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1. Âñòóï

Íåõàé (Ω, F, P )�ïîâíèé iìîâiðíiñíèé ïðîñòið; X � ñåïàðàáåëüíèé êîìïëåêñíèé
áàíàõiâ ïðîñòið iç íîðìîþ ‖ · ‖ i íóëüîâèì åëåìåíòîì 0X ; L(X)� áàíàõiâ ïðîñòið
óñiõ ëiíiéíèõ îáìåæåíèõ îïåðàòîðiâ, ùî äiþòü iç X â X. Çàôiêñó¹ìî p ∈ [1;∞) i
ïîçíà÷èìî ÷åðåç Y áàíàõiâ ïðîñòið Lp(Ω, X) óñiõ êëàñiâ åêâiâàëåíòíèõ âèïàäêîâèõ

åëåìåíòiâ ξ : Ω→ X òàêèõ, ùî ‖ξ‖p = (E‖ξ‖p)1/p <∞.
Ïîñëiäîâíiñòü {ξn, n ∈ Z} ⊂ Y áóäåìî íàçèâàòè îáìåæåíîþ ó ñåðåäíüîìó ïîðÿäêó

p, ÿêùî supn∈Z ‖ξn‖p <∞.
Ðîçãëÿíåìî ðiçíèöåâå ðiâíÿííÿ{

ξn+1 = Aξn + ηn, n ≥ 1,

ξn+1 = Bξn + ηn, n ≤ 0,
(1)

ó ÿêîìó A,B �ôiêñîâàíi îïåðàòîðè ç L(X), {ηn, n ∈ Z}� çàäàíà ïîñëiäîâíiñòü,
{ξn, n ∈ Z}�øóêàíà ïîñëiäîâíiñòü åëåìåíòiâ ïðîñòîðó Y , à ðiâíîñòi (1) ïîâèííi
âèêîíóâàòèñÿ ç iìîâiðíiñòþ 1. Ìåòà öi¹¨ ñòàòòi � çíàéòè äîñòàòíi óìîâè íà îïåðà-
òîðè A,B, ïðè âèêîíàííi ÿêèõ ðiçíèöåâå ðiâíÿííÿ (1) ìà¹ äëÿ êîæíî¨ îáìåæåíî¨ ó
ñåðåäíüîìó ïîðÿäêó p ïîñëiäîâíîñòi {ηn, n ∈ Z} ¹äèíèé îáìåæåíèé ó ñåðåäíüîìó
ïîðÿäêó p ðîçâ'ÿçîê {ξn, n ∈ Z}.

Ïðî çàñòîñóâàííÿ ðiçíèöåâèõ ðiâíÿíü ç îïåðàòîðíèìè êîåôiöi¹íòàìè ó äåòåðìi-
íîâàíîìó âèïàäêó äèâ. [1�4], à ó ñòîõàñòè÷íîìó âèïàäêó� [4, 5] òà íàâåäåíi òàì
ïîñèëàííÿ.

Äëÿ äåòåðìiíîâàíèõ ðiçíèöåâèõ ðiâíÿíü çi çìiííèìè îïåðàòîðíèìè êîåôiöi¹íòàìè
óìîâà iñíóâàííÿ ¹äèíîãî îáìåæåíîãî ðîçâ'ÿçêó åêâiâàëåíòíà óìîâi åêñïîíåíöiàëüíî¨
äèõîòîìi¨ (äèâ., íàïðèêëàä, [1, c. 251]). Ó çàãàëüíîìó âèïàäêó ïåðåâiðêà öi¹¨ óìîâè
íåòðèâiàëüíà. Äëÿ äåòåðìiíîâàíîãî àíàëîãó ðiâíÿííÿ (1) äîñòàòíi óìîâè íà îïåðà-
òîðíi êîåôiöi¹íòè, ÿêi çàáåçïå÷óþòü âèêîíàííÿ óìîâè åêñïîíåíöiàëüíî¨ äèõîòîìi¨,
îòðèìàíî â [6] (äèâ. íàâåäåíó íèæ÷å òåîðåìó 1).
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2. Äîïîìiæíi òâåðäæåííÿ

