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1. 567$-2( 8$9-$6/
L '&$7* 2008  &#( $( 4*).$(!* 3 "$--* Bielefeld'a (E*!)($.%) % "41OI(1 #&'1(# ()*!.'($4'& & 5!&0*44&!(

5&124'& & 5!&.4+&>#*$.% A. Korzeniowski & )*-&#* 0(6&3& & "'!"5$*$.% 4-&+(4-./*4'.+ 4.4-*), .61&>*$$& & 3
$(I*C 4 N. Limnios )&$& !(0.. [3], ( 6(-*) & 5!&<1*)* <&12I.+ "'1&$*$.C #1% 4-&+(4-./*4'.+ 4.4-*) 3 4+*)* 0(-
6&3& & "'!"5$*$.%. M5"4-% 5&1 &#(, 3*4$&C 2009  &#(, % 6(#")(1 5&6$('&).-24% 4 5!&<1*)&C <&12I.+ "'1&$*$.C 5&
4"H*4-3"?H*C 1.-*!(-"!*, '&-&!(% 4&#*!>.- !(<&-O, $(/.$(% 4 60-+  &#&3 XX 4-. P'(6(1&42, /-& )&$& !(0.C 5&
5!&<1*)* <&12I.+ "'1&$*$.C <&1** 20--., ., '&$*/$& >*, $*4/*-$&* '&1./*4-3& 4-(-*C. Q(<&-(% 5&  !($-" 3
Bielefeld "$--* 3*4$&C 2009  &#(, % 5!*#1&>.1 $(I*)" !"'&3&#.-*1?  !($-( 5!&0. R. 8&$#!(-2*3" &<4"#.-2 5!&-
<1*)" <&12I.+ "'1&$*$.C $( * & 4*).$(!*. 8 4/(4-2?, '&-&!&* % $(6O3(? " !"#$%&'$&(" &$ $(63(1 )$* *H* &#$"
)&$& !(0.? 5& 5!&<1*)* <&12I.+ "'1&$*$.C, & '&-&!&C $() 4 S. M()&C1*$'& $* <O1& .63*4-$&, ( .)*$$&: J. Feng,
T. Kurtz "Large Deviation for Stochastic Processes'' [1]. L $*C !(63.- &!. .$(12$OC )*-&# .441*#&3($.% 5!&<1*)O
<&12I.+ "'1&$*$.C, &4$&3($$OC $( (4.)5-&-./*4'&) ($(1.6* )*+,"'&'-$./0'"1" 1&'&!.2"!., '&)5*$4.!"?H* &
T'45&$*$7.(12$OC )(!-.$ (1. U !*I.1, /-& .)**-4% 5*!45*'-.3( 5!.)*$.-2 )*-&# (4.)5-&-./*4'& & ($(1.6( /$-
'&3'"1" 1&'&!.2"!. (.!*"#+*"1" ,!"-&++., '&)5*$4.!"?H* & /$'&3'43 (.!2$'1./, &<*45*/.3(?H.C +(!('-*!.-
6(7.? )(!'&34'& & 5!&7*44(.

L &-1./.* &- 34*+ 5!*>$.+ !(<&-, 3 '&-&!O+ (4.)5-&-./*4'.C ($(1.6 5!&<1*)O <&2I.+ "'1&$*$.C &4"H*4-31%-
*-4% 4 .45&126&3($.*) 5"/06"1" ,.!.(&2!. +&!$$ n→ ∞ (.1. #(>* $*4'&12'.+ <&12I.+ 5(!()*-!&3), % 5!.$%1
!&6&'$& ,&!&7"!(8/$!"#.20 6(#(/. (4.)5-&-./*4'& & ($(1.6( 5!&<1*)O <&12I.+ "'1&$*$.C 3 -*!).$(+ (./"1"
,.!.(&2!. 4*!.. 0ε → . B( 5*!3OC 36 1%# '(>*-4%, /-& T-& -& >* 4()&*: 1/ nε = . P#$('&, '('  &3&!.-4% "9&%"2
%. '& 2"2!" U $(#*%14% (. '(' 5&'(6O3(?- 5&41*#"?H.* !*6"12-(-O -- $* $(5!(4$&), /-& 3)*4-* 4 )(1O) 5(!()*--
!&) 4*!.. 0ε → )$* "#(4-4% .$4-(11.!&3(-2 /3$*#!.-2/ !&6&'$& ,!"5/&( +$'18/:!'"1" #";(8<&'$: 3 ($(1.6
5!&<1*)O <&12I.+ "'1&$*$.C?!

