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BMKOHaHHi yMOB Hacriaky, y opmynax (6)—(8) matumemo u,, = P u,, ,u, = P.u, Ans koxHoro m € Z. Tomy i3 (6)—(8) Bu-

m?

nnuBae, LWo
0 ©
[ull< X \B‘-"‘ 12l |+ 2 1 12 s ] (19)
v=—0 v=l
n—1 -1 0
EAEDY Vi (A" R 3 Vil | A A [P T3] iy [ 1A | PN RAESA (20)
k=0 V=—00 v=n
n—1 0 ©
AR R (LA [P T 3 e A TP -2 [ Vi (1Y PN RPELY 1)
V=—0 v=n v=1

Bracnigok (19)—(21) i 36ixHocTi psaiB (5) cnpaBOXyeTbCS BKMIOYEHHS {x ne Z} €[, (B). OTxe, BUKOHYIOTLCS YCi yMO-

n>
BU TeopemMun 2. Hacnigok gosegeHo.
BUCHOBKMW. OTtprmaHo HeobxigHi Ta 4OCTaTHI YMOBUW iCHyBaHHA €QUHOTO CyMOBHOIO PO3B'A3KY Pi3HWLEBOrO PiBHSH-
HA (1). OTpumaHi pe3ynbTaTy y3aranbHIOTh | JONMOBHIOWTL ANs PIBHAHHA (1) TBepAXeHHs Teopemn 7 3 [4, c. 25].
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THE INTEGRAL REPRESENTATION OF THE SOLUTION
OF BOUNDARY VALUE PROBLEM FOR SYSTEM OF EVOLUTIONARY PARABOLIC
EQUATIONS IN PIECE-HOMOGENEOUS POLAR AXIS WITH SOFT LIMITS

By means of method of Laplace integral transform in combination with the method of Cauchy functions the integral representation
of exact analytical solution of mixed problem for the system of evolutionary parabolic equations modeled by hybrid differential operator

of Bessel-Euler-(Kontorovich-Lebedev) in the piece-homogeneous polar axis » > 0 with soft limits is obtained.

INTRODUCTION. Parabolic boundary value problems in homogeneous environments (simply connected domains)
make up a significant theoretical and practical interest because they are used in the mathematical modeling of various
processes and phenomena of natural science, technique, various technologies [1, 15].

In the last decades much attention is given to the investigation of parabolic boundary value problems in nonhomogeneous
media [3, 16]. In this case, the coefficients of equations are piecewise continuous or, in particular, piecewise constant. For these
problems it is difficult to apply classical method of separation of variables [18]. But for rather wide class of similar problems in the
construction of exact solutions the method of integral or hybrid integral transforms [2, 6, 7, 11] can be effectively used.

In theoretical studies and applied problems most often the differential operators of 2nd order are used, in particular it is
Fourier differential operator [17]
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Euler differential operator [10]
. d? d
B, =r’ = +Qa+r—+a?,
dar? dr
Bessel differential operator [13]

_£+2a+li_v2—a2

VO gy roodr o
Legendre differential operator [5]
2 2
d 1
(w =7 Fethr—+—— uz ,
dr 4 sher
generalized Legendre differential operator [5]
d’ d 1 1 @ 5
Ay =—+cthr—+—+— L+ 22 | u=(u,
(b dr? dr 4 2[1—chr 1+chr H= (ko)

and Kontorovich-Lebedev differential operator [12]
d? d
B, =1’ —+Qa+l)r—+a’ -1,
dr? dr
If B(x)is the Heaviside step function [19], and Lj is one of listed differential operators, then we can always create the

hybrid differential operator that corresponds to the geometric structure of piecewise homogeneous domain.
For example, for the piecewise homogeneous interval (R,,R,)V(R,R,) U (R,,R) itis possible to create hybrid differ-
ential operator

M =0(r = Ry)O(R, —r)ai L +0(r — R)O(R, —r)a; L, +0(r — R))O(R—r)a; Ly ; a; = const .
It is obvious that operator L, is defined in the interval (R,,R,) , operator L, is defined in the interval (R,R,), and op-
erator L, is defined in the interval (R,,R).

It is clear, that if we change the order of operators L,,L,,L; we get other hybrid differential operator.

