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The paper deals with the singularly perturbed Korteweg-de Vries equation with variable coefficients. An
algorithm for constructing asymptotic one-phase soliton-like solutions of this equation is described. The

algorithm is based on the nonlinear WKB technique.

The constructed asymptotic soliton-like solutions contain a regular and singular part. The regular part

of this solution is the background function and consists of terms, which are defined as solutions to the system
of the first order partial differential equations. The singular part of the asymptotic solution characterizes the
soliton properties of the asymptotic solution. These terms are defined as solutions to the system of the third
order partial differential equations. Solutions of these equations are obtained in a special way. Firstly,
solutions of these equations are considered on the so-called discontinuity curve, and then these solutions are
prolongated into a neighborhood of this curve.

The influence of the form of the coefficients of the considered equation on the form of the equation for
the discontinuity curve is analyzed. It is noted that for a wide class of such coefficients the equation for the
discontinuity curve has solution that is determined for all values of the time variable. In these cases, the
constructed asymptotic solutions are determined for all values of the independent variables. Thus, in the case
of a zero background, the asymptotic solutions are certain deformations of classical soliton solutions.

Key Words: the Korteweg-de Vries equation, singular perturbation, asymptotic solution.
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Beryn. PiBusuus Koptesera-ne @piza [1] € BuByeHHsT BiacTUBOCTEH PO3B’SI3KIB  IIHOTO

OMHMM 3 (QYHIAMEHTAIBHUX pPIBHSIHb Cy4YacHOL
MaTeMaTHYHOI (I3UKH 1 ONUCYE PI3HOMAHITHI
XBUJIBOBI MPOIIECH B TiApOAMHAMIII, (i3Il M1a3MHu,
ONTHYHUX, OIONOTIYHUX 1 TEICKOMYHIKAI[IHHUX
CHCTEMax Ta iHIII.
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PIBHSHHS MIPU3BEJIO JI0 CTBOPEHHS HOBOT'O HATPSMY
B Teopil piBHSIHb MaTeMaTH4YHOI (i3UKH — METOay
obepHeHOT 3a/1a4i po3citoBaHHS [2], SKWI YCIHIIIHO
OyB 3aCTOCOBaHWI s 3HAXOIKEHHS TOYHHX
PO3B’SI3KIB  HHM3KH HENMIHIHHUX JudepeHIiaTbHIX
pPIBHSHb 3 YAaCTHHHUMH TIOXiJIHUMH, 30KpeMa,
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HeniHiiiHoro piBHsAHHs Lpeminrepa, piBHSHHS Sin-
Topnon, momugikoBanoro piBHsSHHS KopreBera-me

@piza, piBasaaHs  Kagommesa-[lerBiamBini  Ta
0araTbox IHIIHX.
Y  nmaHiii craTTi  pO3MIIANAETHCS  PIBHSHHS
Kopreera-ne ®piza Burismy
eu . =a(x,t,e)u, +b(x,t,&)uu,, (1)
Koe(illiEHTH  SKOTO  3amHMCYIOTBhCS Yy  BHIUIAMI

ACUMIITOTUYHUX pHI[iB

a(x,t,e)= Y a,(x,0)e", b(x,t,e) =Y b (x,0)e"
k=0 k=0

ne a,(x,t),b, (x,t)e C*(Rx[0;T]), k>0, & —
MaJIMi apamerp.

OcHoBHi mMo3HAYeHHs. AHanoriuuo [3 — 5]
nozHauuMo uepe3d G, =G, (Rx[0;T]x R) ninilinuii
MpOCTIp TaKWX HECKIHUYEHHO Jau(epeHIiHOBHUX
bynkuiit [ (x,£,7), (x,t,7)e Rx[0;T]xR, mo s
JNOBUILHUX HEBIJ €MHUX IIUX YUCe K, p, ¢, F
pIBHOMIpHO 100 (X,2) Ha KOXHIH KOMITaKTHIiH
MHOKUHI K < Rx[0;T] BUKOHYIOTbCS YMOBH:

1°. cripaBIKy€eThCS CITIBBIAHOIICHHS:

o’ o' 0"
ox” ot ot

lim "

T—>+0

f(x,t,7)=0;

20 icHye Taka HECKiHYeHHO IuQepeHIiioBHa

¢bynkuis f(x,t), mo

. or o' o
lim e = (f(nt,) = /7 (x.0)) = 0.
Hexait G =G’ (Rx[0;T]xR)c G, — mpocTip

bynkuiit f(x,t,7)€ G, , (x,t,7)€ Rx[0;T]xR, nns
SIKUX PIBHOMIPHO IIOAO 3MIHHUX (X,#) Ha KOKHOMY
komnakTi K < Rx[0;7] BUKOHYETbCS yMOBA!

lim f(x,2,7)=0.

Osnavenns. Dyuxyis u=u(x,t,g), de & —

Manuii  napamemp, HA3UAEmMbCs  00HOPA306010
CONIMOHONOOIONOI0,  AKWO Y  (PYHKYia — OnA
008i16H020 Yinoco N2>0 300paAdsCYEMbCSL

acumnmomudHum poamadoxw 6142]1}10)/.'
N .

u(x,t,8) =y &' (u,(x,0)+V, (x.t,0) +O(""), (2)
j=0

HEeCKIHYEHHO

de u,(x,t) -
Vo(x,t,7) e G/,

oughepenyitioeri,

V(x,t,7)eG, J=LN;
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_ x—(D(Z) ) qo(t) = Cw([o; T]) — oeska CKaApHa
&

OllicHa QPyHKYIs.

DOYHKITis HA3UBAETBC  (hazorn

x—=o(t)
onHo(da3oBoi comitoHononioHol GyHkIl u(x,z,&) .
ACMMITOTHYHOTO
ACHUMIOTOTMYHUN  PO3KIAA UL
COJIITOHOMO/IIOHOTO ~ PO3B’S3KY

mrykaetbes y BUrisii (2). Oynkmis

IoGynoBa pO3B’si3KY.
onHo(dazoBoro

piBHsHHS (1)

N
Uy (x,t,e)= Y &'u,(x,1)
j=0

HA3UBAETHCS PETYISAPHOI0 YACTUHOIO ACHMIITOTHKH
(2), a pynkis

N
Vy(x,t,e)= Zs’Vj(x,t,r), T=
Jj=0
— CHHTYJISIPHOIO YaCTHHOIO aCUMIITOTHKH (2).
[Ipu npomy, O4EBUIHO,
Y (x,t,e)=U,(x,t,6)+V,(x,t,¢).
3ayBayKHUMo, 10 perymnspHa JacTHHA
ACHMITTOTHYHOTO PO3B’s3KY Binirpae ponb (GoHoBOI

x— ()
g b

GyHKII, a CHHTYIIpHa 4YacTUHA XapaKTepHU3ye
BJIACHE COJIITOHHI BIIACTUBOCTI IIyKaHUX
HAOMDKEHWX  po3B’s3kiB.  YileHm  perynsipHoi
actuen  u,(x,t), j=0,N, acumnroruku (2)

BHU3HAYAETHCS 3 CUCTEMH U(EPEHIIANbHUX PIBHIHB
BUTIISITY

a, (x, z) by (o, Mo 3
ox
6 au. au
t +b t 0
a,(x, ) (x, )(”o o Tl axJ
=ﬁu$%me%»,1=fﬁ )
pe  Gbyukuii - f(x,2,uy,u,,...,u; ) BH3HAYAIOTHCS

PEKYPEHTHUM YHHOM.
Po3e’s3ku piBHsHB (3), (4) 3HaXOmATBCSA 32
JIOIIOMOIO0 METO/ly XapaKTePUCTUK.
UneHN CUHTYJISAPHOI YaCTHHH aCUMITOTHKH (2)
BU3HAYAIOTBCS 13  cUCTeMH  JudepeHIianbHIX
PIBHSHD BUTIISIAY