Êîæíîìó îïåðàòîðó T ∈ L(X) âiäïîâiäà¹ îïåðàòîð T̃ ∈ L(Y ), ÿêèé âèçíà÷à¹òüñÿ
çà ïðàâèëîì

∀ξ ∈ Y : (T̃ξ)(ω) = Tξ(ω),ω ∈ Ω. (2)

Çîêðåìà, ÿêùî I � îäèíè÷íèé îïåðàòîð ç L(X), òî Ĩ � îäèíè÷íèé îïåðàòîð ç L(Y ).
Ó ïîäàëüøîìó âèêîðèñòîâóþòüñÿ òàêi ëåìè.

Ëåìà 1. ßêùî T ∈ L(X), òî

i1) ‖T̃‖ = ‖T‖;
i2) ðåçîëüâåíòíi ìíîæèíè ρ(T ), ρ(T̃ ) îïåðàòîðiâ T i T̃ çáiãàþòüñÿ;

i3) (T̃ − λĨ)−1 = ((T − λI)−1)∼ äëÿ êîæíîãî λ ∈ ρ(T ).

Äîâåäåííÿ. i1) Âíàñëiäîê (2) T̃ ∈ L(Y ) i ‖T̃‖ ≤ ‖T‖ . Çàôiêñó¹ìî òàêèé åëåìåíò

u ∈ X, ùî ‖u‖ = 1, i ïîêëàäåìî ς(ω) = u,ω ∈ Ω. Òîäi ς ∈ Y, ‖ς‖p = 1, ‖T̃ ς‖p = ‖Tu‖,
çâiäêè ‖T̃‖ ≥ ‖T‖. Îòæå, ‖T̃‖ = ‖T‖.

i2) Ñêîðèñòà¹ìîñÿ òåîðåìîþ Áàíàõà ïðî îáåðíåíèé îïåðàòîð. Çàôiêñó¹ìî

λ ∈ ρ(T ). Äëÿ êîæíîãî η ∈ Y ðiâíÿííÿ (T̃ − λĨ)ξ = η ìà¹ ó ïðîñòîði Y ðîçâ'ÿçîê

ξ(ω) = (T − λI)−1η(ω), ω ∈ Ω. (3)

ßêùî, âiä ñóïðîòèâíîãî, öåé ðîçâ'ÿçîê íå ¹äèíèé, òî çíàéäåòüñÿ òàêèé íåíóëüîâèé

åëåìåíò ζ ∈ Y , ùî (T̃ − λĨ)ζ = 0Y . Àëå òîäi (T − λI)ζ(w) = 0X ç iìîâiðíiñòþ 1,
ïðè÷îìó P{w ∈ Ω|ζ(w) 6= 0X} 6= 0. Öå ñóïåðå÷èòü âêëþ÷åííþ λ ∈ ρ(T ). Îòæå,

ρ(T ) ⊂ ρ(T̃ ).

Íåõàé òåïåð λ ∈ ρ(T̃ ). Çàôiêñó¹ìî v ∈ X i ïîêëàäåìî η(ω) = v, ω ∈ Ω. Îñêiëüêè

ðiâíÿííÿ (T̃−λĨ)ξ = η ìà¹ ¹äèíèé ðîçâ'ÿçîê ó ïðîñòîði Y , òî ðiâíÿííÿ (T−λI)x = v
ìà¹ ðîçâ'ÿçîê x ∈ X. ßêùî, âiä ñóïðîòèâíîãî, âií íå ¹äèíèé, òî çíàéäåòüñÿ òàêèé

åëåìåíò w ∈ X, w 6= 0X , ùî (T−λI)w = 0X . Çâiäñè âèïëèâà¹, ùî ðiâíÿííÿ (T̃−λĨ)ξ =
= 0Y ìà¹ ó ïðîñòîði Y íåíóëüîâèé ðîçâ'ÿçîê ξ(ω) = w, ω ∈ Ω. Ïðîòèði÷÷ÿ. Òàêèì

÷èíîì, ρ(T̃ ) ⊂ ρ(T ).