We propose in this paper the exact solution of the initial-boundary value problem for a system of evolution equations of
parabolic type, modeled by hybrid differential operator of Bessel-Euler-(Kontorovich-Lebedev) on piecewise homogeneous

polar axis (0,R) U (R, R,)U(R,,+0) with soft limits.
FORMULATION OF THE PROBLEM. We consider the problem of the structure of bounded in the set
Dy 2{(t,r):t€(0;+oo); rel; :(O,Rl)u(Rl,Rz)u(Rz,Jroo)} solution for separate system of partial differential equa-

tions of the parabolic type of 2nd order
ou
_atl +yiu (t,r) - a; B, o, [ (t,7)] = fi(t.r), re(O.R),

8u *
(60 =GB (0] = (), e (R Ry), (1)

ou
=, s () =@ By () = (60, 7€ (Ryy ),

with initial conditions
ul(t3r)|t:0 = gl(r)’ re (OBRI)’ u2(t3r)|t:0 = g2(r)9 re (RIBRZ) ;

Uy (t,r)|t:0 =g5(r), re(R,,»), (2)
boundary conditions
k k
t 0 t
hmmzo; lim Mzo; k=0,1 3)
r—0 6rk r—>+0 6rk

and conjugate conditions

(£ [ (6] = 25 [at (7))o, =00 Sk =12, )

? 20,+10 v -af * o 0
— L is Bessel differential operator, B, =r*—+ (20, +1)r—+a3 is Euler differen-
or? ror r? : or? or

o 0
tial operator, B, = r 8_2+ (20,4 +1)ra—+a§ —2%r? is Kontorovich-Lebedev differential operator.
: . »

here B,, =

In equations (4) there are the differential operators
k ko sk 910 ok ok O .
ij = (a‘jm +6jm 5]5+Bjm +yjm 5’ ]’m’k =1,2.
We assume that conditions on the coefficients are true: oclj‘-m >0, 6’;-," 20, Bljfm >0, yI;m 20; ¢jy = oclz‘jB{‘j —a{‘jﬁlz‘j ;

. _ ok _k k. ok _ k _k k k _ ok sk k <k k. k k  k _ nk <k k sk . _
Ak Cax >0 Ciog = 52_/Y1_/ _SleZj =0, o172 —01Y11 =B1i821 —B2i011 Y2 —0Yis =P1202 —B2dp ., Jk=12.
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Remark 1. The presence of the differentiation operator in time in the conjugate conditions we interpret based on physical
reasons about heat waves as softness of boundary of domain on reflection of waves.

Remark 2. In the case of hard boundary of domain on reflection of waves (51}" = yljfm =0), we have mixed problem with

classic conjugate conditions, solution of which is obtained from the solution of the problem (1)—(4) as a particular case.
THE MAIN PART. To solve the problem (1)—(4) let's attract integral Laplace transform relative to the variable ¢ on the

assumption that the given functions f,;(t,r) (j= 1,_3) . 0 (J,k=L2) and the required function
u(t,r) ={u,(t,r);u,(t,r);u;(t,r)} are the originals by Laplace [9].
In the Laplace image for the problem (1)—(4) it is corresponds the boundary value problem to construct solution which is

bounded in the set 1{ for the separate system of differential equations of Bessel, Euler and Kontorovich-Lebedev for modi-
fied functions

(Byg, —aD)u (p.r)=—F, (p.r).  re(OR),
(By, —@)uy(p.r)=—F, (p.r),  re(R.R,y), 5)

(Ba3_qg)u;(pal’):—F;(p,r), VE(R2’+00)
with boundary conditions

- dfuy d"ui(p,
lim &P o i S o p oy ®)
r—0 dl"k r—>+0 dl"k
and conjugate conditions
— d = * — d = * —k .
0‘1;1_+B§1 u (p,r)— 0‘];2—+B§2 U (p57) =0, (p); Jj,k=12. (7)
dr dr r=R,
In the equalities (5)—(6) we accept the denotation:
gy =a;” (p+v)" Fj(pr) =[S} (pr)+ g, (1) |a, &, = o, + 18}, B =B+ p7h,

B3 (P) =05 (D)W s W =[8580 (RO +v5180 (ROT-[85 811 (R) + V584 (ROL: 4 (por) = [u; (tr)e Pt
0

fipn)=]fnedt, oy (p)=[w,@edt, p=c+is, o>0,
0 0

here o, is the abscissa of convergence of the Laplace integral s € (—o0,+0) .

