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Abstract. In this article we make a brief survey of our common results as for large deviations problem
for some processes of random evolution, published in the works [5]–[20].

L η(t) t ≥ 0
(E, E) E E

σ D(L) ⊆
BE BE

ϕ(u) ∈ E ‖ϕ‖ :=
supu∈E |ϕ(u)|

η(t)
t ≥ 0

μ(t) := ϕ(η(t)) − ϕ(η(0)) −
∫ t

0

Lϕ(η(s)) ds,



μ(t)

Lϕ(u) := lim
Δ→0

1
Δ

E[ϕ(u + Δη(t)) − ϕ(u) | η(t) = u],

Δη(t) := η(t + Δ) − η(t).

η(t) t ≥ 0

μe(t) := exp
{

ϕ(η(t)) − ϕ(η(0)) −
∫ t

0

Hϕ(η(s)) ds

}
,

μe(t)

Hϕ(u) := e−ϕ(u)Leϕ(u), eϕ(x) ∈ D(L).

H

Hεϕ(u) := e−ϕ(u)/εεLεeϕ(u)/ε → Hϕ(u), ε → 0.

ε → 0

Hε
t ϕ(u) := ε lnE

[
eϕ(ηε(t))/ε | ηε(0) = u

]
.

ηε(t) t ≥ 0 ε → 0+

I : E → [0,∞) A

lim inf
ε→0

ε lnP{ηε(t) ∈ A} ≥ − inf
u∈A

I(u),

B

lim sup
ε→0

ε lnP{ηε(t) ∈ B} ≤ − inf
u∈B

I(u).
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Hε
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ηε(t) =
√

εσw(t),

w(t)

Lεϕ(u) = ε
σ2

2
ϕ′′(u), Hεϕ(u) = Hϕ(u) + Rεϕ(u), Rεϕ(u) → 0, ε → 0,

Hϕ(u) =
σ2

2
[ϕ′(u)]2.

Lεϕ(u) = ε−3

∫
R

[ϕ(u + ε2v) − ϕ(u)]L(dv)

∫
R vL(dv) = 0

Hεϕ(u) = Hϕ(u) + Rεϕ(u), Rεϕ(u) → 0, ε → 0,

Hϕ(u) =
σ2

2
[ϕ′(u)]2, σ2 :=

∫
R

v2L(dv).

Γε
δϕ(u) = ε−2

∫
R

[ϕ(u + εv) − ϕ(u)] Γδ(dv),

Γε
δϕ(u) = Γϕ(u) + Rε,δϕ(u), Rε,δ → 0, ε, δ → 0, ε−1δ → 1,

Γϕ(u) = bϕ′(u) +
∫
R

[ϕ(u + v) − ϕ(u) − vϕ′(u)] Γ0(dv),

Γ0(·) Γδ(·)

Γδ
g =

∫
R

g(v) Γδ(dv) = δ
[
Γg + θε

g

]
, Γg =

∫
R

g(v) Γ0(dv).

Hε,δϕ(u) = Hϕ(u) + θε,δϕ(u), θε,δ → 0, ε, δ → 0, ε−1δ → 1,

Hϕ(u) = bϕ′(u) +
∫
R

[
evϕ′(u) − 1

]
Γ0(dv).



η(t; x) ∈ R
Rd

æ(t) ∈ E

æ(t) t ≥ 0 (E, E)

Qϕ(·, x) = q

∫
E

[ϕ(y) − ϕ(x)] P (x, dy), x ∈ E.

η(t; x) æ(t) t ≥ 0

Lϕ(u, x) = [Q + Γ(x)]ϕ(u, x),

Γ(x) x ∈ E η(t) t ≥ 0

Γ(x)ϕ(u, ·) =
∫
R

[ϕ(u + v) − ϕ(u)]Γ(dv; x), x ∈ E.

ε → 0
ηε(t; x) æε(t) t ≥ 0

Lεϕ(u, x) = [Qε + Γε(x)] ϕ(u, x).

Hεϕε(u, x) = e−ϕε/εεLεeϕε/ε, ε → 0.

Lεϕ(u, x) =
[
ε−3Q + Γε(x)

]
ϕ(u, x),

Γεϕ(u) = ε−3

∫
R

[
ϕ(u + ε2v) − ϕ(u)

]
Γ(dv; x), x ∈ E.

∫
R

v Γ(dv; x) ≡ 0 x ∈ E

Γεϕ(u) = εB(x)ϕ(u) + εRεϕ(u), Rε → 0, ε → 0,

B(x)ϕ(u) :=
σ2(x)

2
ϕ′′(u), σ2(x) :=

∫
R

v2 Γ(dv; x).

Lε
0ϕ(u, x) =

[
ε−3Q + εB(x)

]
ϕ(u, x).

Hε
0ϕε(u, x) = e−ϕε(u)/εεLε

0e
ϕε(u)/ε

ϕε(u, x) = ϕ(u) + ε ln[1 + εϕ1(u, x)].



