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Äîñëiäæó¹òüñÿ ïèòàííÿ ïðî iñíóâàííÿ ¹äèíîãî îáåæåíîãî i ¹äèíîãî ñóìîâíîãî ðîçâ'ÿçêiâ

îäíîãî ðiçíèöåâîãî ðiâíÿííÿ çi ñòðèáêîì îïåðàòîðíîãî êîåôiöi¹íòà ó íåñêií÷åííîâèìiðíîìó áà-

íàõîâîìó ïðîñòîði.

Êëþ÷îâi ñëîâà: ðiçíèöåâå ðiâíÿííÿ, íåñêií÷åííîâèìiðíèé ïðîñòið, ëiíiéíèé îïåðàòîð, îáìå-

æåíèé ðîçâ'ÿçîê, ñóìîâíèé ðîçâ'ÿçîê.

We consider linear and weakly nonlinear di�erence equations with a linear operator coe�cient jump

in the in�nite dimensional complex Banach space X. Such equations often arise in theoretical and

applied problems of physics, mechanics, mathematical physics, biology and mathematical economics.

The results of the research describe existence conditions of the unique solutions for some types of

di�erence equations. In particular we study summable solution existence and uniqueness for linear

di�erence equation in the space lp(Z, X). Also we address the issue of the bounded solution existence

and uniqueness for linear di�erence equation in the space X and the explicit form of such a solution is

determined. Furthermore we formulate su�cient conditions of existence and uniqueness of the unique

bounded solution of the weakly nonlinear di�erence equation in the in�nite dimensional complex Banach

space X.

Key Words: di�erence equation, in�nite dimensional space, linear operator, bounded solution,

summable solution.

Ñòàòòþ ïðåäñòàâèâ àêàäåìiê ÍÀÍÓ, äîêòîð ôiç.-ìàò. íàóê, ïðîô. Ïåðåñòþê Ì.Î.

1 Âñòóï

Íåõàé X - íåñêií÷åííîâèìiðíèé êîìïëåêñíèé
áàíàõiâ ïðîñòið ç íîðìîþ ‖·‖ i íóëüîâèì åëå-
ìåíòîì 0̄; L(X) - ïðîñòið ëiíiéíèõ îáìåæåíèõ
îïåðàòîðiâ, ùî äiþòü iç X â X; A,B - ôiêñîâàíi
îïåðàòîðè ç L(X).

Ðîçãëÿíåìî ðiçíèöåâå ðiâíÿííÿ{
xn+1 = Axn + yn, n > 1,

xn+1 = Bxn + yn, n 6 0,
(1)

ó ÿêîìó {yn, n ∈ Z} - çàäàíà, à {xn, n ∈ Z} -
øóêàíà ïîñëiäîâíiñòü åëåìåíòiâ ïðîñòîðó X.

Íèæ÷å íàâåäåìî äåÿêi äîñòàòíi óìîâè íà
îïåðàòîðè A,B, ïðè âèêîíàííi ÿêèõ âèêîíó¹-
òüñÿ íàñòóïíà óìîâà.

Óìîâà 1. Äëÿ äîâiëüíî¨ îáìåæåíî¨ â X ïî-
ñëiäîâíîñòi {yn, n ∈ Z} ðiâíÿííÿ (1) ìà¹ ¹äèíèé
îáìåæåíèé ðîçâ'ÿçîê {xn, n ∈ Z} ó ïðîñòîði X.

Ïðî çàñòîñóâàííÿ ðiçíèöåâèõ ðiâíÿíü ç îïå-
ðàòîðíèìè êîåôiöi¹íòàìè äèâ. [1-3, 5, 6].

2 Îáìåæåíi ðîçâ'ÿçêè ðiâíÿííÿ (1).

