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Ðàíiøå äëÿ äâîâèìiðíî¨ äiéñíî¨ ïðîáëåìè ìîìåíòiâ áóëè ðîçâ`ÿçàíi ïðÿìà òà îáåðíå-
íà ñïåêòðàëüíi çàäà÷i àíàëîãi÷íî ÿê äëÿ êëàñè÷íî¨ ïðîáëåìè ìîìåíòiâ Ãàìáóðãåðà. Â öié
ðîáîòi, âèêîðèñòîâóþ÷è áëî÷íi ìàòðèöi òèïó ßêîái âiäïîâiäíi äâîâèìiðíié äiéñíié ïðîáëå-
ìi ìîìåíòiâ, ñêëàäåíà ñèñòåìà ðiâíÿíü òèïó Ëàêñà òà ïðîiíòåãðîâàíà çàâäÿêè ðîçâèíåíié
ñïåêòðàëüíié òåîði¨ äëÿ òàêèõ ìàòðèöü. Äëÿ öüîãî çàïèñàíà ôóíêöiÿ òèïó Âåéëÿ, ÿêà îäíî-
çíà÷íî âèçíà÷à¹ ìiðó âiäïîâiäíó äâîâèìiðíié äiéñíié ïðîáëåìi ìîìåíòiâ. Äëÿ òàêî¨ ôóíêöi¨
ðàíiøå áóëè äîâåäåíi ïåâíi âëàñòèâîñòi. Àíàëîãi÷íi ðåçóëüòàòè äëÿ êîìïëåêñíî¨ ïðîáëåìè
ìîìåíòiâ áóëè íàâåäåíi ðîáîòàõ Áåðåçàíñüêîãî Þ.Ì. òà Ìîõîíüêî Î.À.
Êëþ÷îâi ñëîâà: äâîâèìiðíà ïðîáëåìà ìîìåíòiâ, ìàòðèöi òèïó ßêîái, ôóíêöiÿ Âåéëÿ, ïîëi-
íîìè äðóãîãî ðîäó, ðiâíÿííÿ Ëàêñà

Previously, for the two dimensional real moment problem, direct and inverse spectral problems
were solved just as for the classical Hamburger moment problem. The result of the inverse spectral
problem is block Jacobi type matrices. Direct problem consists of the recoveryng measures for a
given of Jacobi type matrices. On the other hand, there were integrated Toda chains by spectral
theory for the classical Hamburger moment problem using ordinary Jacobi matrix. In this article,
using block Jacobi type matrices two-dimensional real moment problem, the system of Lax equations
is constructed and integrated due to developed spectral theory for such matrices. For this reason the
Weil function was presented there where recorded function that uniquely determined an appropriate
measure correspondind to the two-dimensional real moment problem. For such functions there were
pruved previously certain properties. Similar results for the complex moment problem were given
by Berezansky Y.M. and Mokhonko O.A.
Key Words: two-dimensional moment problem, Jacobi type matrix, Weyl function, second order
polynomials, Lax equation.

Ñòàòòþ ïðåäñòàâèâ àêàäåìiê ÍÀÍ Óêðà¨íè ä.ô.-ì.í., ïðîô. Ïåðåñòþê Ì.Î.

Âñòóï. Âèêîðèñòîâóþ÷è ðåçóëüòàòè [11,
12], Þ.Ì. Áåðåçàíñüêèé ó [3, 7] çàïðîïîíó-
âàâ ìåòîä iíòåãðóâàííÿ ðiçíèöåâîãî íåëiíié-
íîãî ðiâíÿííÿ (íàïiâíåñêií÷åííîãî ëàíöþæ-
êà Òîäè), ãðóíòóþ÷èñü íà ñïåêòðàëüíié òåî-

ði¨ àíàëîãà ñèìåòðè÷íîãî ðiâíÿííÿ Øòóðìà-
Ëióâiëÿ. Äàëi â [4] ïîêàçàíî, ùî àíàëîãi÷-
íà òåîðiÿ iíòåãðóâàííÿ âiäïîâiäíèõ êëàñiâ
íåëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü ìîæå áóòè ïî-
áóäîâàíà äëÿ ñïåêòðàëüíî¨ òåîði¨ íîðìàëü-
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íèõ áëî÷íèõ ìàòðèöü òèïó ßêîái [8].

Ãîëîâíîþ ìåòîþ öi¹¨ ðîáîòè ¹ ïðîäîâæåí-
íÿ ïîïåðåäíiõ ðåçóëüòàòiâ íà êëàñè íåëiíié-
íèõ ðiçíèöåâèõ ðiâíÿíü, ïîðîäæåíèõ áëî÷íè-
ìè ìàòðèöÿìè òèïó ßêîái âiäïîâiäíèõ äiéñ-
íié äâîâèìiðíié ïðîáëåìi ìîìåíòiâ â [6, 9].