We can assume that Vi = 0, j,k=1,2.0Otherwise, let's proceed to the new initial data Ej (r) using formulas:

g(r)=g)+b, re(0,R), & (r)=g,(r)+ayr+by, re(R,Ry),
g5(r)=g3(r)+by, re(Ry,+o); a, >0, b;>0, j=13.
Let's find the values a, and b, (j:1,_3) from the equalities
by —[(Sljz + “/ljle)az + “/ljzbz] =y, j=L2%
(Sil +Y31R2 )a, +Y3’1b2 —Vizbs =V, j=12. 8)

We have got inhomogeneous algebraic linear system of four equations for four unknown quantities b;, a,, b,, by. If the
conditions on the coefficients are satisfied, than system (8) has a unique solution that can be obtained by Cramer rules [8]:

3 — — — 4 — — —
b = —f[‘/lzzalzz —6121a222 +le2“222 (R, _R1)]+%[Y}za122 _6}2‘1222 +Y}2‘1222(R2 -R)],

ayr+b, = _%YIZI[Q_IZZ +ax (R, —r)]+%y}1[a_122 +ay (Ry —r)]+ 9)
v _ v
+ Alz V%z[aél azz (r—=R)]- A22 Vlzz[azl azz (r=Rp)]1,

by = WAlz [_211V21 422851 C_lzlzygl(Rz —R)]+ WAZZ [‘72125121 521“/11 +a22y11(R2 —-R)I,
here
a11 = 5{(15152 6151612’ a21 \(116 “/21512: k=12; a12 = 8113’22 5151‘/12’ ‘7;2 = Y{Cﬂ]zcz _Y12{1Y{{23
A =ayay ~andyy —ands (R~ R) # 0.
Be note that the numbers v ;, appear as a result of soft lines of conjugation » =R, on wave reflection, such as heat
which arise during distributing of the initial temperature.
The fundamental system of solutions for Bessel differential equation (Blwl - ql2 )v =0 is formed by modified Bessel functions

of the 1st kind 1, , (¢,r) and the 2nd kind Ko, (g,7) [13]; the fundamental system of solutions for Euler differential equation
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(B:tz —¢3)v =0 is formed by functions 7~*>™% and r~“*% [14]; the fundamental system of solutions for Kontorovich-Lebedev

differential equation (B% —q32 )v =0 is formed by modified Bessel functions Iy o, (Ar) and K. (Ar) [12].

The presence of fundamental system of solutions allows us to construct the solution of boundary value problem (5)—(7)
by the method of Cauchy functions [17] by the formulas

* Rl « « u
uy (p.r) = Al (@) + [ B (p.r.p)F (p.p)p™* " dp,
0

% R * *
Uy (pr) = Apr 272 4 By~ *2 T 4 I E, (p,r.p)F, (p.p)p**=""dp, (10)
R

uy(p.r) = BiK, o (\r)+ [ E5(p.r.p)F; (p.p)p°® 'dp

R,

here E;(p,r,p) are the Cauchy functions:

E;(p.7.0)| sepr0 —E; (Po7:P)| 1op0 =0, j=13, (11)
dE", ,7, dE" 7, _
i (p,7,p) B i (p,7,p) — (2(1_/+1), 2a,+1>0.
dr r=p+0 dr r=p-0 '

Let's suppose that the Cauchy function El* (p,r,p) is defined by the formula:

. E =Cl,, (qr) , 0<r<p<R,

El (pa r, P) = +

El = CZIU,(xl (qlr) +D2KU,(XI (qlr)s 0< p<r< Rl‘

Properties (11) of Cauchy function give us algebraic system of two equations:
(CZ - Cl )]o,ul (QIp) + DZKD,(Xl (qlp) =0,
’ ' 2 -
(Cy =CDI g (@1P) + DyK o (@ip) = (g™ )7

whence we obtain the ratio:

2 2
C=Ci==¢; " Ko (@p), Dy=q;""1,, (:P)- (12)
Let's complement the equalities (12) by algebraic equation
od = ) e
1 1
o —+ E
( o, Bllj 1
From system of equations (12), (13) we find that
-1 2 *
G :[Ui,lal;u(‘th)] 1@1 al\PL,al;ll(qul’qlp)’
‘Pl)*,al 1@ R, q,p) = Ull),ltxl;ll(qul Ky o, (@1p) _Ullfa,;n(‘th Moo (@p).

r=g, =0: U\})}al;ll(qul)C2 +U3a1;11(91R1 )D, =0. (13)

V-0 1 7l —1 2
Loy, + By ]Iu,a] (@R + g Rl o0 (@1R)

Ull)}lll a(gR) = (
1

12 V=0 1 71 —1 2
Uu,al;ll(qul) = [—R 1 o+ Blleu,al (1 R) —oyq; R1K0+1,a1+1(41R1) .
1

So Cauchy function El* (p,r,p) is defined and due to symmetry about the diagonal » =p has the structure:
qzu‘ Ly, (qlr)T{zalgll(qulsqlp)a 0<r<p<R,

Ef (p.r.p)=—r1t—r : (14)
Usop1(@1Ry) L, (qlp)‘PL’al;“(qul,qlr), 0<p<r<R,.