Ïðèïóñòèìî, ùî ñïåêòðè σ(A), σ(B) îïåðàòî-
ðiâ A,B íå ïåðåòèíàþòüñÿ ç îäèíè÷íèì êîëîì
S =

{
λ ∈ C

∣∣ |λ| = 1
}
. Íåõàé σ−(A), σ−(B) - ÷à-

ñòèíè ñïåêòðiâ îïåðàòîðiâ A,B, ÿêi ëåæàòü âñå-
ðåäèíi, à σ+(A), σ+(B) - çîâíi êîëà S. Ââàæà-
òèìåìî, ùî ìíîæèíè σ±(A), σ±(B) íåïîðîæíi.
Çàóâàæèìî, ùî óñi îòðèìàíi íèæ÷å ðåçóëüòàòè
çàëèøàþòüñÿ ñïðàâåäëèâèìè i ó âèïàäêó, êîëè
ñåðåä öèõ ìíîæèí ¹ ïîðîæíi, ç î÷åâèäíèìè çìi-
íàìè â îòðèìàíèõ ôîðìóëàõ.

Ñêîðèñòàâøèñü ñïåêòðàëüíèì ðîçêëàäîì
îïåðàòîðà â áàíàõîâîìó ïðîñòîði (äèâ. [2, ñ.
8]), ðîáèìî âèñíîâîê, ùî ïðîñòið X ðîçêëà-
äà¹òüñÿ â ïðÿìó ñóìó iíâàðiàíòíèõ âiäíîñíî
A ïiäïðîñòîðiâ X = X−(A)+̇X+(A) òàêèì
÷èíîì, ùî çâóæåííÿ A−, A+ îïåðàòîðà A íà
X−(A), X+(A) ìàþòü ñïåêòðè σ−(A), σ+(A). Òà-
êîæ X = X−(B)+̇X+(B) i çâóæåííÿ B−, B+

îïåðàòîðà B íà X−(B), X+(B) ìàþòü òàêi æ
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âëàñòèâîñòi. Âiäçíà÷èìî, ùî ïðè öüîìó çáiãà-
þòüñÿ ðÿäè

∞∑
n=1

‖A−n+ ‖,
∞∑
n=1

‖An−‖,
∞∑
n=1

‖B−n+ ‖,
∞∑
n=1

‖Bn
−‖. (2)

Íåõàé òàêîæ X = X−(A)+̇X+(B). Çàôiêñó-
¹ìî îáìåæåíó ïîñëiäîâíiñòü ȳ = {yn, n ∈ Z} i
ïîêëàäåìî ‖ȳ‖∞ = sup

n∈Z
‖yn‖. Òîäi åëåìåíò y0 öi¹¨

ïîñëiäîâíîñòi ¹äèíèì ÷èíîì çîáðàæó¹òüñÿ ó âè-
ãëÿäi y0 = y−0 +y+0 , äå y

−
0 ∈ X−(A), y+0 ∈ X+(B).

Ïîçíà÷èìî ÷åðåç P 0
−, P

0
+ ïðîåêòîðè â X íà ïiä-

ïðîñòîðè X−(A), X+(B), ùî âiäïîâiäàþòü çî-
áðàæåííþ X = X−(A)+̇X+(B); PA− , P

A
+ - ïðî-

åêòîðè â X íà X−(A), X+(A), ùî âiäïîâiäàþòü
çîáðàæåííþ X = X−(A)+̇X+(A), PB− , P

B
+ - ïðî-

åêòîðè â X íà X−(B), X+(B), ùî âiäïîâiäàþòü
çîáðàæåííþ X = X−(B)+̇X+(B).

Ïîêëàäåìî äëÿ êîæíîãî n > 1

Pn+ = AnP 0
+A
−n
+ PA+ , P

n
− = I − Pn+; (3)

P−n− = B−nP−B
n
−P

B
− , P

−n
+ = I − P−n− ; (4)

x1 = P 0
−y0+

−1∑
ν=−∞

P 0
−B
|ν|
− P

B
− yν−

∞∑
ν=1

P 0
+A
−ν
+ PA+ yν ;

(5)

∀n > 2 : xn =
n−1∑
k=1

An−1−k− P k−yk+

+
0∑

ν=−∞
An−1− P 0

−B
|ν|
− P

B
− yν−

∞∑
ν=n

Pn−1+ An−1−ν+ PA+ yν ;