Ïîïåðåäíi âiäîìîñòi. Äiéñíà äâîâèìið-
íà ïðîáëåìà ìîìåíòiâ ïîëÿãà¹ ó ïîøóêó
óìîâ äëÿ çàäàíî¨ äâîiíäåêñíî¨ ïîñëiäîâíîñòi
{sm,n}, m,n ∈ N0 äiéñíèõ ÷èñåë òàê, àáè iñ-
íóâàëà ìiðà dρ(x, y) íà äiéñíié ïëîùèíi R2,
iç ÿêîþ á âèêîíóâàëèñÿ ðiâíîñòi

sm,n =

∫
R2

xmyndρ(x, y), m, n ∈ N0. (1)

Ïîáóäîâè âiäïîâiäíèõ ìàòðèöü àíàëîãi÷-
íi äî çâè÷àéíîãî îäíîâèìiðíîãî âèïàäêó [1].
Àëå çàìiñòü çâè÷àéíîãî ïðîñòîðó l2 áåðåòüñÿ
ïðîñòið

l2 = H0 ⊕H1 ⊕H2 ⊕ · · · , Hn = Cn+1,

n ∈ N0, l2 3 f = (fn)
∞
n=0,

∞∑
n=0

‖fn‖2
Hn

<∞.

(2)

Âåêòîð xn ç ïðîñòîðó Hn = Cn+1 ìà¹
âèãëÿä xn = (xn;0, ..., xn;n). Äëÿ êîæíîãî α ∈
{0, ..., n}, ÷èñëî xn;α ¹ êîîðäèíàòîþ áàçèñíî-
ãî âåêòîðà δn;α = (0, ..., 0, 1, 0, ..., 0) ∈ Hn ∈ l2
(îäèíèöÿ çàíàõîäèòüñÿ íà α-ìó ìiñòi), δ0 ≡
δ0;0 = (1). Óçàãàëüíåííÿ çâè÷àéíî¨ ìàòðèöi
ßêîái âiäïîâiäíî¨ êëàñè÷íié ïðîáëåìi ìîìåí-
òiâ Ãàìáóðãåðà íàáóâà¹ âèãëÿäó ïàðè áëî÷-
íèõ ìàòðèöü:

JA =


b0 c0 0 0 0 · · ·
a0 b1 c1 0 0 · · ·
0 a1 b2 c2 0 · · ·
...

...
...

...
...

. . .

 , (3)

an : Hn −→ Hn+1, bn : Hn −→ Hn,

cn : Hn+1 −→ Hn, n ∈ N0;

JB =


w0 v0 0 0 0 · · ·
u0 w1 v1 0 0 · · ·
0 u1 w2 v2 0 · · ·
...

...
...

...
...

. . .

 , (4)

un : Hn −→ Hn+1, wn : Hn −→ Hn,

vn : Hn+1 −→ Hn, n ∈ N0.

Ìàòðèöi (3) i (4) íà ôiíiòíèõ âåêòîðàõ
lfin ⊂ l2 çàäàþòü äâà îïåðàòîðè

l2 ⊃ lfin 3 f −→ JAf = ((JAf)n)
∞
n=0 ⊂ l2,

(JAf)n = an−1fn−1 + bnfn + cnfn+1;

l2 ⊃ lfin 3 f −→ JBf = ((JBf)n)
∞
n=0 ⊂ l2,

(JBf)n = un−1fn−1 + wnfn + vnfn+1,
(5)

äå äëÿ çðó÷íîñòi ïîêëàäà¹òüñÿ f−1 := 0. Áåç
âòðàòè çàãàëüíîñòi, ìàòðèöi JA, JB òà âiä-
ïîâiäíi îïåðàòîðè ïîçíà÷èìî òèìè é ñàìèìè
ñèìâîëàìè JA i JB.

Äàëi, äëÿ öi¹¨ ðîáîòè, ïðèïóñòèìî, ùî öi
ìàòðèöi ìàþòü îñîáëèâó âíóòðiøíþ ñòðóê-
òóðó. À ñàìå, ìàòðèöi an i cn ìàþòü ïåâíó
ôîðìó òà ¨õ êîåôiöi¹íòè çàäîâîëüíÿþòü äå-
ÿêi âëàñòèâîñòi:

an =


an;0,0 ∗ ∗ ... ∗
an;1,0 ∗ ∗ ... ∗

0 an;2,1 ∗ ... ∗
...

...
...
...

...
0 0 0 ... an;n+1,n


︸ ︷︷ ︸

n+1

 n+2;

cn =


cn;0,0 cn;0,1 0 ... 0 0
∗ ∗ cn;1,2 ... 0 0

...
...

