÷íå âiäíîñíî ρ ðiâíÿííÿ

k−1∑
l=2

σn−l(ρ+ 1)k−l−1 − (1− σn−1 + ρ)(ρ+ 1)k−2 = 0 (29)

íå ìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ. Òîäi ó ðiâíÿííÿ (3) iñíó¹ (n −
k + m)�ïàðàìåòðè÷íå ñiìåéñòâî Pk+∞(1)�ðîçâ'ÿçêiâ ç àñèìïòîòè÷íèìè ïðè
t → +∞ çîáðàæåííÿìè (11), (20), (21), äå m � ÷èñëî êîðåíiâ (ç óðàõóâàííÿì
êðàòíèõ) àëãåáðà¨÷íîãî ðiâíÿííÿ (29) ç äîäàòíiìè äiéñíèìè ÷àñòèíàìè.

Çàóâàæåííÿ 4. Íåâàæêî ïåðåâiðèòè, ùî àëãåáðà¨÷íå âiäíîñíî ρ ðiâíÿííÿ
(29) íàïåâíå íå ìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ, ÿêùî âèêîíó¹òüñÿ
íåðiâíiñòü

k−1∑
l=2

|σn−l| < |1− σn−1|.

Äîâåäåííÿ òåîðåìè 4. Ïîêàæåìî, ùî äëÿ äàíîãî c ç óìîâè òåîðåìè ó
ðiâíÿííÿ (3) iñíó¹ ïðèíàéìíi îäèí Pk+∞(1)�ðîçâ'ÿçîê, çàäàíèé íà äåÿêîìó ïðî-
ìiæêó [t0k,+∞[⊂ [a,+∞[, ÿêèé äîïóñêà¹ ïðè t→ +∞ àñèìïòîòè÷íi çîáðàæåííÿ
(11), (20) òà (21), à òàêîæ ç'ÿñó¹ìî ïèòàííÿ ïðî êiëüêiñòü òàêèõ ðîçâ'ÿçêiâ.

Çàñòîñîâóþ÷è äî ðiâíÿííÿ (3) ïåðåòâîðåííÿ

y(l−1)(t) = ctn−l−k+1

(n−l−k+1)!
[1 + vl(t)] (l = 1, n− k),

y(n−k)(t) = c+ µn−1γ
k−2
k W (t)[1 + vn−k+1(t)],

y(l−1)(t) = µn−1γ
n−l
k

(
I1k(t)
Ik(t)

)n−l−k+2

W ′(t)[1 + vl(t)] (l = n− k + 2, n),

(30)

îòðèìà¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü

v′l =
n−l−k+1

t
[−vl + vl+1] (l = 1, n− k − 1),

v′n−k =
1
t

[
µn−1γ

k−2
k

c
W (t) [1 + vn−k+1]− vn−k

]
,

v′n−k+1 =
W ′(t)
W (t)

[−vn−k+1 + vn−k+2],

v′l =
Ik(t)

γkI1k(t)
[1 + vl+1 − γ(n− l − k + 2)(1− h(t))[1 + vl]]− W ′′(t)

W ′(t)
[1 + vl]

(l = n− k + 2, n− 1),

v′n = Ik(t)
I1k(t)

[(
(−2 + k)(1− h(t))− W ′′(t)I1k(t)

W ′(t)Ik(t)

)
[1 + vn]+

+
αp(t)φ0

(
ctn−k
(n−k)! [1+v1]

)
...φn−1

(
µn−1

(
I1k(t)

Ik(t)

)2−k
W ′(t)[1+vn]

)
µn−1

(
I1k(t)

Ik(t)

)1−k
W ′(t)

]
.