(6)
∀n 6 0 : xn = Pn−1− yn−1+

+

n−2∑
ν=−∞

Pn−1− B
|ν|+n−1
− PB− yν −B

−|n|−1
+ P 0

+y0−

−B−|n|+ P−1+ y−1 − ...−B−1+ P
−|n|
+ y−|n|−

−
∞∑
ν=1

Bn−1
+ P+A

−ν
+ PA+ yν . (7)

Òåîðåìà 1.Ïðèïóñòèìî, ùî âèêîíóþòüñÿ

òàêi óìîâè:

i)σ(A) ∩ S = ∅, σ(B) ∩ S = ∅;
ii)X = X−(A)+̇X+(B).
Òîäi ðÿäè ç (5-7) àáñîëþòíî çáiãàþòüñÿ çà íîð-

ìîþ òà çàäàþòü âiäïîâiäíèé äî îáìåæåíî¨ ïî-

ñëiäîâíîñòi {yn, n ∈ Z} îáìåæåíèé ðîçâ'ÿçîê

{xn, n ∈ Z} ðiâíÿííÿ (1). Öåé ðîçâ'ÿçîê ¹äèíèé

ó êëàñi âñiõ îáìåæåíèõ â X ïîñëiäîâíîñòåé.

Äîâåäåííÿ. Ñïî÷àòêó äîâåäåìî, ùî äëÿ âèçíà-
÷åíèõ çà äîïîìîãîþ (3) ïðîåêòîðiâ ïîñëiäîâ-
íiñòü

{
‖Pn+‖, n > 1

}
¹ îáìåæåíîþ.

Ñïðàâäi, P 0
++P 0

− = I, ïðè÷îìó P 0
− ïðîåêòó¹

íà X−(A), à îòæå, äëÿ äîâiëüíîãî n > 1

Pn+ = An(I − P 0
−)A−n+ PA+ = PA+ −An−P 0

−A
−n
+ PA+ ,

çâiäêè

‖Pn+‖ 6 ‖PA+ ‖+‖P 0
−‖·‖PA+ ‖·sup

n>1
‖An−‖·sup

n>1
‖A−n+ ‖.

Òóò sup
n>1
‖An−‖ < ∞, sup

n>1
‖A−n+ ‖ < ∞ âíàñëiäîê

çáiæíîñòi ðÿäiâ (2). Àíàëîãi÷íî äîâîäèòüñÿ, ùî
ïîñëiäîâíiñòü

{
‖P−n− ‖, n > 1

}
¹ îáìåæåíîþ.

Çàôiêñó¹ìî ñòàëó L , ÿêà îáìåæó¹ ïîñëiäîâ-
íîñòi {‖P k−‖‖PB− ‖, k ∈ Z} òà {‖P k+‖‖PA+ ‖, k ∈ Z},
i ïîñëiäîâíiñòü {yn, n ∈ Z}. Òîäi ç (5-7) âèïëè-
âà¹, ùî

‖x1‖ 6 L
(
‖y0‖+

−1∑
ν=−∞

‖Bν
−‖‖yν‖+

∞∑
ν=1

‖A−ν+ ‖‖yν‖
)

;

äëÿ êîæíîãî n > 2

‖xn‖ 6 L
(
‖yn−1‖+

n−2∑
ν=0

‖An−1−ν− ‖‖yν‖+

+‖An−1− ‖
−1∑

ν=−∞
‖B|ν|− ‖‖yν‖+

∞∑
ν=n

‖An−1−ν+ ‖‖yν‖
)

;

äëÿ êîæíîãî n 6 0

‖xn‖ 6 L
(
‖yn−1‖+

n−2∑
ν=−∞

‖B|ν|+n−1− ‖‖yν‖+

+

0∑
ν=n

‖Bn−1−ν
+ ‖‖yν‖+ ‖Bn−1

+ ‖
∞∑
ν=1

‖A−ν+ ‖‖yν‖
)
.