Let Cauchy function E;(p,r,p) is defined by the formula:

. E,=Cr @ 4D %% R <r<p<R,,
EZ(parsp) =

E,=Cyr @™ 4 Dy R <p<r<R,.
Properties (11) of Cauchy function give us algebraic system of equations
(C,=Cp ™% +(Dy = Dy)p *"*" =0,
(Cy =C )y +,)p "% +(Dy = D)oy —gy)p 27 = p—2a2 ;
whence we obtain the ratio
C, -G =Qqy) ' p ", D, —D; =-(2q,) ' p 7% (13)
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Let's complement the equalities (15) by algebraic equations
d =1 )+

—1 1
(0‘12 o +Bi jEz

(0‘11 +B11JE2 r=R, =0: Zéi;ll(stRz)Cz"‘Zéf;ll(%’Rz)Dz =0

Because of (15) algebraic system (16) takes the form
le12((12aR )C1+Zz12(612aR )D, = (17)

r=g =0 Z(lxlz;lz(‘h’Rl)Cl +Zy . La2(42, R)D, = (16)

Zii;n(‘]zaRz )G +Z§f;11((]2»R2)D1 = i\yéz;n((lzap) .
Hence we find that ’
le 12(‘12aR1)‘IIa211(CI2,P) D = lelZ(qz’Rl)Tazll(qZ’p)
2g,A (ngll(q25R19R2) b 2g,A (xz;ll(q23leR2) .

So Cauchy function E; (p,r,p) is defined and due to symmetry about the diagonal » =p has the structure:

C=-

£ ) 1 ‘Pi:z;lz(qza”)\Péz;ll(%’p)» R <r<p<Rm,, (18)
2P75P) =~ . «
2q,0,,:11(92: R, Ry) ‘Pfxz;lz(qz,p)‘Piz;ll(qz,r), R <p<r<R,.
In formulas (16)—(18) there are functions:
Z0(q.R,) =B — R, &)~ & gR, R, Z1% (g, R,) = [(Bf — R, &) + 8 qR,, IR,
jk(%”) Za]k(qum)r_az 1 ijk(q’R )r_(lerq’ j;k:132|
. 11 21
A, w(@2: R Ry) =2, /z(‘lanl)Zaz #1(92,Ry) = _,'z (42, R)Z, 11 (425 Ry) -

Let's suppose that the Cauchy function E3 (p,r,p) is defined by the formula:

. E3_C1 (7\.}")+D1 (?»r) R, <r<p<on,
Ey(p,r,p)=
E; = D,K, o (M), Ry <p<r<o,
Properties (11) of Cauchy function give us algebraic system of equations
_C1]q3,a3 (}\‘p) + (DZ _Dl )Kq3,u3 (}\‘p) =0,
Gl o, Op)+(Dy = D)K;, , (hp) =-(p* )7,
whence we obtain the ratio:
2 2
Cl :7\4 0L3]<(13,a3 (kp)a DZ_Dl :}\4 G31q3’a3 (kp) . (19)
Let's complement the equalities (19) by algebraic equation

d =5\ »

2 2

(0‘12 +Bi jES
dr

From algebraic system of equations (19), (20) we find that

(U22 12(7¥R2)) MR (MR, Ap).

q3,03; 93,935

rer, =00 UL 1 (MR)C +U 15 (MRy) D) = (20)

93,035 q3,03;

So Cauchy function E;(p,r, p) is defined and due to symmetry about the diagonal » = p has the structure:

E*( ) }\,2(13 K(ﬁ oLy (}\’p)‘llfl* oy 12(}\4R2,7\J") Rz <r<p<+0, (21)
3D, P) =
U;za; (AR | K (M)‘I’q a2 ARy, Ap), Ry <p<r <.

The conjugate conditions (7) to determine the values AI,AZ,BZ,B3 give us algebraic inhomogeneous system of four
equations:

Uéla 'jl(qul)Al _Z(lxlz'jZ(qZ’Rl)AZ _Ztlxzz'jZ(qZ’Rl)BZ = ‘T)j'l(p)JFS '2G1*2» Jj=L2,
z3 12, Ry) A4, +Za2 142, Ry) B, — Uzza .2 (MR ) By = jz(P)+5,2G23 (22)
In system (22) there are functions

Cl*l f; Ly, (41P) \Piz;n(‘]zap)

« * C* * 20,1
G, = F (p,p)p”**dp+—2 F (p.p)p™*dp,
Rzal . 0 UU Lol (q]R]) Rlzo'z . R Aaz;l 1 (q2 5 Rl ’ RZ)
R *
* C ; ;12(q27p) * o, — c « (Ap) * _
Gy =~ | ¥, E (p.p)p™* ldp+—22 I P, F (p.p)p**'dp