(31)

Ðîçãëÿíåìî ¨¨ íà ìíîæèíi Ωn = [t0k,+∞[×Rn
1
2

, äå Rn
1
2

= {(v1, . . . , vn) ∈ Rn :

|vj| ≤ 1
2
, j = 1, n} òà t0k ≥ a2k âèáðàíå ç óðàõóâàííÿì (19) òàêèì ÷èíîì, ùîá

ïðè t > t0k òà (v1, . . . , vn) ∈ Rn
1
2

âèêîíóâàëèñÿ óìîâè:

ctn−j−k+1

(n−j−k+1)!
[1 + vj(t)] ∈ ∆Yj−1 (j = 1, n− k),

c+ µn−1γ
k−2
k W (t) [1 + vn−k+1(t)] ∈ ∆Yn−k,

µn−1γ
n−j
k

(
I1k(t)
Ik(t)

)n−j−k+2

W ′(t) [1 + vj(t)] ∈ ∆Yj−1 (j = n− k + 2, n).
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Îñêiëüêè ôóíêöi¨ φj(y(j)) (j ∈ {0, . . . , n − 1} \ {n − k}) ìîæóòü áóòè ïðåä-
ñòàâëåíi ó âèãëÿäi (13) òà ñïiââiäíîøåííÿ (14) âèêîíóþòüñÿ ðiâíîìiðíî ïî λ íà
áóäü-ÿêîìó âiäðiçêó [d1, d2] ⊂]0,+∞[, à òàêîæ çâàæàþ÷è íà íåïåðåâíiñòü ôóí-
êöi¨ φn−k(y(n−k)), (19) i òå, ùî ïîâiëüíî çìiííi ïðè t → +∞ ôóíêöi¨ Lj (j =
n− k + 1, n− 1) çàäîâîëüíÿþòü óìîâó S0, ìà¹ìî

φj

(
ctn−k−j

(n−k−j)! [1 + vj+1]
)
= φj

(
ctn−k−j

(n−k−j)!

)
(1 + vj+1)

σj(1 +Rj(t, vj+1)) =

=
∣∣∣ c
(n−k−j)!

∣∣∣σj φj(µjtn−k−j)(1 + vj+1)
σj(1 +Rj(t, vj+1)) (j = 0, n− k − 1),

φj

(
µn−1γ

n−j−1
k

(
I1k(t)
Ik(t)

)n−k−j+1

W ′(t) [1 + vj+1]

)
=

= |γk|(n−j−1)σjφj

(
µj

(
I1k(t)
Ik(t)

)n−k−j+1

W ′(t)

)
(1 + vj+1)

σj(1 +Rj(t, vj+1)) =

= |γk|(n−j−1)σjφj(µj|Ik(t)|
1
γk )(1 + vj+1)

σj(1 +Rj(t, vj+1)) (j = n− k + 1, n− 1),
φn−k

(
c+ µn−1γ

k−2
k W (t) [1 + vn−k+1(t)]

)
= φn−k(c)(1 +Rn−k(t, vn−k+1)),

äå ôóíêöi¨ Rj(t, vj+1) (j = 0, n− 1) ïðÿìóþòü äî íóëÿ ïðè t → +∞ ðiâíîìiðíî
ïî vj+1 ∈

[
−1

2
, 1
2

]
.

Ç îãëÿäó íà âèãëÿä W (t), (7), (19) òà (27)

lim
t→+∞

Ik(t)t
I1k(t)

= +∞, lim
t→+∞

W ′′(t)I1k(t)
W ′(t)Ik(t)

= 1
γk
.

Òîäi, ç âèêîðèñòàííÿì çàçíà÷åíèõ âèùå çîáðàæåíü, ñèñòåìà ðiâíÿíü (31) ìîæå
áóòè ïåðåïèñàíà ó âèãëÿäi

v′l =
1
t
[−(n− l − k + 1)vl + (n− l − k + 1)vl+1] (l = 1, n− k − 1),

v′n−k =
1
t

[
−vn−k +

µn−1γ
k−2
k

c
W (t) (1 + vn−k+1)

]
,

v′n−k+1 =
W ′(t)
W (t)

[−vn−k+1 + vn−k+2],

v′l =
Ik(t)

γkI1k(t)
[−vl + vl+1 + Vl,1(t, v1, . . . , vn)] (l = n− k + 2, n− 1),

v′n = Ik(t)
γkI1k(t)

 n−1∑
j=1

j ̸=n−k+1

σj−1vj + (σn−1 − 1)vn +
2∑
i=1

Vn,i(t, v1, . . . , vn)

 ,
(32)

äå

Vl,1(t, v1, . . . , vn) =
(
1− γkW

′′(t)I1k(t)
W ′(t)Ik(t)