Îñêiëüêè ïîñëiäîâíiñòü {yn, n ∈ Z} îáìåæå-
íà, òî x̄ = {xn, n ∈ Z} òåæ îáìåæåíà, ïðè÷îìó

‖x̄‖∞ 6 ‖ȳ‖∞Lmax{M1,M2},

äå

M1 =
∞∑
k=1

‖A−k+ ‖+sup
p>0

{ p∑
k=1

‖Ak−‖+‖A
p
−‖

∞∑
ν=1

‖Bν
−‖
}
,

M2 =

∞∑
j=0

‖Bj
−‖+sup

p>1

{ p∑
k=1

‖B−k+ ‖+‖B
−p
+ ‖

∞∑
ν=1

‖A−ν+ ‖
}
.
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Òàêèì ÷èíîì, ðÿäè iç (5-7) çáiãàþòüñÿ àáñî-
ëþòíî çà íîðìîþ, i ïîñëiäîâíiñòü {xn, n ∈ Z} ¹
îáìåæåíîþ.

Áåçïîñåðåäíüîþ ïiäñòàíîâêîþ ïåðåâiðÿ¹-
òüñÿ, ùî âèçíà÷åíà çà äîïîìîãîþ (5-7) ïîñëi-
äîâíiñòü {xn, n ∈ Z} ¹ ðîçâ'ÿçêîì ðiâíÿííÿ
(1), âiäïîâiäíèì äî îáìåæåíî¨ ïîñëiäîâíîñòi
{yn, n ∈ Z}. Äîâåäåìî ¹äèíiñòü öüîãî ðîçâ'ÿçêó
ó êëàñi îáìåæåíèõ â X ïîñëiäîâíîñòåé. Âíàñëi-
äîê ëiíiéíîñòi ðiçíèöåâîãî ðiâíÿííÿ (1) äîñèòü
ïåðåêîíàòèñÿ, ùî îäíîðiäíå ðiçíèöåâå ðiâíÿííÿ{

xn+1 = Axn, n > 1,

xn+1 = Bxn, n 6 0,
(8)

ìà¹ òiëüêè íóëüîâèé îáìåæåíèé ïîçâ'ÿçîê. Ïå-
ðåâiðèìî öå. Íåõàé {xn, n ∈ Z} - îáìåæåíèé
ðîçâ'ÿçîê ðiâíÿííÿ (8). Äîâåäåìî ñïî÷àòêó, ùî
x1 = 0̄. Ñïðàâäi, xn+1 = Anx1 = An−P

A
−x1 +

An+P
A
+x1 äëÿ êîæíîãî n > 1, çâiäêè PA+x1 =

A−n+ PA+xn+1 à îòæå ç óðàõóâàííÿì îáìåæåíîñòi
ïîñëiäîâíîñòi {xn, n ∈ Z} i çáiæíîñòi ðÿäiâ (2)

‖PA+x1‖ 6 ‖A−n+ ‖‖PA+ ‖‖x̄‖∞ → 0, n→∞.

Òîìó x1 ∈ X−(A). Àíàëîãi÷íî PB− x1 =
Bn
−P

B
− x−n+1 äëÿ êîæíîãî n > 1, çâiäêè

‖PB− x1‖ 6 ‖Bn
−‖‖PB− ‖‖x̄‖∞ → 0, n→∞.

Îòæå, x1 ∈ X+(B).

Òîäi xn+1 = Anx1 = 0̄ äëÿ êîæíîãî n > 1.
Òàêîæ âiäçíà÷èìî, ùî ÿê i äëÿ x1 ïðè ôiêñî-
âàíîìó k 6 0 ïåðåâiðÿ¹òüñÿ âêëþ÷åííÿ xk ∈
X+(B). Ïðè öüîìó 0̄ = x1 = Bx0 = B2x−1 =
... = B|k|+1xk, çâiäêè xk ∈ X−(B). Òîìó xk ∈
X−(B) ∩ X+(B), çâiäêè âèïëèâà¹, ùî xk = 0̄.
Òàêèì ÷èíîì, ðiâíÿííÿ (8) ìà¹ ëèøå íóëüîâèé
îáìåæåíèé ðîçâ'ÿçîê.