Îòæå, ρ(T̃ ) = ρ(T ).
Òâåðäæåííÿ i3 âèêîíó¹òüñÿ âíàñëiäîê (3).
Ëåìó 1 äîâåäåíî. �

Ëåìà 2. ßêùî T (t), t ∈ [a, b], � íåïåðåðâíà çà íîðìîþ íà [a, b] L(X)-çíà÷íà ôóí-

êöiÿ, òî T̃ (t), t ∈ [a, b], � íåïåðåðâíà çà íîðìîþ íà [a, b] L(Y )-çíà÷íà ôóíêöiÿ i(
∫ b

a

T (t)dt

)∼
=

∫ b

a

T̃ (t)dt. (4)

Çàóâàæåííÿ. Ó (4) ðîçãëÿäàþòüñÿ iíòåãðàëè Ðiìàíà âiä îïåðàòîðíîçíà÷íèõ ôóí-
êöié.

Äîâåäåííÿ. Íåïåðåðâíiñòü T̃ (t), t ∈ [a, b], âèïëèâà¹ iç òâåðäæåííÿ i1 ëåìè 1. Òîìó
îáèäâà iíòåãðàëè iç (4) iñíóþòü.

Çàôiêñó¹ìî ξ ∈ Y . Îñêiëüêè∥∥∥∥∥
(
∫ b

a

T̃ (t)dt

)
ξ− 1

n

n−1∑
k=0

T̃

(
a +

b− a

n
k

)
ξ

∥∥∥∥∥
p

→ o, n→∞, (5)

òà iç çáiæíîñòi ïîñëiäîâíîñòi â Lp(Ω, X) âèïëèâà¹, ùî äåÿêà ¨¨ ïiäïîñëiäîâíiñòü çái-
ãà¹òüñÿ ç iìîâiðíiñòþ 1, òî iñíó¹ E1 ∈ F, P (E1) = 0, i ñòðîãî çðîñòàþ÷à ïîñëiäîâíiñòü
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íàòóðàëüíèõ ÷èñåë {nj , j ≥ 1}, òàêi, ùî äëÿ êîæíîãî ω ∈ Ω \ E1∥∥∥∥∥
((
∫ b

a

T̃ (t)dt

)
ξ

)
(ω)− 1

nj

nj−1∑
k=0

T̃

(
a +

b− a

nj
k

)
ξ(ω)

∥∥∥∥∥→ o, j →∞. (6)

Ç iíøîãî áîêó äëÿ êîæíîãî ω ∈ Ω((
∫ b

a

T (t)dt

)∼
ξ

)
(ω) =

∫ b

a

T (t)ξ(ω)dt = lim
j→∞

1

nj

nj−1∑
k=0

T̃ (a +
b− a

nj
k)ξ(ω) (7)

ó ïðîñòîði X. Iç (6), (7) âèïëèâà¹, ùî âèêîíó¹òüñÿ ðiâíiñòü (4).
Ëåìó 2 äîâåäåíî. �

Çàôiêñó¹ìî òàêèé îïåðàòîð T ∈ L(X), ùî äëÿ éîãî ñïåêòðà σ(T ) âèêîíó¹òüñÿ óìî-
âà σ(T )∩S = ∅, äå S =

{
z ∈ C

∣∣ |z| = 1
}
. Íåõàé σ−(T )�÷àñòèíà ñïåêòðà, ùî ëåæèòü

óñåðåäèíi, à σ+(T )� çîâíi êîëà S. Ââàæàòèìåìî, ùî ìíîæèíè σ−(T ),σ+(T ) íåïî-
ðîæíi. Çàóâàæèìî, ùî óñi îòðèìàíi íèæ÷å ðåçóëüòàòè çàëèøàþòüñÿ ñïðàâåäëèâèìè
é ó âèïàäêó, êîëè ñåðåä öèõ ìíîæèí ¹ ïîðîæíÿ, ç î÷åâèäíèìè çìiíàìè â îòðèìàíèõ
ôîðìóëàõ.