3

6V3+ao(xt)—Vgo(t) b(xt)(V +u0)%V =0,
T

)

3
+a0

AGM
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B V0 Vv )|=F 6
—by (x,1) u05+5( V) |=F (xt1), (6)

J€ 3HAYCHHA
F}(x,t,r,uo(x,t),...,uj (xat)al/()(xatar)a'”al/jfl (x,t,T))

BHU3HAYCHH
Vo(x,t,7),

3HAXOMATHCS ~ PEKYPEHTHO  IICIs
bysakuin  u,(x,1) u,(x,1),..., uj(x,t),
Nextr),..., Vo (xt1), j=1,_N.

(). ()
G', G,
[MoOynoBa po3B’sA3KiB IIMX PIiBHAHb Ma€ TICBHY
cnenudiky, a came: MOTPIOHO HE JHMILNE 3HAWTH
HeBigioMi (QyHKIIT, a Tpeba 1ie BU3HAYMTH (PYHKILIIO
@ =@(t), sIKa 3a/1a€ KPUBY PO3PUBY X = @(?) .

s 3amaua po3B’sIBYETHCS HACTYITHHM YHHOM:
CIIOYATKy Ii PIBHSHHS PO3MIAIAIOTHCS Ha amnpiopi
BIiZIOMil KpHBi po3puBY @ =@(t) 1 3HAXOIATHCS

[uTerpyBanHsi  piBHSHB noTpioHO

MPOBECTH B MPOCTOpax BIJIMTOBITHO.

po3B’sizku  piBHSAHB (5), (6) Ha KpUBIH pPO3pUBY.
[ToriM oTpuMyeTbcs 3BUYaiiHe auepeHIliaibHe
piBHsHHS a0 QyHKOil @ =@(f), micns dYoro
Oy/lyeTbCS TIPOJOBXKEHHS CHHTYJSPHOI YacTUHH
ACHIMITTOTHKH 3 KPUBOi pO3pUBY X = (@(t) B NESIKHUi

OK1JI 1i€i KpuBoi — 00acTh
Q, () ={(x,1) e Rx[0;T]:|x— o(1)] < ]

TaKUM YHHOM, MO0 YJICHU CHUHTYISIPHOI YacTHHH
ACUMIITOTHKH TMOOYJI0BAHOIO PO3B’SA3KY HaJekKallu
npocropy G, . Tyr pu — neska crana.

[MincraBuBum posknax (2) B piBHaHHA (1) Ta
BpPaxOBYIOUM pIBHSHHS Ui PETYISIPHOI YaCTHHHU
acuMIITOTHKH (3), (4), 3HAX0AUMO, IO QYHKIIIT

v, =y, (60 =V,(et0)| L j=0.N,

3aJI0BOJIHSIIOTH AU epeHIliabHi PIBHSIHHS BUTIISILY:

3
Vo

or’

ov
+ao(€0,t)a—;(0'(f)—

0
_b()(q):t)(Vo +u0(¢at))6_‘;(_)=0a (7)

AT LT
— L4 ) —= " _
or’ A or ¢

ov. o
—bo«o,r)(uo(co,r)a—gE(vov,-)J=F,-(m>, ®)

ac

ﬂ(t,r)zﬂ(x,t,r,uo,...,u VO,...,VH) j=LN.

=l b
/ x=p(t)
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Po3p’s3koM pisHsnHA (7) B mpoctopi G, €
GyHKITS

v (t,7) = —3Mcosh’2 [—“A((D’Z)(T + C(t))J , 9
bO ((D:t) 2

ne ¢ =o¢(1),
A(@,1) =—a,(,0)@'(t) + by (@, D)u, (@,1) >0, (10)

C(t) — crama iHTErpyBaHHS.