3 Ñóìîâíi çi ñòåïåíåì p ðîçâ'ÿçêè ðiçíè-

öåâîãî ðiâíÿííÿ (1).

Ïîêëàäåìî

l∞(Z, X) =
{
x̄ = {xn, n ∈ Z} ⊂ X

∣∣
‖x̄‖∞ = sup

n∈Z
‖xn‖ <∞

}
,

lp(Z, X) =
{
x̄ = {xn, n ∈ Z} ⊂ X

∣∣
‖x̄‖p =

(∑
n∈Z
‖xn‖p

)1/p
<∞

}
, 1 6 p <∞.

Çàôiêñó¹ìî p ∈ [1,∞] i òàêèé íàáið îïåðà-
òîðiâ {Tij , i ∈ Z, j ∈ Z} ⊂ L(X), ùî îïåðàòîð T ,
ÿêèé âèçíà÷à¹òüñÿ çà ïðàâèëîì

T x̄ =
{

(T x̄)i =
∑
j∈Z

Tijxj , i ∈ Z
}
,

íàëåæèòü äî ìíîæèíè ëiíiéíèõ îáìåæåíèõ îïå-
ðàòîðiâ L(lp(Z, X)).

Âèçíà÷èìî ôóíêöiþ dT : Z→ [0,∞) çà ïðà-
âèëîì:

dT (k) = sup
i,j∈Z,i−j=k

‖Tij‖, k ∈ Z.

Áóäåìî êàçàòè, ùî T ∈ End1(lp(Z, X)),
ÿêùî

∑
k∈Z dT (k) < ∞ ïðè p ∈ [1,∞), à òàêîæ

T ∈ L(l∞(Z, X)) ∩ End1(l1(Z, X)) ïðè p =∞.
Ñïðàâäæó¹òüñÿ òàêå òâåðäæåííÿ.
Ëåìà 1 (äèâ. [4]). ßêùî äëÿ äåÿêîãî q ∈

[1,∞] îïåðàòîð T ∈ End1(lq(Z, X)) - íåïåðåðâ-

íî îáîðîòíèé, òî âií ¹ íåïåðåðâíî îáîðîòíèì

ó âñiõ ïðîñòîðàõ lp(Z, X), 1 6 p 6∞.

Âèçíà÷èìî òåïåð îïåðàòîð J : l∞(Z, X) →
l∞(Z, X) çà ïðàâèëîì

Jx̄ =
{

(Jx)k =

{
xk+1 −Axk, k > 1,

xk+1 −Bxk, k 6 0,
k ∈ Z

}
.

Íåâàæêî ïåðåêîíàòèñÿ, ùî J ∈ End1(l∞(Z, X)).
Òîìó ç òåîðåìè 1, ëåìè 1 i òåîðåìè Áàíàõà ïðî
îáåðíåíèé îïåðàòîð âèïëèâà¹, ùî âèêîíó¹òüñÿ
òàêà òåîðåìà.

Òåîðåìà 2. ßêùî âèêîíóþòüñÿ óìîâè òå-

îðåìè 1, òî äëÿ äîâiëüíîãî ôiêñîâàíîãî p ∈
[1,∞] ðiâíÿííÿ (1) ìà¹ ¹äèíèé ðîçâ'ÿçîê x̄ =
{xn, n ∈ Z} ó ïðîñòîði lp(Z, X) äëÿ äîâiëüíî¨

ïîñëiäîâíîñòi ȳ = {yn, n ∈ Z} ∈ lp(Z, X).

4 Îáìåæåíi ðîçâ'ÿçêè ñëàáêî íåëiíiéíî-

ãî ðiçíèöåâîãî ðiâíÿííÿ.