...
...

...
...

∗ ∗ ∗ ... cn;n−1,n 0
∗ ∗ ∗ ... ∗ cn;n,n+1


︸ ︷︷ ︸

n+2

 n+1;

an;1,0, an;2,1, . . . , an;n+1,n > 0,

cn;0,1, cn;1,2, . . . , cn;n,n+1 > 0, n ∈ N0.
(6)
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un =

 un;0,0 ∗ ∗ ... ∗
0 un;1,1 ∗ ... ∗
...

...
...
...

...
0 0 0 ... un;n,n

0 0 0 ... 0


︸ ︷︷ ︸

n+1

 n+2;

vn =


vn;0,0 0 ... 0 0 0
∗ vn;1,1 ... 0 0 0

...
...

...
...

...
...

∗ ∗ ... vn;n−1,n−1 0 0
∗ ∗ ... ∗ vn;n,n 0


︸ ︷︷ ︸

n+2

 n+1;

un;0,0, un;1,1, . . . , un;n,n > 0,

vn;0,0, vn;1,1, . . . , vn;n,n > 0, n ∈ N0.
(7)

Ó ôîðìóëàõ (3) i (4) áëîêè bn i wn ¹ ñèìåò-
ðè÷íèìè (n+1)× (n+1)-ìàòðèöÿìè n ∈ N0.

Îñêiëüêè, âçàãàëi, ìîâà éäå ïðî ñèìåò-
ðè÷íi ìàòðèöi, òî an;α,β = cn;β,α, α =
0, 1, ..., n, β = 0, 1, ..., n + 1, n ∈ N i un;α,β =
vn;β,α, β = 0, 1, ..., n, α = 0, 1, ..., n+1, n ∈ N0.

Äëÿ ïîäàëüøèõ äîñëiäæåíü ïðèïóñòèìî,
ùî ãåíåðîâàíi âèðàçàìè (3) i (4) îïåðàòîðè ¹
îáìåæåíèìè ñàìîñïðÿæåíèìè i êîìóòóþòü ó
ñòðîãîìó ðåçîëüâåíòíîìó ñåíñi.

Ó òàêîìó (äâîâèìiðíîìó) âèïàäêó, óçà-
ãàëüíåíi âëàñíi âåêòîðè P (x, y) [2] ìàþòü
âèãëÿä ïîñëiäîâíîñòi P (x, y) = Pn(x, y)

∞
n=0,

äå ∀(x, y) ∈ R2, Pn(x, y) ∈ Hn ¹ âåêòîð, êî-
åôiöi¹íòè ÿêîãî ¹ ïîëiíîìè n-ãî ïîðÿäêó çà
çìiííèìè x òà y. À ñàìå:

Pn(x, y) = (Pn;0(x, y), Pn;1(x, y), . . . , Pn;n(x, y)),
(8)

äå Pn,α � ëiíiéíà êîìáiíàöiÿ åëåìåíòiâ

x0y0; x0y1, x1y0; x0y2, x1y1, x2y0; . . . ;

x0yn, x1yn−1, . . . , xn−αyα, . . . ,
(9)

äëÿ α = 0, ..., n. Ïîëiíîìè (8) ¹ ðîçâ'ÿçêàìè
ñèñòåìè äâîõ ðiçíèöåâèõ ðiâíÿíü

JAP (x, y) = xP (x, y), JBP (x, y) = yP (x, y).
(10)

Êîðîòêî çàóâàæèìî, ÿê óòâîðèëèñÿ ìàò-
ðèöi (3) i (4) iç âëàñòèâîñòÿìè (6) i (7). Âïåð-
øå òàêi ìàòðèöi áóëè ïîáóäîâàíi â ðîáîòàõ

[5, 10]. Äëÿ ïîáóäîâè Pn(x, y) ïðîâîäèòüñÿ
îðòîãîíàëiçàöiÿ çà Øìiäòîì ñèñòåìè xnym,
m,n ∈ N0 âiäíîñíî ñêàëÿðíîãî äîáóòêó ïðî-
ñòîðó L2 = L2(R2, dρ(x, y)) ôóíêöié iíòåãðî-
âàíèõ iç êâàäðàòîì íà R2 âiäíîñíî ìiðè Áî-
ðåëÿ dρ(x, y). Ïðèïóñêà¹òüñÿ, ùî ôóíêöi¨

R2 3 (x, y) 7−→ xmyn, m, n ∈ N0, (11)

¹ ëiíiéíî íåçàëåæíèìè i óòâîðþþòü òîòàëüíó
ìíîæèíó â L2. Òîáòî, âèêîðèñòîâóþ÷è ïîðÿ-
äîê:

x0y0; x0y1, x1y0; x0y2, x1y1, x2y0; . . . ;

x0yn, x1yn−1, . . . , xny0; . . .
(12)