L4* "5.!(1&42, '(' &'(6(1&42, 3 5!&<1*)" $&!).!&3($.% )(!'&34'& & 5!&7*44( (scaling) 3 ($(1.6* <&12I.+ "'-
1&$*$.C!

@4-(3 &- $*5&$%-$O+ 0&!)"1 )&$& !(0.. [1], 4&#*!>(H*C 3 /(4-., 13  1(3 (400 4-!. -*'4-(), % 6( 1%$"1 3 -!*-2?
/(4-2 ( 1(3O 10 . 11), 3 '&-&!O+ !(44)(-!.3(1.42 '&$'!*-$O* )&#*1. )(!'&34'.+ 5!&7*44&3 3 5!&<1*)* <&12I.+
"'1&$*$.C. L /(4-$&4-., 3  1. 10, 5. 10.1.6 (3 I*4-&) 5(!( !(0*!) 5&# $(63($.*) "Other Scalings" (.$(% $&!).!&3'()
% &<$(!">.1 6$('&)"? )$* $&!).!&3'" 3 4+*)* #.00"6.&$$&C (55!&'4.)(7.., 5!*#1&>*$$&C K. =& "124'.) [4].
D!(3#(, 3)*4-& &#$& & <&12I& & 5(!()*-!( 4*!.. n→ ∞ .45&126&3(1&42 #3( <&12I.+ 5(!()*-!( n . nβ 43%-

6($$O* )*>#" 4&<&C 4&&-$&I*$.*): / 0nn β → .
P4-(1&42 5&#&<!(-2 (./43 5(!()*-! 4*!.. 0ε → -('.) &<!(6&), /-&<O 3O5&1$%1&42 T-& 4&&-$&I*$.*. G"-

)(?, *41. 43*4-. 5!&<1*)" <&12I.+ "'1&$*$.C ' -('&C 6(#(/*, '(>#OC  !()&-$OC )(-*)(-.' )&>*- 4 $*C 45!(-
3.-24%. P'(6O3(*-4%, /-& $&!).!&3'( (4.)5-&-./*4'. )(1&C #.00"6.. 3 5!&<1*)* <&12I.+ "'1&$*$.C 43&#.-4% '
41*#"?H*C 4+*)*: 2 3, nn − −= ε β = ε . :(' )O 5&1"/(*) $&!).!&3($$OC )(!'&34'.C 5!&7*44 3 5!&<1*)* <&12I.+
"'1&$*$.C # +=&(& .+$(,2"2$>&+*$ (./"3 %$778;$$ (?@A) !

S63*4-$&, /-& (4.)5-&-./*4'.* 5!&<1*)O 3 -*&!.. 41"/(C$O+ 5!&7*44&3 )&>$& &+(!('-*!.6&3(-2 41*#"?H.)
&<!(6&):
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I V('&$ <&12I.+ /.4*1 – "4!*#$*$.*: ( / ) ( ), 0.t b tεη ε  ε →

II W*$-!(12$(% 5!*#*12$(% -*&!*)( – #.00"6.&$$(% (55!&'4.)(7.%: 2( / ) ( ), 0.t w tσεη ε  ε →

III X'45&$*$7.(12$& )(1O* 3*!&%-$&4-. – <&12I.* "'1&$*$.%: 2 3( / ) ( ), 0,t w tσε η ε ≅ ε ε →
-. *. (4.)5-&-./*4'. )(1(% #.00"6.%.