R R Ao i (@23 R, Ry) R; U22 12 (ARy)

43,033
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and Kronecker symbol 8 ;,(8;, =0,8,, =1) .
Let us introduce functions for consideration:
Ua] (p)= Uual (@ R)A, (925 R Ry ) — Uua 21 (@ RDA (423 R Ry ) ;

22 )
B((x) ()= Uq3 03322 (AR, )Aa2~j1(‘]2;R1»R2) Ugroyi2 (AR, )Aa2~j2 (925 R, Ry) 5
Ua Lalpr)= Uualll(%Rl)‘Paz 2(q5,1)— Uual 21(‘11R1)‘Pm2 12(qy,r), j=12;

O w2 (P, ) =U, q3 o; 12(7¥R2)‘Pa2 21(42,7) = Uq3 03522 (XRz)lPaz;n(‘Izﬂ’) .
Let's assume that the condition of unique solvability of boundary value problem (5)-(7) is satisfied: for p =c+is with
Rep=0>0,, here o, is the abscissa of convergence of the Laplace integral and Im p = s € (—o0,+0) , determinant of
algebraic system (22) is different from zero:

A(a) ()= U, o1 (@ R) By (p) - U, 0,21 (@1 R) By, (p) =
=UZ 4 OR) AL, ((P)=Ug o 1 OR)AT, 5 (p) %0, () = (0, 05). (23)

Let's define the main solutions of boundary value problem (5)—(7):
1) Green's functions generated by inhomogeneity of the conjugate conditions (7)

* B2 (p) * By (»)
RO (pr) = =22 ] (@), RO (pr) === 1, (417)
ol v,oy \117 /> o321\ v,oy \117 /s
AGy () AS) (p)
* 22 * 22
2 U on(ARy) 2 U a(ARy)
RO (por) =LA S0 B2 (), RO (pr) =2 S 2520 (g,
Rl Au,al (p) Rl Ao,al (p)
Ul o (qR) Ul (@R)
R<‘*)2 (p, r)= 2wl g (p,r), R (p r)y=—2wllZl Vg (p.7)
11 (@):2\P> va:21 P (@2 (P>1),
AE?; (p) v Ag“;l (p)
2 (ARy) 12(ARy)
Rl(Joglle( ) q3 023&) ®u L0L5 1( )’ Rl(Ja021222( ) % L0 1( )
Ava, (P) Ae, (P)

* 11
2¢,¢9 Uu,al;ll(%Rl)
R22(x2+1 Am (p) C13 o3

* 11
(@),3* I") _ 2q2012 []u,oc1 ;21 (qul)

v,0u;1 1 R22a2+1 Agiil (p) (7\-7’) ,

R(@)3*
quixz (7»1’), uaal 21( )

oal l(p)
(a) q3,03
AL ()

w2(P) .
R (p.r)=—2 ), REMT, (por) ==

0,00

(Ar);

2) the influence functions generated by the inhomogeneity of system (5)
qlza‘ Ly 0, (@B (p)\PL*ul 1(@1R,4,p) _B(m)n(p)\ylo*oc1 2@ R gip)], 0<r<p<R
E)a; (P) | 1y0,(@1P)[B(gy, (P)\Pu,al 1 (@R, qr) = Bgy, (p)‘Pu,al;Zl (@R, q)], 0<p<r<pg
ch(p) L,04 (ql )
2(12 +1 A(a) ( )

v,04

T _
Hy 01 (psr.p) =

2qzc;1 C;z Ly o, (@)
205+ 205+ 43,0
Rl o+ R2a3+ Agiil (p) 3,03

(a)*

(a) ((l);Z(ps p)a Hujalgw(p,r,p) =

00‘1 12(p’rs p)=—"—7+

(Ap),

HO (o py = G1P) Lo (@)
ucxl 2P>75P R2a1+1 A(a) (p)
1 L0

®(0L);2 (po I") ’

@ (p,r,p) = 1 ®gqu~1(p,}’)®(a);2(p’p)’ R <r<p<R,,
;22 57 _—
UOL 2 2A£)“; (p) @0‘2 l(p P)®(a)2(p,r) R1 <p<r <R2,