ó ÿêîñòi ðåçóëüòàòó, îòðèìó¹òüñÿ ñèñòåìà îð-
òîãîíàëüíèõ ïîëiíîìiâ, ïîäàíèõ ó âèãëÿäi
òàáëèöi:

P0;0(x, y);

P1;0(x, y), P1;1(x, y);

P2;0(x, y), P2;1(x, y), P2;2(x, y); . . . ;

Pn;0(x, y), Pn;1(x, y), Pn;2(x, y), . . . , Pn;n(x, y).
(13)

Êîæíèé ðÿäîê â (13) � öå âåêòîð Pn(x, y),
ÿêèé ¹ ðîçâ'ÿçêîì ñèñòåìè (10).

Äëÿ ïîäàëüøîãî çàïèñó ïåðåòâîðåííÿ
Ôóð'¹, çàïèøåìî ñêàëÿðíèé äîáóòîê: ∀fn ∈
Hn, n ∈ N0

(fn, Pn(x, y))Hn = fn;0Pn;0(x, y) + fn;1Pn;1(x, y)

+ . . .+ fn;nPn;n(x, y),

äå fn;α � êîîðäèíàòè âåêòîðà fn, α =
0, 1, . . . , n, kn;α > 0.

Òåîðåìà 1 [9]. Íåõàé JA i JB äâi áëî÷íi
ñèìåòðè÷íi ìàòðèöi (3) i (4) ç óìîâàìè
íà áëîêè (êîåôiöi¹íòè) (6) i (7) âiäïîâiäíî.
Ïðèïóñòèìî, ùî öi ìàòðèöi ïîðîäæóþòü
îáìåæåíi ñàìîñïðÿæåíi êîìóòóþ÷i îïåðà-
òîðè ïiñëÿ çàìèêàííÿ çà íåïåðåðâíiñòþ â
ïðîñòîði l2.

Òîäi ïåðåòâîðåííÿ Ôóð'¹ çà óçàãàëüíåíè-
ìè âëàñíèìè âåêòîðàìè îïåðàòîðiâ JA i JB
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ìà¹ âèãëÿä:

l2 ⊃ lfin 3 f

= (fn)
∞
n=0 7−→ f̂(x, y) =

∞∑
n=0

(fn, Pn(x, y))Hn =

∞∑
n=0

n∑
α=0

Pn;α(x, y)fn;α ∈ L2(R2, dρ(x, y)) = L2.

(14)
äå dρ(x, y) � ñïåêòðàëüíà ìiðà îïåðàòîðiâ
JA i JB. Â (14) Pn(x, y) = (Pn(x, y))

∞
n=0 ¹

óçàãàëüíåíèì âëàñíèì âåêòîðîì ïàðè îïå-
ðàòîðiâ JA i JB. Òóò Pn(x, y) ¹ âåêòîð, êîå-
ôiöi¹íòè ÿêîãî ïîëiíîìè çà çìiííèìè x i y
âèãëÿäó (13).

Ïiñëÿ çàìèêàííÿ çà íåïåðåðâíiñòþ, îïå-
ðàòîð (14) ¹ óíiòàðíèì ç l2 â L2. Îáðàçè
îïåðàòîðiâ JA i JB ¹ îïåðàòîðàìè ìíîæåí-
íÿ íà x i y â L2.

Ðiâíiñòü Ïàðñåâàëÿ ìà¹ âèãëÿä: ∀f, g ∈
lfin

(f, g)l2 =

∫
R2

f̂(x, y)ĝ(x, y) dρ(x, y),

(JAf, g)l2 =

∫
R2

xf̂(x, y)ĝ(x, y) dρ(x, y),

(JBf, g)l2 =

∫
R2

yf̂(x, y)ĝ(x, y) dρ(x, y).

(15)

Ïîëiíîìè Pn;α(x, y), n ∈ N, α = 0, ..., n i
P0;0 = 1 óòâîðþþòü îðòîíîðìîâàíó ñèñòå-
ìó â L2 ó ñåíñi:

∫∫
R2

j∑
i=1

Pj;i(x, y)fj;i

k∑
i=l

Pk;l(x, y)fk;l

= δj,k(fj, gk)Hj
.

äå ∀fj ∈ Hj, ∀gk ∈ Hk, j, k ∈ N0. Ìàò-

ðèöi JA = (pj,k)
∞
j,k=0, pj,k = (pj,k;α,β)

j,k
α,β=0,

JB = (qj,k)
∞
j,k=0, qj,k = (qj,k;α,β)

j,k
α,β=0, âiäíîâ-

ëþþòüñÿ çà ôîðìóëàìè:

pj,k;α,β = (JAδk,β, δj,α)l2

=

∫∫
R2

xPk;β(x, y)Pj;α(x, y)dρ(x, y),

qj,k;α,β = (JBδk,β, δj,α)l2

=

∫∫
R2

yPk;β(x, y)Pj;α(x, y)dρ(x, y),

(16)

òóò ïåðåïîçíà÷åíî bn = pj,j, cn = pj,j+1,
an = pj+1,j i wn = qj,j, vn = qj,j+1, un = qj+1,j,
j ∈ N0.