A41. 5!.)*$.-2 T-" $&!).!&3'" 3 (4.)5-&-./*4'&) ($(1.6* /$'&3'"1" 1&'&!.2"!. (.!*"#+*"1" ,!"-&++., -&
5&1"/.) (4.)5-&-./*4'"? T'3.3(1*$-$&4-2.

Y.$*C$OC  *$*!(-&! #1% 5!&7*44( 4 $*6(3.4.)O). 5!.!(H*$.%). 6(#(*-4% 0&!)"1&C
( ) = [ ( ) ( )] ( ).u u z u L dzϕ ϕ + − ϕ!RL

I L 4+*)* "4!*#$*$.%
1( ) = [ ( ) ( )] ( )u u z u L dzε −ϕ ε ϕ + ε − ϕ!RL = ( ) (1), = ( ).b u o b zL dzε′ϕ + !R

II L 4+*)* #.00"6.&$$&C (55!&'4.)(7.. ( 0b = ):

2( ) = [ ( ) ( )] ( )u u z u L dzε −ϕ ε ϕ + ε − ϕ!RL 21= ( ) (1), = ( ).
2
B u o B z L dzε′′ϕ + !R

III L 4+*)( (4.)5-&-./*4'. )(1&C #.00"6.. ( 0b = ):

3 2( ) = [ ( ) ( )] ( )u u z u L dzε −ϕ ε ϕ + ε − ϕ!RL 1= ( ) ( )
2
B u o′′ε ϕ + ε .

:(' 5!&<1*)( <&12I.+ "'1&$*$.C "1&>.1(42 3 &<H"? 4+*)" (4.)5-&-./*4'& & ($(1.6( 3 -*&!.. 41"/(C$O+
5!&7*44&3.

:*5*!2 !(44)&-!.) 5!&<1*)" <&12I.+ "'1&$*$.C -(', '(' T-& 5!*#1&>*$& 3 )&$& !(0.. [1]. X'45&$*$7.(12$OC
 *$*!(-&! <&12I.+ "'1&$*$.C H 6(#(*-4% 4&&-$&I*$.*)

( ) ( )( ) x xx e e−ϕ ϕϕ =H L .
D!. T-&) &<*45*/.3(*-4% )(!-.$ (12$(% +(!('-*!.6(7.% <&12I.+ "'1&$*$.C 3 3.#* T'45&$*$7.(12$& & )(!-

-.$ (1(

0
= exp{ ( ( )) ( (0)) ( ( )) }

t
t x t x x s dsµ ϕ − ϕ − ϕ! H .

<)26!). D"4-2 ( ) = ( ),x x′′ϕ ϕL /-& 4&&-3*-4-3"*- #.00"6... :& #( 1* '& 3O/.41.-2 2( ) = [ ( )] ( )x x x′ ′′ϕ ϕ + ϕH .

:*5*!2 !(44)&-!.) 5!&<1*)" <&12I.+ "'1&$*$.C 3 4+*)* 4*!.C 4 )(1O) 5(!()*-!&) 4*!.. 0 ( > 0)ε → ε .
X'45&$*$7.(12$OC  *$*!(-&! 3 4+*)* 4*!.C, 4& 1(4$& [1], 6(#(*-4% 3 3.#*: / /( ) =u e eε −ϕ ε ε ϕ εϕ εH L .

G1% (4.)5-&-./*4'. )(1&C #.00"6.. 21( ) = ( ), =
2

u B u Bε ′′ϕ ε ϕ σL .

LO/.41%*) T'45&$*$7.(12$OC  *$*!(-&! 21( ) = [ ( )] ( )
2

u B u o tε
ε′ϕ ϕ +H .

M1*#&3(-*12$&, 5!*#*12$OC T'45&$*$7.(12$OC  *$*!(-&! (4.)5-&-./*4'. )(1&C #.00"6.. .)**- 3.#
21( ) = [ ( )]

2
u B u′ϕ ϕH .

G(1** !(44)&-!.) 5!&7*44O 4 $*6(3.4.)O). 5!.!(H*$.%). 3 4+*)* (4.)5-&-./*4'. )(1&C #.00"6.., '&-&-
!O* 6(#(?-4%  *$*!(-&!&)

3 2( ) = [ ( ) ( )] ( )u u z u L dzε −ϕ ε ϕ + ε − ϕ!RL .