− γk(n− l − k + 2)(1− h(t))
)
(1 + vl)

(l = n− k + 2, n− 1),

Vn,1(t, v1, . . . , vn) =

(
n−1∏
j=0

(1 +Rj(t, vj+1))− 1

)
n∏
j=1

j ̸=n−k+1

(1 + vj)
σj−1+

+
(
γk(−2 + k)(1− h(t))− γkW

′′(t)I1k(t)
W ′(t)Ik(t)

+ 1
)
[1 + vn],

Vn,2(t, v1, . . . , vn) =
n∏
j=1

j ̸=n−k+1

(1 + vj)
σj−1 −

n∏
j=1

j ̸=n−k+1

vjσj−1 − 1.

Ïðè öüîìó çàóâàæèìî, ùî

lim
t→+∞

Vj,1(t, v1, . . . , vn) = 0 (j = n− k + 2, n)
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ðiâíîìiðíî ïî (v1, . . . , vn) ∈ Rn
1
2

,

lim
|v1|+...+|vn|→0

Vn,2(t,v1,...,vn)

|v1|+...+|vn| = 0

ðiâíîìiðíî ïî t ∈ [t0k,+∞[.
Ðîçãëÿíåìî ãðàíè÷íó ìàòðèöþ P êîåôiöi¹íòiâ ïðè vn−k+2, . . . , vn, ùî ñòîÿòü

ó êâàäðàòíèõ äóæêàõ îñòàííiõ k − 1 ðiâíÿíü ñèñòåìè (32). Çãiäíî ç óìîâîþ
òåîðåìè õàðàêòåðèñòè÷íå ðiâíÿííÿ äàíî¨ ìàòðèöi, ÿêå íàáóâà¹ âèãëÿäó (29), íå
ìà¹ êîðåíiâ ç íóëüîâîþ äiéñíîþ ÷àñòèíîþ. Òîäi (äèâ. [15]) iñíó¹ íåâèðîäæåíà
îáìåæåíà ðàçîì ç îáåðíåíîþ íà [t0k,+∞[ äiéñíà ìàòðèöÿ S(t) = {sij(t)}ni,j=n−k+2

òàêà, ùî ñèñòåìà (32) çà äîïîìîãîþ ïåðåòâîðåííÿ

v(t) = T (t)z(t), (33)

äå

T (t) =

(
I 0
0 S(t)

)
,

I � îäèíè÷íà ìàòðèöÿ ðîçìiðíîñòi n− k+1 × n− k+1, çâîäèòüñÿ äî ñèñòåìè
äèôåðåíöiàëüíèõ ðiâíÿíü âèãëÿäó

z′l =
n−l−k+1

t
[−zl + zl+1] (l = 1, n− k − 1),

z′n−k =
1
t

[
−zn−k +

µn−1γ
k−2
k

c
W (t) (1 + zn−k+1)

]
,

z′n−k+1 =
W ′(t)
W (t)

[−zn−k+1 +
n∑

j=n−k+2

sn−k+2 j(t)zj],

z′l =
Ik(t)

γkI1k(t)

[
n−k∑
j=1

uljzj + pllzl + pll+1zl+1 +
2∑
i=1

Zl,i(t, z1, . . . , zn)

]
(l = n− k + 2, n− 1),

z′n = Ik(t)
γkI1k(t)

[
n−k∑
j=1

unj(t)zj + pnnzn +
2∑
i=1

Zn,i(t, z1, . . . , zn)

]
,

(34)

â ÿêié ulj(t) (l = n− k + 2, n, j = 1, n− k + 1) � îáìåæåíi ôóíêöi¨ íà [t0k,+∞[,
pll ̸= 0 (l = n− k + 2, n) � äiéñíi ÷àñòèíè âëàñíèõ çíà÷åíü (ç óðàõóâàííÿ êðà-
òíèõ) ìàòðèöi P , pll+1 ∈ {0, 1} (l = n− k + 2, n− 1), Zl,i(t, z1, . . . , zn) (i = 1, 2)
òàêi, ùî

lim
t→+∞

Zl,1(t, z1, . . . , zn) = 0 (l = n− k + 2, n)