Ðiâíÿííÿ Ëàêñà äëÿ áëî÷íèõ

ÿêîái¹âèõ ìàòðèöü âiäïîâiäíèõ äiéñíié

äâîâèìiðíié ïðîáëåìi ìîìåíòiâ. Íåõàé
Lx òà Ly � ìàòðèöi òèïó (3) i (4) ç óìîâàìè
(6) i (7) âiäïîâiäíî. Ïðèïóñòèìî, ùî ¨õ åëå-
ìåíòè íåïåðåðâíî äèôåðåíöiéîâíi çàëåæàòü
âiä çìiííî¨ t, t ∈ [0, T ], T ≤ ∞: Lx = Lx(t) òà
Ly = Ly(t). Ðîçãëÿíåìî òàêîæ äåÿêi ìàòðèöi
A = (dj,k)

∞
j,k=0 òà B = (gj,k)

∞
j,k=0, åëåìåíòè

ÿêèõ òåæ íåïåðåðâíî çàëåæàòü âiä òi¹¨ æ
çìiííî¨ t: dj,k = dj,k(t), gj,k = gj,k(t) âèãëÿäó
(3) i (4) (àëå ÿêi íå îáîâ`ÿçêîâî ìàþòü âëà-
ñòèâîñòi (6) i (7) àáî âçàãàëi íå ¹ ñèìåòðè÷-
íèìè). Ðîçãëÿíåìî ñèñòåìó ðiâíÿííü Ëàêñà:

L′x = [LxA] = LxA− ALx,
L′y = [LyB] = LyB −BLy.

(17)

Òóò äîáóòêè áëî÷íèõ ìàòðèöü LxA, ALx,
LyB òà BLy âèçíà÷åíi çâè÷àéíèì ÷èíîì.

ßêùî â ðiâíîñòÿõ (17) ìàòðèöi A(t) òà
B(t) ââàæàòè ôiêñîâàíèìè ìàòðèöÿìè êîå-
ôiöi¹íòiâ, òî öi ðiâíîñòi ìîæíà ââàæàòè ÿê
ñèñòåìó ëiíiéíèõ äèôåðåíöiàëüíèõ ðiâíÿíü
ïåðøîãî ïîðÿäêó âiäíîñíî íåâiäîìèõ Lx(t) òà
Ly(t), t ∈ [0, T ].

Âèïèøåìî ñèñòåìó ðiâíÿíü Ëàêñà ó
âèãëÿäi ñèñòåìè ðiâíÿíü äëÿ åëåìåíòiâ ìàò-
ðèöü ó âèïàäêó, ÿêùî Lx(t) òà Ly(t) ìàþòü
áëî÷íó ÿêîái¹âó ñòðóêòóðó, ïîäiáíó äî ñòðóê-
òóðè ìàòðèöü (3) òà (4).
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Ïåðåïîçíà÷èìî:

Lx(t) =

 β0(t) γ0(t) 0 0 0 ···
α0(t) β1(t) γ1(t) 0 0 ···

0 α1(t) β2(t) γ2(t) 0 ···
...

...
...

...
...
...

 , (18)

αn(t) : Hn −→ Hn+1, βn(t) : Hn −→ Hn,

γn(t) : Hn+1 −→ Hn, n ∈ N0;

Ly(t) =

 ω0(t) θ0(t) 0 0 0 ···
τ0(t) ω1(t) θ1(t) 0 0 ···

0 τ1(t) ω2(t) θ2(t) 0 ···
...

...
...

...
...
...

 , (19)

τn(t) : Hn −→ Hn+1, ωn(t) : Hn −→ Hn,

θn(t) : Hn+1 −→ Hn, n ∈ N0.

Áëîêè αn, βn, γn, τn, ωn, òà θn çàäîâîëüíÿþòü
âëàñòèâîñòi (6) i (7). Ïîêëàäåìî A òà B òàê,
ùî ¨õ áëîêè íå îáîâ`ÿçêîâî çàäîâîëüíÿþòü
óìîâè (6) i (7).