LO/.41.) T'45&$*$7.(12$OC  *$*!(-&! 2( ) = [ 1] ( ),u e L dz
εε − ∆ ϕϕ ε −!RH

1 2 2( ) := [ ( ) ( )] = ( ) ( ).u u z u z u oε − ′∆ ϕ ε ϕ + ε − ϕ ε ϕ + ε

M1*#&3(-*12$& 2 2 2 21( ) = [ ( ) [ ( )] ] ( ) (1),
2

u z u z u L dz oε −
ε′ ′ϕ ε ε ϕ + ε ϕ +!RH -& *4-2

21( ) = [ ( )] (1)
2

u B u oε
ε′ϕ ϕ +H .

:(' 5&1"/(*) !*6"12-(- K. =& "124'& & [4] 5& )*-&#" [1].

2. :%!";.<2= >7/9: 6%;?/=34! >8$%.@22 6 3!A/8262B4B2 9-2-/<!32(B2 8 6C!B! D/A$8$&$ ;#-;93!32(
M1"/(C$O* T3&1?7.. 4 $*6(3.4.)O). 5!.!(H*$.%). 6(#(?-4% 4&&-$&I*$.*)

0 0
( ) = ( ; ( )), 0.

t
t ds x s tξ ξ + η ≥!

=(!'&34'.C 5!&7*44 5*!*'1?/*$.C ( ), 0,x t t ≥ 6(#(*-4%  *$*!(-&!&)

( ) = ( ) [ ( ) ( )] ( , ), .Q x q x y x P x dy x Eϕ ϕ − ϕ ∈!E
=(!'&34'.* 5!&7*44O 4 $*6(3.4.)O). 5!.!(H*$.%). ( ; ), , 0,t x x E tη ∈ ≥ 6(#(?-4%  *$*!(-&!&)
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( ) ( ) = [ ( ) ( )] ( ; ), .x u u z u dz x x E ! ! " #!  $%RI

 !"#$%&$' ()*!+,-' ( ), 0,t t& ' .$/$012/-3"214' 52&2/$1*/*6 [3]

( , ) = ( , ) ( ) ( , )u x Q x x u! ! ( "  ! (L I .
 &*)$ )*3&-0$21  !"#$%&' ("!&)!"*+) (!) 7282/9 ":2 ;)". 8/*,244*): ( ), 0,t t& ' - 6$/0*)40*5* 8/*,244$ 82/2-

0!+#2&-% ( ), 0.x t t ' ,$-.'/(0% 1*"$23)) * 45%&% '4)& 6"6).%4+) &'$"/ 7)88-9)) !'44&'6!)*'264:  !) 6'-

+"& ("!&)!"*'()): 2 3 2( ) = ( / ), ( / ), 0.t t x t t)& ) & ) ) '
<4&*)&=2 8/2;8*!*:2&-' 4!2;"+>-2:
?1: @$/0*)40-% 8/*,244 ( ), 0,x t t ' /$)&*62/&* (/5*;-#240-% 4* 41$,-*&$/&=6 /$48/2;2!2&-26 ( ), .A A* $)
?2: A4!*)-2 B$!!$&4$ (*B>22):

( ) := ( ; ) 0.b x z dz x +%R
 !"#!$% 1. C/*B!26$ B*!9D-. "0!*&2&-% ;!' 4!"#$%&*% ()*!+,-- ( ), 0,t t)& ' /2D$214' (048*&2&,-$!9&=6

52&2/$1*/*6 6$!*% ;-EE"3--

21( ) = [ ( )]
2

u B u,! !H ,

2= ( ) ( ), ( ) = ( ; ).
E

B dx B x B x z dz x*  % %R
,('.'$' 6= 41/*-6 $4-681*1-#240*2 8/2;41$)!2&-2 ;!' $)(%/(";" ;%(%!'6"!' &'!+"*4+";"  !"3%44' (7*-5-

+"& "(%(6(";"!)
2( , ) = ( , ) ( ) ( , ) ( )u x Q x x u o) #! ) ! ( " ) ! ( " )L B .