ðiâíîìiðíî ïî (z1, . . . , zn) ∈ Rn
l = {(z1, . . . , zn) ∈ Rn : |zj| ≤ η, j = 1, n}, η �

äåÿêå äîñòàòíüî ìàëå ÷èñëî, ÿêå çàëåæèòü âiä ìàòðèöi S(t),

lim
|z1|+...+|zn|→0

∂Zl,2(t,z1,...,zn)

∂zm
= 0 (m = 1, n, l = n− k + 2, n)

ðiâíîìiðíî ïî t ∈ [t0k,+∞[.
Ïîêëàâøè òåïåð â ñèñòåìi (34)

zj = δxj (j = 1, n− k), zj = xj (j = n− k + 1, n), (35)
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äå δ > 0 � äåÿêà äîäàòíÿ ñòàëà, îòðèìà¹ìî ñèñòåìó äèôåðåíöiàëüíèõ ðiâíÿíü



x′l =
n−l−k+1

t
[−xl + xl+1] (l = 1, n− k − 1),

x′n−k =
1
t

[
−xn−k +

µn−1γ
k−2
k

δc
W (t) (1 + xn−k+1)

]
,

x′n−k+1 =
W ′(t)
W (t)

[−xn−k+1 +
n∑

j=n−k+2

sn−k+2 j(t)xj],

x′l =
Ik(t)

γkI1k(t)

[
δ
n−k∑
j=1

ulj(t)xj + pllxl + pll+1xl+1 +
2∑
i=1

Xl,i(t, x1, . . . , xn)

]
(l = n− k + 2, n− 1),

x′n = Ik(t)
γkI1k(t)

[
δ
n−k∑
j=1

unj(t)xj + pnnxn +
2∑
i=1

Xn,i(t, x1, . . . , xn)

]
,

(36)

â ÿêiéXl,i(t, x1, . . . , xn) = Zl,i(t,
1
δ
z1, . . . ,

1
δ
zn−k, zn−k+1, . . . , zn) (i = 1, 2, l = n− k + 2, n)

òà ìàþòü òi æ âëàñòèâîñòi, ùî é Zl,i(t, z1, . . . , zn).
Îñêiëüêè ulj(t) (l = n− k + 2, n, j = 1, n− k + 1) òà sn−k+2 j(t) (j = n− k + 2, n)

îáìåæåíi íà [t0k,+∞[, W (t) → 0 ïðè t → +∞, òî ÷èñëî δ ìîæíà âèáðàòè òà-
êèì ÷èíîì, ùîá äëÿ ñèñòåìè (36) áóëè âèêîíàíi âñi óìîâè òåîðåìè 2.1 ç ðîáî-
òè [16]. Òîäi, çâàæàþ÷è íà öþ òåîðåìó, â íå¨ iñíó¹ ïðèíàéìíi îäèí ðîçâ'ÿçîê
(xj)

n
j=1 : [t1k,+∞[−→ Rn

1
2

(t1k ∈ [t0k,+∞[), ùî ïðÿìó¹ äî íóëÿ ïðè t → +∞.

Êîæíîìó òàêîìó ðîçâ'ÿçêó ç îãëÿäîì íà ïåðåòâîðåííÿ (30), (33), (35) âiäïîâiä-
à¹ Pk+∞(1)�ðîçâ'ÿçîê ðiâíÿííÿ (3), ÿêèé äîïóñêà¹ ïðè t → +∞ àñèìïòîòè÷íi
çîáðàæåííÿ (11), (20) òà (21).

Áiëüø òîãî, çãiäíî ç çàçíà÷åíîþ òåîðåìîþ, ÿêùî ñåðåä êîðåíiâ àëãåáðà¨÷íîãî
ðiâíÿííÿ (29) ¹m êîðåíiâ (ç óðàõóâàííÿì êðàòíèõ) ç äîäàòíiìè äiéñíèìè ÷àñòè-
íàìè, òî, òàê ÿê W ′(t)

W (t)
< 0 â äåÿêîìó îêîëi +∞, iñíó¹ (n− k+m)�ïàðàìåòðè÷íå

ñiìåéñòâî ðîçâ'ÿçêiâ çi çíàéäåíèìè çîáðàæåííÿìè. Òåîðåìà äîâåäåíà.
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