Ðîçãëÿíåìî íåëiíiéíå ðiçíèöåâå ðiâíÿííÿ{
xn+1 = Axn + g(xn) + yn, n > 1,

xn+1 = Bxn + g(xn) + yn, n 6 0,
(9)

äå g : X → X i çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çi
ñòàëîþ K, òîáòî

∃K > 0 ∀x, z ∈ X : ‖g(x)− g(z)‖ 6 K‖x− z‖.

Òåîðåìà 3. Íåõàé σ(A)∩S = ∅, σ(B)∩S =
∅ i KLmax{M1,M2} < 1. Òîäi äëÿ äîâiëüíî¨

îáìåæåíî¨ ïîñëiäîâíîñòi {yn, n ∈ Z} íåëiíiéíå
ðiçíèöåâå ðiâíÿííÿ (9) ìà¹ ¹äèíèé îáìåæåíèé

ðîçâ'ÿçîê.
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Äîâåäåííÿ. Ó ïðîñòîði l∞(Z, X) ðiâíÿííÿ (9)
çàïèñó¹òüñÿ ó òàêîìó åêâiâàëåíòíîìó âèãëÿäi:

Jx̄ = G(x̄) + ȳ, (10)

äå G(x̄) =
{

(Gx)k = g(xk), k ∈ Z
}
. Äîâåäå-

ìî, ùî G(x̄) : l∞(Z, X) → l∞(Z, X). Äiéñíî,
îñêiëüêè G(x̄) =

(
G(x̄)−G(0̄)

)
+G(0̄) i G(0̄) =

(..., g(0), g(0), g(0), ...) ∈ l∞(Z, X), òî

‖G(x̄)‖∞ = ‖G(x̄)−G(0̄) +G(0̄)‖∞ 6

6 sup
n∈Z
‖g(x̄)−g(0̄)‖+‖G(0̄)‖∞ 6 K‖x̄‖∞+‖g(0)‖.

Òàêîæ G(x̄) çàäîâîëüíÿ¹ óìîâó Ëiïøèöÿ çi
ñòàëîþ K, îñêiëüêè

∀x̄, ȳ ∈ l∞(Z, X) : ‖G(x̄)−G(ȳ)‖∞ =

= sup
n∈Z
‖g(xn)− g(yn)‖ 6 K‖xn − yn‖∞.

Ç òåîðåìè 1, òåîðåìè Áàíàõà ïðî îáåð-
íåíèé îïåðàòîð òà óìîâ òåîðåìè 3 âèïëèâà¹,
ùî îïåðàòîð J íåïåðåðâíî îáîðîòíèé, ïðè÷î-
ìó ‖J−1‖ 6 Lmax{M1,M2}. Òîìó ðiâíÿííÿ (10)
çàïèñó¹òüñÿ, ó âèãëÿäi x̄ = J−1G(x̄) + J−1ȳ. Çà-
ôiêñó¹ìî ȳ ∈ l∞(Z, X). Îñòàíí¹ ðiâíÿííÿ ìî-
æíà ïîäàòè ó âèãëÿäi x̄ = H(x̄), äå îïåðà-
òîð H : l∞(Z, X) → l∞(Z, X) äi¹ çà ïðàâèëîì
H(x̄) = J−1G(x̄) + J−1ȳ, ïðè÷îìó

∀z̄, t̄ ∈ l∞(Z, X) : ‖H(z̄)−H(t̄)‖∞ =

= ‖J−1G(z̄)−J−1G(t̄)‖∞ 6 ‖J−1‖‖G(z̄)−G(t̄)‖∞ 6

6 KLmax{M1,M2}‖z̄ − t̄‖∞.

Òàêèì ÷èíîì, âèêîíóþòüñÿ óìîâè òåîðåìè
Áàíàõà ïðî ñòèñêóþ÷å âiäîáðàæåííÿ. Çâiäñè âè-
ïëèâà¹, ùî íåëiíiéíå ðiçíèöåâå ðiâíÿííÿ (9) ìà¹
¹äèíèé îáìåæåíèé ðîçâ'ÿçîê.
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