AB2:;$264', #1* 6= -6226 ;2!* 4* 4.26*% $4-681*1-#240- 6$!*% ;-EE"3--.
F$126 &$41"8$21 3$0!+#-12!9&=% (1$8. 7/2B"214' 41=0*)$19  !"#$%&- #"$<=)5 -+$"(%()/ 4  !"#$%&"/ 4)(;--

$:!(";" *"9&->%(): (?,@). C G ;!' 52&2/$1*/$ Q (/5*;-#240*5* 6$/0*)40*5* 8/*,244$, 0*1*/=% ')!'214' 8/-)*-
;-6* *B/$1-6=6 4 *;&*62/&=6 8*;8/*41/$&41)*6 &"!2%, 3$;$)$26=6 8/*20,-*&&=6 *82/$1*/*6 - , 0*1*/=%
/2$!-3"214' 41$,-*&$/&=6 /$48/2;2!2&-26 ( )dx* -48*!93"214' ) $4-681*1-#240*6 $&$!-32 4!"#$%&=. ()*!+,-%
) 4.262 "4/2;&2&-', ;-EE"3-*&&*% $88/*04-6$,--, $ 1$0:2 ) 4.262 8"$44*&*)40*% $88/*04-6$,-- [3].

7$0$' 41=0*)0$ ;*41-5$214' 4 8*6*>9+ "know-how", 0*1*/*2 ' 8*0$ &2 $/5"62&1-/"+ $ E*/6"!-/"+ ) )-;2
$4-681*1-#240*5* 8/2;41$)!2&-' ) 1$0*6 )-;2:

/ / 2
1
1= = ( )[ ( )] (1).
2

e e Q B x u o
) )) ) #! ) ) ! )

),! ) ! " ! "H L

H$!22 -48*!93"214' /2D2&-2 8/*B!26= 4-&5"!'/&*5* )*36">2&-'

2 2
1
1 1( )[ ( )] = [ ( )]
2 2

Q B x u B u, ,! " ! ! ,

= ( ) = ( ) ( ).
E

B B x dx B x- *%
F$0!+#-12!9&=% (1$8 4*41*-1 ) 3$8-4- -4$"*): !'9!%=)&"46) 8/*B!26= 4-&5"!'/&*5* )*36">2&-', 0*1*/*2

8/-)*;-1 0 E*/6"!2:

21( ) = [ ( )]
2

u B u,! !H .

7$0 #1*, 8/2;2!9&=% (048*&2&,-$!9&=% 52&2/$1*/ ) 4.262 $4-681*1-#240- 6$!*% ;-EE"3-- ;!' 4!"#$%&*%
()*!+,-- 4 &23$)-4-6=6- 8/-/$>2&-'6- 3$;$214' 1*#&* 1$0:2, 0$0 - ;!' 4$6-. 8/*,244*) 4 &23$)-4-6=6- 8/--
/$>2&-'6-. <;&$0* 1282/9 ;-EE"3-' )=#-4!'214' 4 8*6*>9+ "4/2;&2&-' 8* 41$,-*&$/&*6" /$48/2;2!2&-+ 82-
/20!+#$+>25* 6$/0*)40*5* 8/*,244$ )1*/=. 6*62&1*) 4!"#$%&=. ()*!+,-% ( )B x 3$)-4'>-. *1 4*41*'&-'
x E$ 6$/0*)40*5* 8/*,244$ 82/20!+#2&-%.
 *)2/D-) -&41$!!',-+ 8/*B!26= 4-&5"!'/&*5* )*36">2&-' ) $&$!-3 8/*B!26= B*!9D-. "0!*&2&-%, ' 8*#")-

41)*)$! )*41*/5, 0*1*/=% .*/*D* 82/2;$21 #21)2/*41-D92 @-.$-!$ I*6*&*4*)$:

<10/=!$49 B23;&$,
F)23; 8*!&$.
F)23;$6 #-4!$ &21,
J23;&2 ;&$.
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