Äëÿ ïiäðàõóíêó êîìóòàòîðiâ [A(t), Lx(t)]
òà [B(t), Ly(t)] âèïèøåìî âiäïîâiäíi ôîðìóëè
(â ïîäàëüøîìó âñþäè åëåìåíòè ç âiä`¹ìíèìè
iíäåêñàìè ââàæàòèìóòüñÿ ðiâíèìè íóëþ):

(LxA)n−2,n = cn−2γn−1,

(LxA)n−1,n = bn−1γn−1 + cn−1βn,

(LxA)n,n = an−1γn−1 + bnβn + cnαn,

(LxA)n+1,n = anβn + bn+1αn,

(LxA)n+2,n = an+1αn,

(LyB)n−2,n = vn−2θn−2,

(LyB)n−1,n = wn−1θn−1 + vn−1ωn,

(LyB)n,n = un−1θn−1 + wnωn + vnτn,

(LyB)n+1,n = unωn + wn+1τn,

(LyB)n+2,n = un+1τn, ∀n ∈ N0.

(20)

Äëÿ (ALx) òà (BLy) âèêîíóþòüñÿ àíàëîãi÷íi
ôîðìóëè ç çàìiíîþ aj, bj, cj íà αj, βj, γj i
vj, wj, uj íà τj, ωj, θj. Ïîðiâíþþ÷è åëåìåíòè
â ïðàâié òà ëiâié ÷àñòèíàõ âiäïîâiäíèõ ðiâ-
íÿíü â ñèñòåìi (17) i êîðèñòóþ÷èñü ôîðìó-
ëàìè (20), îòðèìà¹ìî ñèñòåìó ðiâíÿíü Ëàêñà

(17) â �êîîðäèíàòíîìó� âèãëÿäi:

0 = cnγn+1 − γncn+1,

γ′n = bnγn + cnβn+1 − βncn − γnbn+1,

β′n = an−1γn−1 + bnβn + cnαn − αn−1cn−1

− βnbn − γnan,
α′n = anβn + bn+1αn − αnbn − βn+1an,

0 = an+1αn − αn+1an

0 = vnθn+1 − θnvn+1,

θ′n = wnθn + vnωn+1 − ωnvn − θnwn+1,

w′n = un−1θn−1 + wnωn + vnθn − τn−1vn−1

− ωnwn − θnun,
τ ′n = unωn + wn+1τn − τnwn − ωn+1un,

0 = un+1τn − τn+1un
(21)

Åëåìåíòè ìàòðèöü (18) òà (19) òàêîæ áóäåìî
ââàæàòè ðiâíîìiðíî îáìåæåíèìè ïî n ∈ N0

òà t ∈ [0, T ]. Òîìó âîíè ïîðîäæóþòü â l2 îá-
ìåæåíi îïåðàòîðè, äëÿ ÿêèõ ìè çáåðåæåìî
ïîçíà÷åííÿ Lx òà Ly. Îïåðàòîðè Lx òà Ly áó-
äóòü ñëàáî íåïåðåðâíèìè ïî t ∈ [0, T ].

Àíàëîã ôóíêöi¨ Âåéëÿ äëÿ äâîâèìiðíî¨
äiéñíî¨ ïðîáëåìè ìîìåíòiâ âèçíà÷èìî òàêîþ
òåîðåìîþ [9]:

Òåîðåìà 2 Íåõàé Jx i Jy � áëî÷íi ìàòðè-
öi òèïó ßêîái, ÿêi ïîðîäæóþòü â l2 îá-
ìåæåíi êîìóòóþ÷i ñàìîñïðÿæåíi îïåðàòî-
ðè. Íåõàé Rx = Rz1;x(t) = (Lx(t) − z1)

−1 i
Ry = Rz2;y(t) = (Ly(t)− z2)

−1 � ¨õ ðåçîëüâåí-
òè (Imzi 6= 0, i = 1, 2). Òîäi ôóíêöiÿ

M : =M(z1, z2; t) = (Rxδ0, Ryδ0)l2

=

∫∫
R2

1

(λ− z1)(µ− z2)
dρ(λ, µ). (22)

z1, z2 ∈ C \ R. îäíîçíà÷íî âèçíà÷à¹ ñïåê-
òðàëüíó ìiðó öèõ îïåðàòîðiâ.

Ïðîäèôåðåíöiþ¹ìî M ïî t. Òîäi

M ′ = (R′xδ0, Ryδ0)l2 + (Rxδ0, R
′
yδ0)l2 . (23)
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Íå âàæêî çðîçóìiòè, ùî ç (17) îòðèìà¹òü-
ñÿ:

R′x = RxA− ARx,

R′y = RyB −BRy.
(24)

Ïiäñòàâèìî (23) â (24):

M ′ = (RxAδ0, Ryδ0)l2 − (ARxδ0, Ryδ0)l2
+ (Rxδ0, RyBδ0)l2 − (Rxδ0, BRyδ0)l2
= (RxAδ0, Ryδ0)l2 + (Rxδ0, RyBδ0)l2
− ((A+B∗)Rxδ0, Ryδ0)l2 .