Iç òåîðåìè ïðî ñïåêòðàëüíèé ðîçêëàä îïåðàòîðà â áàíàõîâîìó ïðîñòîði (äèâ., íà-
ïðèêëàä, [4, ñ. 8]) âèïëèâà¹, ùî ïðîñòið X ðîçêëàäà¹òüñÿ ó ïðÿìó ñóìó iíâàðiàíòíèõ
âiäíîñíî T ïiäïðîñòîðiâ X = X−(T )+̇X+(T ) òàêèì ÷èíîì, ùî çâóæåííÿ T−, T+ îïå-
ðàòîðà T íà X−(T ), X+(T ) ìàþòü ñïåêòðè σ−(T ),σ+(T ).

Ïîçíà÷èìî ÷åðåç P−(T ), P+(T ) ïðîåêòîðè â X íà ïiäïðîñòîðè X−(T ), X+(T ).

Ëåìà 3. Íåõàé T ∈ L(X),σ(T ) ∩ S = ∅. Òîäi
j1) σ(T̃ ) ∩ S = ∅,σ−(T ) = σ−(T̃ ),σ+(T ) = σ+(T̃ );

j2) P−(T̃ ) = P̃−(T ), P+(T̃ ) = P̃+(T ).

Äîâåäåííÿ. j1 âèïëèâà¹ iç òâåðäæåííÿ i2 ëåìè 1.
j2) Ñêîðèñòàâøèñü ÿâíèì âèãëÿäîì ïðîåêòîðiâ iç ñïåêòðàëüíîãî ðîçêëàäó îïåðà-

òîðà i ëåìîþ 2, ìàòèìåìî

P−(T̃ ) = − 1

2πi

∫

S

(T̃ − λĨ)−1dλ = (− 1

2πi

∫

S

(T − λI)−1dλ)∼ = P̃−(T ).

Òàêîæ

P+(T̃ ) = Ĩ − P−(T̃ ) = (I − P−(T ))∼ = P̃+(T ).

Ëåìó 3 äîâåäåíî. �

Ëåìà 4. Íåõàé T, V �òàêi îïåðàòîðè ç L(X), ùî σ(T ) ∩ S = ∅, σ(V ) ∩ S = ∅,
X = X−(T )+̇X+(V ). Òîäi Y = X−(T̃ )+̇X+(Ṽ ).

Äîâåäåííÿ. Ïîçíà÷èìî ÷åðåç P−, P+ ïðîåêòîðè â X, ùî âiäïîâiäàþòü çîáðàæåííþ
X = X−(T )+̇X+(V ). Çàôiêñó¹ìî ξ ∈ Y . Îñêiëüêè ξ(ω) = ξ−(ω)+ξ+(ω) äëÿ êîæíî-
ãîω ∈ Ω, äå ξ−(ω) = P−ξ(ω), ξ+(ω) = P+ξ(ω), à òàêîæ, ç óðàõóâàííÿì òâåðäæåííÿ
j2 ëåìè 3,

Y−(T̃ ) = {P−(T )ζ(ω),ω ∈ Ω|ζ ∈ Y }, Y+(Ṽ ) = {P+(V )ζ(ω),ω ∈ Ω|ζ ∈ Y },
òî, ç óðàõóâàííÿì âêëþ÷åíü ξ−(ω) ∈ X−(T ), ξ+(ω) ∈ X+(V ) äëÿ êîæíîãî ω ∈ Ω,
ðîáèìî âèñíîâîê, ùî

ξ = ξ− + ξ+, (8)

ïðè÷îìó ξ− ∈ Y−(T̃ ), ξ+ ∈ Y+(Ṽ ).

Íåõàé îêðiì (8) ñïðàâäæó¹òüñÿ çîáðàæåííÿ ξ = η− + η+, äå η− ∈ Y−(T̃ ),

η+ ∈ Y+(Ṽ ). Òîäi äëÿ âèïàäêîâîãî åëåìåíòà ζ = ξ−− η− = η+− ξ+ çíàéäåòüñÿ òàêà
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ìíîæèíà E2 ∈ F, P (E2) = 0, ùî ζ(ω) ∈ X−(T ) ∩ X+(V ) äëÿ êîæíîãî ω ∈ Ω \ E2,
çâiäêè ζ(ω) = 0X . Òîìó ξ− = η−, ξ+ = η+ ó ïðîñòîði Y , à îòæå, çîáðàæåííÿ (8)
¹äèíå.