CZZ(p) UOLI l(p’ ) (x ) ( r, ) Cl*l(p) 2q20;2 x
22a3+l A® (») g5.a5 MP)s ua 31Ps _R2a1+l R22(12+1

v,0 1

1()02 23(p’r p)_

« U 04 (qlp) q3 o3 ( ) “2

A
ALY (p)
7\,2“3 Kq3 o3 (}\P)[ z(p)\qu ay;l 2(7\.R2,7\,V) A 1(p)qu3 0352 2(7\.R2,7\J")], RZ <r<p<o®

Al * ’
Ava, (P) | K, (q3r)[A(a)2(p)‘I’U wn12(@3Ra,q3p) = AS‘; 1(P)T§3 ay22(ARy,AP)], Ry <p<r<o0

C
Koo, ), HE ) (porp) = —52 L (P-p),

2 1 oa
2&2+ Af}(l; ( ) 1>

P
H7) 3 (porsp) =
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As a result of unique of solvability of algebraic system (22), substituting the obtained values of variables 4, 4,,B, and

B; by Cramer rules in equations (10) and a number of elementary transformations, we have the unique solution of boundary
value problem (5)—(7):

" 2
Wi (pr)= 2 R (pr)®,, (p)+ JH“” (PP (p,p)p** dp+
1

m,k=

R2 sk * *
+ [ HY o (prp)Fs (p.p)p™* dp+ I HYY S(pr,p)Fs (p.p)p™®'dp, j=13. (24)
Rl 2
Returning to the original in formulas (24), we get the only exact solution of mixed parabolic conjugation problem (1)—(4):

. _ t R ~
u(t,r) = 5 J RO (=108, (d+ [ [ H (= r.p)a [ (5.p)+ g (p)S, (D]p** dpd+
m,k=1( 00

+I JH“” 2= P (6P) + 2 (P8, (D]ay"p*  dpd+ [ [ HE (1 =1r,p) f3(5,p) + 25 (p)3, ()]
OR,

xa;p*» dpdt, j=1,3, (25)
here &, (7) is Dirac delta function, that is focused in the point ©=+0 [19].
In formulas (25) we apply the Green's functions

1 G +io e _
RO )y ==— [ R (pr)e’'dp, mhk=12, j=13 (26)
G —i©
and influence functions
1 G +ioo _
H rs p)_2 | f)“;l w(porap)e’dp, jk=13. (27)
GO—IOC

Let's find expressions for the Green's functions R‘()“J;fmk (t,r) and influence functions H(“) k(z r,p) that are conven-
ient for use in theoretical studies and applications.
Branch points p = —ylz, p= —y% , p= —y§ and p=oo are the particular points of functions R(@:* «(p,r)and

V,0 ;7

H (p.r.p). Lets put g, =ib,=ia;'(B*+k))"*, k;20, j=13. We obtain: p+y;=(" +k;);

UOL 3
p=—@+k; +v))= =-(B*+y"), here v’ =max{y{:y3:y3}. f ¥’ =y >0, then K =0, ki =v;-y;20,
k32=y12—y§20; if y2=y§>0,then kf=y§—yfzo, k22:0, k§=y§—y§zo; if y2=y§>0,then kf:y%—yfzo,
k3 =v3-1320, ki =0

Let's use the known functional relations:

Uiy j1 GBI R =y, /l(blRl)exp[—(u al, U, /l(zblRl)—— > exp[——(o+a1)]><
X[ U(xl (B Ry)—i Uy,o, Jl(blRl)]' v, Jk(lblRl’lblr)__z _m'\lfu 0 k(DR br) =

s —TTiOL
== ¢ g i RO Ny, () = R, (B

Ag, i (iby; Ry, Ry) = 218,y (bys Ry, Ry ) = Zi[Yoltzl;jZ (bZBRl)thzz;kl(bZ’RZ) - Yof;jZ (bZ’Rl)Yo%zl;kl(bZ’RZ JE

i .E(U_OH) N
A5, (B )= 21exp[—<o Ot 1 (B RS0 (B Ry RY) =l o (RS, (b R Ry) =22 a2, (B;

0,05/
rR2i|

| 2in Zv-o i Do
A(a) i (2 + 2y) = 2 X22 AR, ,b X22 AR, ,b 2
0,0 (e B +v )) sh(nhs) e 22 (AR, 3)% o 1B - X5 (AR, 3)% o 2(B)1= sh(mbs) ¢

If 65}‘:‘;1 (B) # 0, then functions Ri“);-’ ,(t,r)=0 and H® 4 (t,r,p) =0 according to formulas (26) and (27). Functions

0Ly V.04

sh(nby)

As a result of elementary calculations we get that

U,%f’a};jz(}\.R) —Xzz,z( Ry,by) = Tb}){[~32d +[312]D (Ar,bs)