Hε
0ϕε(u, x) = Qϕ1(u, x) + B̃(x)ϕ(u) + Rε(x)ϕ(u), Rε → 0, ε → 0,

B̃(x)ϕ(u) :=
1
2
σ2(x)[ϕ′(u)]2, σ2(x) :=

∫
R

v2 Γ(dv, x).

Ĥϕ(u) =
1
2
σ̂2[ϕ′(u)]2, σ̂2 :=

∫
E

π(dx)σ2(x).

Lε
δϕ(u, x) =

[
ε−3Q + Γε

δ(x)
]
ϕ(u, x),

Γε
δ(x)ϕ(u) = ε−2

∫
R

[ϕ(u + εv) − ϕ(u)] Γδ(dv; x), x ∈ E.

bδ(x) :=
∫
R

v Γδ(dv; x) = δ[b(x) + θb(x)]
cδ(x) :=

∫
R

v2 Γδ(dv; x) = δ[c(x) + θc(x)]
Γδ

g(x) :=
∫
R g(v) Γδ(dv; x) = δ[Γg(x) + θΓ(x)]

Hε,δ
Γ ϕε

δ(u, x) = e−ϕε
δ(u)/εεLε

δe
ϕε

δ(u)/ε, ε, δ → 0, ε−1δ → 1

ϕε
δ(u, x) = ϕ(u) + ε ln[1 + δϕ1(u, x)].

Hε,δ
Γ ϕε

δ(u, x) = Qϕ1(u, x) + HΓ(x)ϕ(u) + θε,δ
Γ (x)ϕ(u)

HΓ(x)ϕ(u) = b(x)ϕ′(u) +
∫
R

[evϕ′(u) − 1]Γ0(dv; x), x ∈ E.

Ĥϕ(u) = b̂ϕ′(u) +
∫
R

[
evϕ′(u) − 1

]
Γ̂0(dv),

b̂ :=
∫

E

π(dx)b(x), Γ̂0(dv) :=
∫

E

π(dx) Γ0(dv; x).

Γ̂0(dv)



æε(t) t ≥ 0
(E, E) ε → 0 ε > 0

E =
N⋃

k=1

Ek, Ek ∩ Ek′ = ∅, k �= k′.

Qε(x, B, t) = P ε(x, B)
[
1 − e−q(x)t

]
, x ∈ E, B ∈ E , t ≥ 0.

Qε

Qε = Q + εQ1, Q1(x) = q(x)
∫

E

P1(x, dy)ϕ(y).

ΛB

ΛB b(u; x) :=
∫
R

v Γ(u, dv; x) ≡ 0

ξε(t) = ε2ξ
(
t/ε3

)
, æε

t := æε
(
t/ε3

)
.

Lε
Λϕ(u, x) =

[
ε−3Q + ε−2Q1 + Γε(x)

]
ϕ(u, x),

Γε(x)ϕ(u) = ε−3

∫
R

[
ϕ

(
u + ε2v

) − ϕ(u)
]

Γ(u, dv; x).

Lε
Λϕ(u, x) =

[
ε−3Q + ε−2Q1 + εB(x)

]
ϕ(u, x) + εδε(u, x)ϕ(u, x).

B(x)ϕ(u) =
1
2
B(u; x)ϕ′′(u), B(u; x) =

∫
R

v2 Γ(u, dv; x).

ΛB

Hϕ(u) =
1
2

̂̂
B(u)[ϕ′(u)]2,

̂̂
B(u) =

N∑
k=1

π̂k

∫
Ek

πk(dx)B(u; x), B(u; x) =
∫
R

v2 Γ(u, dv; x).

TB

b(u; x) =
∫
R vΓ(u, dv; x) �≡ 0

∑N
k=1 π̂k b̂k(u) = 0 b̂k(u) =

∫
Ek

πk(dx)b(u; x)
1 ≤ k ≤ N

ξε(t) = ε2ξ
(
t/ε3

)
, æε

t := æε
(
t/ε4

)
.

Lε
T ϕ(u, x) =

[
ε−4Q + ε−3Q1 + Γε(x)

]
ϕ(u, x),

Γε(x)ϕ(u) = ε−3

∫
R

[
ϕ

(
u + ε2v

) − ϕ(u)
]

Γ(u, dv; x).



Lε
T ϕ(u, x) =

[
ε−4Q + ε−3Q1 + ε−1Γ(x) + εB(x)

]
ϕ(u, x) + εδε(u, x)ϕ(u, x).

Γ(x)ϕ(u) := b(u; x)ϕ′(u).
TB

Hϕ(u) =
1
2

̂̂
BT (u)[ϕ′(u)]2, ̂̂

BT (u) = ̂̂
B(u) + ̂̂

B0(u).

̂̂
B(u) :=

N∑
k=1

π̂k

∫
Ek

πk(dx)B(u; x), B(u; x) =
∫
R

v2 Γ(u, dv; x),

̂̂
B0(u) := Π̂b̂(u, x̂)R̂0b̂(u, x̂)Π̂ =

N∑
k,l=1

π̂k b̂kR̂0
kl b̂l.