Ëåìó 4 äîâåäåíî. �

Òåîðåìà 1. Íåõàé W � êîìïëåêñíèé áàíàõiâ ïðîñòið, G,U �òàêi îïåðàòîðè ç
L(W ), ùî

a1) σ(G) ∩ S = ∅, σ(U) ∩ S = ∅;
a2) W = W−(G)+̇W+(U).

Òîäi ðiçíèöåâå ðiâíÿííÿ {
xn+1 = Gxn + yn, n ≥ 1,

xn+1 = Uxn + yn, n ≤ 0,

ìà¹ ¹äèíèé îáìåæåíèé ó W ðîçâ'ÿçîê {xn, n ∈ Z} äëÿ äîâiëüíî¨ îáìåæåíî¨ ó W
ïîñëiäîâíîñòi {yn, n ∈ Z}.

Äîâåäåííÿ òåîðåìè 1 ìîæíà çíàéòè â [6].

3. Îñíîâíi ðåçóëüòàòè

Ñïðàâäæó¹òüñÿ òàêà òåîðåìà.

Òåîðåìà 2. Íåõàé A,B �òàêi îïåðàòîðè ç L(X), ùî

b1) σ(A) ∩ S = ∅, σ(B) ∩ S = ∅;
b2) X = X−(A)+̇X+(B).

Òîäi ðiçíèöåâå ðiâíÿííÿ (1) ìà¹ äëÿ äîâiëüíî¨ îáìåæåíî¨ â ñåðåäíüîìó ïîðÿäêó
p ïîñëiäîâíîñòi {ηn, n ∈ Z} ¹äèíèé îáìåæåíèé ó ñåðåäíüîìó ïîðÿäêó p ðîçâ'ÿçîê
{ξn, n ∈ Z}.

Äîâåäåííÿ. Ç óðàõóâàííÿì (2) ðiçíèöåâå ðiâíÿííÿ (1) çàïèñó¹òüñÿ ó ïðîñòîði Y ó
òàêîìó åêâiâàëåíòíîìó âèãëÿäi:{

ξn+1 = Ãξn + ηn, n ≥ 1,

ξn+1 = B̃ξn + ηn, n ≤ 0,
(9)

ïðè÷îìó (9) � äåòåðìiíîâàíå ðiçíèöåâå ðiâíÿííÿ ó ïðîñòîði Y . Òîìó òâåðäæåííÿ
òåîðåìè 2 âèêîíó¹òüñÿ âíàñëiäîê òåîðåìè 1 òà ëåì 3, 4.

Òåîðåìó 2 äîâåäåíî. �

Âiäçíà÷èìî, ùî íàâiòü ó âèïàäêó X = C, òîáòî äëÿ êîìïëåêñíîçíà÷íèõ âèïàäêî-
âèõ âåëè÷èí, áàíàõiâ ïðîñòið Y = Lp(Ω,C) óçàãàëi êàæó÷è íåñêií÷åííîâèìiðíèé, à
îòæå, ïèòàííÿ ïðî íåîáõiäíiñòü óìîâ òåîðåìè 2 ïîòðiáíî âèâ÷àòè äîäàòêîâî. Âiäïî-
âiäü íà öå ïèòàííÿ ìiñòèòü íàñòóïíà òåîðåìà.

Íåõàé X = C; a, b � ôiêñîâàíi êîìïëåêñíi ÷èñëà.