)
850, B)-

u;(t,r)=0 according to formulas (25). So, the solution of the parabolic problem u(,r) = {ul(t,r);u2 t,r);us (t,r)} =0
which is impossible. It follows that 65}“&1 (B) =0. We obtained the transcendental equation for calculating the eigenvalues of

the hybrid differential operator M ‘* = 0(r)0(R, —r)a;’ B, o O —R)O(R, — r)a%B:tz +0(r—Rya3 )B,, -
v, > E
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Let's determine values and functions:

20, +1 p2o;+1 20,5+1
11612 RIPTRT? R
2 _ FILIMIL2 Y 2 2 _ H11,27%2 2 (o) _ 22
461 = 204+ p20,+1 a6, = 20,+1 ’ 363 =1, V\/()_ 1(r’Bn) - q(xz;l (Bn)X 12(7\'R2’b3n)‘]vot (blnr)
G KR 128,

11b2, 22 1 1 11 1
Doyl = R’ V(?l ,(rB,) = Xa3;12(7\‘R25b3n)|:uv,al;ll(blan) Wa2;22(b2n’r)_uv,al;Zl(blan)Wa2;12(b2n’r):|;
1

\I/a 2By ) =Y, jz(banl)”_a2 cos(b,, In r)_Yolczl;jZ (by, R))r~** sin(b,,, Inr); V\,(O(;) 3(rB) =—a3, (B, Dy, (Ar,bs,),
b= B =K%, =13
Let us introduce to consideration the weight function
o(r) = 0(r)B(R, — oy +0(r — R)O(R, — 1)o7 +0(r = Ry * 7"
spectral function V(“) (r,B,) = 0(r)O(R, — r)V“*) (r,B,)+0(r—R)O(R, — r)V“*) (r,B,)+0(r—R, )V(“l) (r,B,) and its gen-
eralized squared norm [4]

2 iy )
V|

=[[rees, )J o(r)dr+©,(B,.B,) =1 2 "cylra (B,)sh(mby,)x
0

2 1 d A
xX(x;;lz(}”R2$b3n)|: 2 d ( vul(p))

=—(B+7°)
According to the generalized theorem of the development [9] we have that
o VD (B, VD, k(p,B ) =

H® (trp)=X1 ap jok=13
n=1 o
P AN (¢ )V“‘) (r B.)
R(‘X)Jzk(t ry=d. > ! vioyima T vy j " omk=1,2; j =13,
n=1 o
2, 1 k ~k d nk .
here d; = aio, R;™ ™ ey, Z{ mz(ﬁﬂ):(amz;Jersz/j? et ¢ mk=12

Integral representation of solution of mixed parabolic problem of conjugation under consideration according to formulas
(25) takes the form

o, (@5, 2 [ () (o))

> J[ RS =P (0= RS - w)oalkm]dwkg[ze s o = RETS @rwy [+
Rl

+ [ [z OIS (B, lcp,ﬁ,»][fl (t.p) +&1(p)3, (D] o™ dpdt +
0

R,
(z IS BV (0.8, )J[fz(T P)+&:(p)3, (D]op™ dpd+

i
0
(Zf O BV 5 (0.8, )j[fm P)+83(p)3, (D]osp™ dpdr, j=13,

here (@ (@) (o) N3
ere S\;a J(}"B) Vva J(VB) Vval( Bn)l E ]_193'

We get the following theorem as the summary of the above results.
Theorem. Let us suppose that the next conditions are true:

1) functions f;(z,r) and ® () are originals by Laplace on variable ¢;

2) functions f;(z,r) and g;(r) satisfy the conjugate conditions;
3) functions f(¢,7)={f(tr), /2t r), /3 )} and g(r)=1{g,(r),g,(r),g;(¥)} are bounded, continuous, absolutely

summable with the weight function o(») and have the bounded variation in the set 1; ;
4) function F(t,r)= {6 V.o LA (7)), qu Lo, 7)], Ba; Lf5(t, r)]} is continuously differentiable by ¢ and con-

tinuous by 7 in the set D5 . Then in the class of functions u(t,r) ={u,(t,7),u,(t,7),us(t,7)}, which are continuously differ-

entiable by ¢ and continuously differentiable by » twice in the set D; and satisfy conditions 1), 3), parabolic mixed problem
of conjugation (1)—(4) has unique bounded solution, which is determined by formula (28).
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CONCLUSIONS. By means of method of Laplace integral transform in combination with the method of Cauchy functions
the integral representation of exact analytical solution of mixed problem of conjugation for the separate system of evolution-
ary parabolic equations of the second order, which is modelled by hybrid differential operator of Bessel-Euler-(Kontorovich-