Adxmo F.€G', j=1,N, 1o piBHsHHa (8
J 1 p

MaroTh po3B’sI3KH y mpoctopi G, TOAi i JIUIIE TOA],
KOJTM BUKOHYIOTBCSI YMOBa OPTOTOHAIBHOCTI

Tﬂ(r,r)vo(t,r)drzo. (11)

I[pu upomy  QyHKIISL j=1LN,

3aMUCYEThCS Y BUTIISIII

v, (t,7),

v,(t,7)=v, (O, t,0)+y, (1), j=LN,

ne v, (t,7)eG,

v, (0=[a,(9.00' )~ b,(@.0u,(9.0)] " lim @ (1,7),

O, (t,7)= j F(¢t,7)dt + E (1),

npuuoMy, JUis  cranoi  interpyBamus  E(7)

BHUKOHYETHCS CITIBBIHOIICHHS

Tlirg)@j.(t,r) =0,

a s pynkuii n,(4,7) € G, —ymosa lim n,(¢,7)=1.

3 ymoBu oproroHaibHocTi (11) oTpumyemo
nudepeHIliaibHe PIBHAHHS IS BU3HAYCHHS (YHKIIIT

o =0(t)

d
1 5a0 ((D: t)b() ((Da t) E A(q’: t) +

+ [(1 Oa()x (¢7 t)b() (¢7 Z‘) - 36b0x (¢7 t)ao ((D’ f))(D '(t) +
1055 (@, 1)t (9,1 +3 (B3 (9.1)) 1o (0, 1) -

—sa,(0.0) (B (@), [ Alp.)=0.  (12)

3a yMoBH, IO FjeG](), j=1,_N, Ta YMOBH

oproronanbHocti (11) maemo, mo v, € G', j=1,N,

TOJII 1 JIMIIIE TOJI, KOJIU BUKOHYETHCS YMOBa
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Jns 1ocuTh MHMpPOKOro kinacy GyHkui a,(x,?),
TIHEO ®,,7)=0, j=LN. (13) by(x,t) piBHsAHHA (15) Mae po3B’s3kM I BCIX

VY Bumamky HynaboBoro ¢(ony, TOOTO KOIH
uy(x,6)=0 1 ymoB a,(x,t)=a,(x), b,(x,t)=b,(x),

cuiBBimHomenust (11), (13) mpu j=1 OyayTsb
CYMICHUMH, SIKIIIO BUKOHYETHCS PIBHICTb
a; (x) = cby’ (x) (14)

7ie ¢ — IOBUIbHA HEHY/IbOBA CTaJjA.
Y upoMy BHUNAAKY PIBHSHHA I @ = @(f)
CIIPOILYETHCS 1 3aMUCYETHCS Y BUTIISIIL

2d
(a,())> 7f=c],

— JIOBLJIbHA HEHYJIbOBA CTaJa.

(15)

ae ¢
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3HaveHsb ¢. Lle n03Bonsie moOymyBaT acMMITTOTHYHI
0o1HO(pA30BI  CONITOHOMOMIOHI  PO3B’SI3KH  JUIS
piBasaES (1), ski OyAayTh BH3HAYeHI sl BCix
3Ha4YeHb HE3ANSKHUX 3MIiHHHX (X,7). Cepen Takux
ACHMIITOTHYHMX  PO3B’SI3KIB  MOXHA  BHJIUIUTH
PO3B’SI3KU, CHHTYJISIpHA YACTHHA SIKUX MICTHTH JIUIIIE
(GYHKIIII, M0 € MBUAKO CHAJHUMM 34 3MIHHOIO T .

Came  Taki  po3B’si3kW  OyayTh  NEBHUMH
nedopMaIisIMHA KIACHYHUX COJIITOHHUX PO3B’SI3KIB.
BucnoBku. 3anporoHOBaHO aJIrOPUTM

MoOYJI0BM aCUMIITOTUYHUX OHO(A30BUX PO3B’S3KIB
COJNIITOHHOrO THUMY Juisi piBHAHHSA KopreBera-jie
@piza 31 3MIHHUMH KOe]illi€EHTAMH 1 CHHTYJISPHUM
30ypEHHSIM.
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