Òåîðåìà 3. Ðiçíèöåâå ðiâíÿííÿ{
ξn+1 = aξn + ηn, n ≥ 1,

ξn+1 = bξn + ηn, n ≤ 0,
(10)

ìà¹ äëÿ êîæíî¨ îáìåæåíî¨ ó ñåðåäíüîìó ïîðÿäêó p ïîñëiäîâíîñòi âèïàäêîâèõ âåëè-
÷èí {ηn, n ∈ Z} ¹äèíèé îáìåæåíèé ó ñåðåäíüîìó ïîðÿäêó p ðîçâ'ÿçîê {ξn, n ∈ Z}

òîäi i òiëüêè òîäi, êîëè

{
|a| < 1,

|b| < 1,
àáî

{
|a| > 1,

|b| > 1.
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Äîâåäåííÿ. Äîñòàòíiñòü âèïëèâà¹ ç òåîðåìè 2 i òîãî, ùî ëiíiéíèé îïåðàòîð
A : C → C, ÿêèé äi¹ çà ïðàâèëîì Ax = ax, x ∈ C, ìà¹ ñïåêòð σ(A) = {a}, ïðè÷îìó
X−(A) = C, X+(A) = {0} ïðè |a| < 1, àëå X−(A) = {0}, X+(A) = C ïðè |a| > 1.

Ïåðåâiðèìî íåîáõiäíiñòü. Íåõàé, âiä ñóïðîòèâíîãî, |a| = 1. Ðîçãëÿíåìî ñòàëó îáìå-
æåíó ó ñåðåäíüîìó ïîðÿäêó p ïîñëiäîâíiñòü ηn(w) ≡ an−1, n ≥ 1;ηn(w) ≡ 0, n ≤ 0.
Âíàñëiäîê (10) äëÿ âiäïîâiäíîãî äî íå¨ ¹äèíîãî îáìåæåíîãî ó ñåðåäíüîìó ïîðÿäêó
p ðîçâ'ÿçêó {ξn, n ∈ Z} âèêîíóþòüñÿ ðiâíîñòi ξn+1 = anξ1 + nan−1, n ≥ 1, çâiäêè
‖ξn+1‖p ≥ n − ‖ξ1‖p äëÿ êîæíîãî n ≥ 1, ùî ñóïåðå÷èòü îáìåæåíîñòi ó ñåðåäíüîìó
ïîðÿäêó p ïîñëiäîâíîñòi {ξn, n ∈ Z}.

Àíàëîãi÷íî ïåðåâiðÿ¹òüñÿ, ùî |b| 6= 1.
Äîâåäåìî òåïåð, ùî ïðè |a| > 1 îáîâ'ÿçêîâî âèêîíó¹òüñÿ íåðiâíiñòü |b| > 1. Ïîêëà-

äåìî η1(ω) ≡ 1,ηn(ω) ≡ 0, n 6= 1. Òîäi äëÿ âiäïîâiäíîãî äî öi¹¨ ïîñëiäîâíîñòi ¹äèíîãî
îáìåæåíîãî ó ñåðåäíüîìó ïîðÿäêó p ðîçâ'ÿçêó {ξn, n ∈ Z} ðiâíÿííÿ (10) ìàòèìåìî
ξn+1 = an−1ξ2, n ≥ 2. Çâiäñè, âðàõóâàâøè íåðiâíiñòü |a| > 1, ðîáèìî âèñíîâîê, ùî
ξ2 = 0 ç iìîâiðíiñòþ 1. Àëå òîäi ξk(w) = −a−1bk−1, k ≤ 1, ç iìîâiðíiñòþ 1. Òîìó
ç îáìåæåíîñòi â ñåðåäíüîìó ïîðÿäêó p ïîñëiäîâíîñòi {ξn, n ∈ Z} i ñïiââiäíîøåííÿ
|b| 6= 1 âèïëèâà¹, ùî |b| > 1.

Çà äîïîìîãîþ àíàëîãi÷íèõ ìiðêóâàíü ìîæíà ïåðåêîíàòèñÿ, ùî ïðè |a| < 1 ñïðàâ-
äæó¹òüñÿ íåðiâíiñòü |b| < 1.

Òåîðåìó 3 äîâåäåíî. �
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BOUNDED IN THE MEAN OF ORDER p SOLUTIONS
OF A DIFFERENCE EQUATION WITH JUMP OF AN OPERATOR

COEFFICIENT

M. F. GORODNII, I. V. GONCHAR

Abstract. We study the problem of existence of a unique solution bounded in the mean of order p on
Z for a linear difference equation with a jump of the operator coefficient in a Banach space.