Lebedev) in the piece-homogeneous polar axis (0,R, ) (R, R,)U(R,,+o) with soft limits is obtained. Analytical expres-

sions for main solutions (Green's functions and influence functions) that are convenient for use in theoretical studies and
applications are also obtained.
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CtaTTA Hapginwna go peakonerii 17.12.14

KoHert ., a-p dis.-mar. Hayk, Mununiok T., BUKknapay
Kam'saHeub-Moainbcbkuii HauioHanbHUI YHiBepcuTeT iMeHi IBaHa OrieHka, Kam'aHeub-MNoainbcbkui

IHTErPANBbHE 306PAXEHHS PO3B'A3KY KPAWOBOI 3AOAMNI ANA CUCTEMU EBONMIOLIIMHUX
NAPABONIYHUX PIBHAHb HA KYCKOBO-OOQHOPIAHIN NONAPHIN OCI 3 M'AKUMU MEXAMU

Memodom iHmezparnbHo20 nepemeopeHHsi Jlannaca y noedHaHHi 3 Memodom ¢byHKuiti Kowi odepxaHo iHmezpassHe 306paXeHHs1 MOYHO20 aHanimu4Ho20 po3-
8'A3Ky MiwaHoi 3adayi Onisi cucmemu €e8OMIUItIHUX rapaboridHUX pieHsHb, 3MO0eribogaHUX eibpudHuUM AugbepeHuiansHuM onepamopoMm beccens-Etinepa-
(KoHmopoguya-/lebedesa) Ha Kycko80-00HOPIOHIU ronsipHiti oci > 0 3 M'aKuMu Mexamu.

Kouert WU., a-p dms.-mar. Hayk, npodp., Mununiok T., npenopgaBarenb
KameHeu-MNogonbckuin HaunoHanbHbI yHuBepcuteT umedn UBaHa OrneHko, KameHeu-Moponbck

MHTErPANbHOE NPEACTABJEHUE PELLEHUA KPAEBOW 3AO0AYN ONA CUCTEMbI 3BOJTIOLIMOHHBIX
NAPABOJIMMECKUX YPABHEHUU HA KYCOYHO-OAQHOPOAHOU NOJIAPHOU OCU C MATKUMU TPAHULIAMU

Memodom uHmezparnbHo20 npeobpasosaHusi Jlarnnaca e codvemaruu ¢ Memooom ghyHkyuti Kowu rnomy4eHo uHmeapasbHoe npedcmassieHue moYyHo20 aHanumu-
4YecKoz20 peweHuUs1 cMewaHHol 3adaqu Onisi cucmeMbl 380/TIOUUOHHBIX napabornuyecKux ypasHeHuUl, cModenuposaHHbIX 2UbpudHbIM dughghepeHyuarnsHbIM ornepamo-

pom Beccens-3linepa-(KoHmoposuya-/le6edesa) Ha Kyco4HO-00HOPOAHOU nonsipHol ocu 1 > 0 ¢ MseKuMU epaHuyamu.
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YMOBHA IHBAPIAHTHICTb (1+1) - BUMIPHOI'O PIBHAHHA
PEAKUII-AU®Y3I1I-KOHBEKLII BIAHOCHO ANrEBP rANINEA

3HalideHo eci pieHsIHHSI peakuyii-Oudby3ii-koHeeKuii po3mipHocmi (1+1), siki € ymoeHo iHeapiaHmHumMu eiGHocHO anzebpu lanines
6e3 onepamopa macu, ma anzebpu anines 3 onepamopom macu

BCTYI. B OCHOBi KMacu4HOi MeXaHikym nexuTb NpuHuMn BigHocHocTi [anines. B (1+1)-BumipHOMy npocTopi riomy
BignoBigaTb NepeTBopeHHs [anines surnagy

t'=t,x'=x-vt. (1)
BukoHaBLum ans doopmyn (1) nepenosHaveHHs ¢ — x,, x — X, v — 0, ogepxmmo
X4 = Xg, X = X, — Ox,. (2)
MepeTBOpPEHHS (2), NopoaxytoThecsa onepaTtopamu [ranines
Gy = x0, + 10, (3)
G, = x,0, + 05, (4)
ae O, =(au+p;)0,,q;,B; —NeBHI KOHCTAHTW.
OnepaTtop (3) pasom 3 onepaTtopamm 0, = ai, 0, = ai, O, , yTBOpIOIOTL OAHY 3 peanisauiii anrebpu laninea 3
x x
onepaTtopoM Macu, siky M1 No3Ha4YMmMo ’ 1
AGM (1,1)=<0,,8,, G, 0, > . (5)
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