Ñêîðèñòà¹ìîñÿ êîìóòàòèâíèìè âëàñòèâîñòÿ-
ìè Rx òà Ry òà ïîêëàäåìî A = −B∗:

M ′ = (Rx(δ0b0 + δ1c0), Ryδ0)l2 − (Rxδ0,

Ry(−b0δ0 − a0δ1)l2 = b0(Rxδ0, Ryδ0)l2
+ (Rxc0;0,0δ10, Ryδ0)l2 + (Rxc0;0,1δ11, Ryδ0)l2
− b0(Rxδ0, Ryδ0)l2 − a0;0,0(Rxδ0, Ryδ10)l2
− a0;0,1(Rxδ0, Ryδ11)l2 = (c0;0,0 − a0;0,0)

(Rxδ0, Ryδ10)l2 + (c0;0,1 − a0;0,1)(Rxδ0, Ryδ11)l2 .
(25)

Ïðèïóñòèìî äîäàòêîâî c0;0,1 = a0;0,1 = 0. Òîäi

M ′ = (c0;0,0 − a0;0,0)(Rxδ0, Ryδ10)l2 . (26)

Òàêèì ÷èíîì äîâåäåíà òàêà ëåìà.

Ëåìà 1 Äëÿ ôóíêöi¨ M âèãëÿäó (22) i îïå-
ðàòîðiâ A i B, òàêèõ ùî A = −B∗ i c0;0,1 =
a0;0,1 = 0, âèêîíó¹òüñÿ ðiâíiñòü (26).

Çàïèøåìî ÷îòèðè î÷åâèäíi òîòîæíîñòi,
ùî âiäïîâiäàþòü êîæíîìó ðiâíÿííþ ñèñòå-
ìè, ïðèïóñêàþ÷è α0;0,0 = 0, β1;1,0 = 0, β1;0,1 =
0, γ0;0,0 = 0, γ1;0,0 = 0, γ1;1,0 = 0, γ1;1,1 = 0 äëÿ
ìàòðèöi Lx òà ω1;1,0 = 0, ω1;0,1 = 0, θ1;1,0 = 0
äëÿ ìàòðèöi Ly :

1 = (δ0, δ0)l2 = (Rx(Lx − z1)δ0, Ry(Ly − z2)δ0)l2
= (Rx{(β0;0,0 − z1)δ0 + γ0;0,1δ11}, Ry{(ω0;0,0−
z2)δ0 + θ0;0,0δ10})l2 = (β0;0,0 − z1)(ω0;0,0 − z2)

(Rxδ0, Ryδ0)l2 + (β0;0,0 − z1)θ0;0,0(Rxδ0, Ryδ10)l2
+ γ0;0,1(ω0;0,1 − z2)(Rxδ11, Ryδ0)l2
+ γ0;0,1θ0;0,0(Rxδ11, Ryδ10)l2 ,

(27)

0 = (δ10, δ0)l2 = (Rx(Lx − z1)δ10, Ry(Ly − z2)δ0)l2
= (Rx{(β1;0,0 − z1)δ10 + γ1;0,1δ11}, {(ω0;0,0 − z2)δ0

+ θ0;0,0δ10})l2 = (ω0;0,0 − z2)(β1;0,0 − z1)

(Rxδ10, Ryδ0)l2 + (ω0;0,0 − z2)γ1;0,1(Rxδ21, Ryδ0)l2
+ θ0;0,0(β1;0,0 − z1)(Rxδ10, Ryδ10)l2
+ θ0;0,0γ1;0,1(Rxδ21, Ryδ10)l2 ,

(28)

1 = (δ0, δ0)l2 = (RxRy(Ly − z2)(Lx − z1)δ0, δ0)l2
= (RxRy(Ly − z2){(β0;0,0 − z1)δ0 + γ0;0,1δ11}, δ0)l2
= (RxRy((β0;0,0 − z1){(ω0;0,0 − z2)δ0 + θ0;0,0δ10}
+ γ0;0,1{(ω1;1,1 − z2)δ11 + γ0;0,1θ1;1,1δ21)}, δ0)l2
= (β0;0,0 − z1)(ω1;1,1 − z2)(RxRyδ0, δ0)l2
+ (β0;0,0 − z1)θ0;0,0(RxRyδ10, δ0)l2
+ γ0;0,1(ω1;1,1 − z2)(RxRyδ11, δ0)l2
+ γ0;0,1(θ1;1,1(RxRyδ21, δ0)l2 ,

(29)

0 = (δ0, δ10)l2 = (RxRy(Ly − z2)(Lx − z1)δ0, δ10)l2
= (RxRy(Ly − z2){(β0;0,0 − z1)δ0 + γ0;0,1δ11}, δ10)l2
= (RxRy((β0;0,0 − z1){(ω0;0,0 − z2)δ0 + θ0;0,0δ10}
+ γ0;0,1{(ω1;1,1 − z2)δ11 + γ0;0,1θ1;1,1δ21)}, δ10)l2
= (β0;0,0 − z1)(ω1;1,1 − z2)(RxRyδ0, δ0)l2
+ (β0;0,0 − z1)θ0;0,0(RxRyδ10, δ10)l2
+ γ0;0,1(ω0;0,0 − z2)(RxRyδ11, δ0)l2
+ γ0;0,1(θ1;1,1(RxRyδ21, δ10)l2 .

(30)
Ðîçâ`ÿçóþ÷è ñèñòåìó ðiâíÿíü (27)�(30), îò-
ðèìà¹ìî:

1 = (β0;0,0 − z1)(ω0;0,0 − z2)(Rxδ0, Ryδ0)

+ (β0;0,0 − z1)θ0;0,0(Rxδ0, Ryδ10).
(31)

Ïðè ðîçâ`ÿçàííi ïðèïóñêàëîñü, ùî β1;0,0 =
β0;0,0 òà âðàõîâàíî ðiâíiñòü γ1;0,1θ0;0,0 =
γ0;0,1θ1;1,1, ÿêà ¹ íàñëiäêîì êîìóòàòèâíîñòi
ìàòðèöü Lx òà Ly.

Âèðàçèìî ç (31) (Rxδ0, Ryδ10) i ïiäñòàâèìî
éîãî â (25):

M ′ = (c0;0,0−a0;0,0)(1−(β0;0,0−z1)(ω0;0,0−z2)M).
(32)

Òàêèì ÷èíîì äîâåäåíà òàêà ëåìà.
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Ëåìà 2 Ïðèïóñòèìî, ùî ó ìàòðèöü Lx òà
Ly

α0;0,0 = β1;1,0 = β1;0,1 = γ0;0,0 = γ1;0,0 = γ1;1,0

= γ1;1,1 = 0,

ω1;1,0 = ω1;0,1 = θ1;1,0 = 0, β1;0,0 = β0;0,0,

ω1;0,0 6= ω1;1,1

(33)
à äëÿ ìàòðèöü A i B âèêîíóþòüñÿ òàêi
óìîâè:

A = −B∗, c0;0,1 = a0;0,1 = 0, c0;0,0 6= a0;0,1.
(34)

Òîäi ôóíêöiÿ M âèãëÿäó (22) çàäîâîëüíÿ¹
ðiâíÿííÿ (32).

Íàñëiäêîì Ëåìè 1 i Ëåìè 2 ¹ òàêà òåîðå-
ìà.

Òåîðåìà 3 Íåõàé çàäàíà ñèñòåìà (21), äå
α−1 = γ−1 = τ−1 = θ−1 = 0. Íåõàé òàêîæ iñ-

íó¹ ðîçâ`ÿçîê αn(t), βn(t), γn(t), τn(t), ωn(t),
θn(t), n → ∞ çàäà÷i Êîøi äëÿ öi¹¨ ñèñòå-
ìè òàêèé, ùî ìàòðèöi (18) òà (19) ïîðîä-
æóþòü îáìåæåíi ñàìîñïðÿæåíi êîìóòóþ-
÷i îïåðàòîðè â ïðîñòîði l2, äëÿ ÿêèõ âèêî-
íóþòüñÿ óìîâè (33), ç êîåôiöi¹íòàìè A òà
B, äëÿ ÿêèõ âèêóíóþòüñÿ óìîâè (34). Òîäi
öåé ðîçâ`ÿçîê âiäíîâëþ¹òüñÿ çà äîïîìîãîþ
ôîðìóë òèïó (16), â ÿêèõ ñïåêòðàëüíà ìiðà
dρ(x, y, t) çíàõîäèòüñÿ çà ïî÷àòêîâîþ ñïåê-
òðàëüíîþ ìiðîþ dρ(x, y, 0) çà òàêîþ ïðîöå-
äóðîþ:

ðîçâ`ÿçàòè çàäà÷ó Êîøi äëÿ ðiâíÿííÿ
(32) iç ïî÷àòêîâèìè óìîâàìè M(z1, z2, 0),
ÿêå çíàõîäèòüñÿ çà dρ(x, y, 0) ç (22);

çíàéäåíà ôóíêöiÿ M(z1, z2, t), z1, z2 ∈ C,
t ∈ [0, T ] îäíîçíà÷íî âèçíà÷à¹ ìiðó çãiäíî
Òåîðåìè 2.

Àâòîð âäÿ÷íà Êàëþæíîìó Î.Î. çà ïîñòàíîâêó çàäà÷i.
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