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Âñòóï

Âèêîðèñòîâó¹ìî òàêi ïîçíà÷åííÿ: Ωp � p-âèìið-
íèé òîð (R/2πZ)p, QpT=(0, T )×Ωp, x=(x1, . . . , xp)∈Ωp,
k = (k1, . . . , kp) ∈ Zp, |k| = |k1| + . . . + |kp|, (k, x) =
= k1x1 + . . . + kpxp, D=(∂/∂x1, . . . , ∂/∂xp), δj,q �
ñèìâîë Êðîíåêåðà; Poln,p (âiäïîâiäíî, Polhomn,p ) � ìíî-
æèíà óñiõ (âiäïîâiäíî, óñiõ îäíîðiäíèõ) ïîëiíîìiâ
ñòåïåíÿ n âiä p çìiííèõ ç äiéñíèìè êîåôiöi¹íòàìè;
{τ1, . . . , τm} � íàáið ðiçíèõ ÷èñåë ç âiäðiçêà [0, T ]:
τ1 < . . . < τm; µnS � ìiðà Ëåáåãà â Rn âèìiðíî¨ ìíî-
æèíè S ⊂ Rn; Hα (α ∈ R) � ïðîñòið, ÿêèé ¹ ïîïîâ-
íåííÿì ìíîæèíè òðèãîíîìåòðè÷íèõ ïîëiíîìiâ ñêií-
÷åííîãî ïîðÿäêó φ(x) =

∑
k φke

i(k,x) çà íîðìîþ

∥φ(x);Hα∥ =

√∑
k∈Zp

|φk|2(1 + |k|)2α;

Cn([0, T ];Hα) � áàíàõiâ ïðîñòið ôóíêöié

u(t, x) ≡
∑
k∈Zp

uk(t)e
i(k,x)

òàêèõ, ùî uk ∈ Cn[0, T ], k ∈ Zp, i äëÿ êîæíîãî
t ∈ [0, T ] ïîõiäíi

∂ju(t, x)/∂tj ≡
∑
k∈Zp

u
(j)
k (t)ei(k,x), 0 ≤ j ≤ n,

íàëåæàòü äî ïðîñòîðó Hα i ÿê åëåìåíòè öüîãî ïðî-
ñòîðó ¹ íåïåðåðâíèìè çà t íà [0, T ]; íîðìà â ïðîñòîði
Cn([0, T ];Hα) âèçíà÷à¹òüñÿ ðiâíiñòþ

∥u(t, x);Cn([0, T ];Hα)∥ =
n∑
j=0

max
t∈[0,T ]

∥∥∥∥∂ju(t, x)∂tj
;Hα

∥∥∥∥ .
Íåõàé n ∈ N, Bj ∈ PolM,p, j = 1,m, M < n, i

íåõàé Aj ∈ Polhomj,p , j = 1, n, ¹ òàêèìè, ùî äèôåðåí-
öiàëüíèé âèðàç

L

(
∂

∂t
,D

)
≡ ∂n

∂tn
+
n−1∑
j=0

An−j(D)
∂j

∂tj

¹ ñòðîãî ãiïåðáîëi÷íèì; çi ñòðîãî¨ ãiïåðáîëi÷íîñòi âè-
ðàçó L

(
∂
∂t , D

)
âèïëèâà¹, ùî äëÿ êîæíîãî k ∈ Zp\{⃗0}

êîðåíi λ1(k), . . . , λn(k) ðiâíÿííÿ

L(λ, ik) = 0 (1)

¹ ïîïàðíî ðiçíèìè ñóòî óÿâíèìè ÷èñëàìè.
Äîñëiäæåííÿ óìîâ êîðåêòíî¨ ðîçâ'ÿçíîñòi ó ïðî-

ñòîði Cn([0, T ];Hα) çàäà÷i ç iíòåãðàëüíèìè óìîâàìè∫ T

0

eµjtu(t, x)dt = φj(x), j = 1, n, x ∈ Ωp, (2)

µj ∈ C, j = 1, n, µj ̸= µq(j ̸= q), äëÿ íàâàíòàæåíîãî
ñòðîãî ãiïåðáîëi÷íîãî ðiâíÿííÿ

L

(
∂

∂t
,D

)
u(t, x) = F (t, x)+

+
m∑
j=1

Bj(D)u(τj , x), (t, x) ∈ QpT , (3)

ïîâ'ÿçàíå ç âëàñòèâîñòÿìè òàêèõ âåëè÷èí:

∆(k) = det

∥∥∥∥∥
∫ T

0

eµjtyq(t, k)dt

∥∥∥∥∥
n

j,q=1

, k ∈ Zp, (4)

Γ(k) = det ∥δjq −Bj(ik)Ik(τq)∥nj,q=1 , k ∈ Zp, (5)

äå

yq(t, k) =

{
tq−1 , k = 0⃗,

eλq(k)t , k ̸= 0⃗,
q = 1, n,

Ik(t) ≡
∫ T
0
Gk(t, τ)dτ , à Gk(t, τ), k ∈ Zp, � ôóíêöiÿ

�ðiíà (äèâ. [7, ñ. 26�28]) iíòåãðàëüíî¨ çàäà÷i äëÿ çâè-
÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

L

(
d

dt
, ik

)
f(t) = 0,

∫ T

0

eµjtf(t)dt = 0, j = 1, n.
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Âiäîìî (äèâ. [7, ñ. 16, ñ. 39�47]), ùî ôóíêöiÿ Gk(t, τ)
êîðåêòíî âèçíà÷åíà òîäi i òiëüêè òîäi, êîëè ∆(k) ̸= 0,
k ∈ Zp. Òîìó ôîðìóëà (5) ìà¹ çìiñò, ÿêùî ∆(k) ̸= 0,
k ∈ Zp.

ßêùî
∀ k ∈ Zp ∆(k) · Γ(k) ̸= 0, (6)

òî iñíó¹ ¹äèíèé ôîðìàëüíèé ðîçâ'ÿçîê çàäà÷i (2), (3),
ÿêèé çîáðàæó¹òüñÿ ðÿäîì Ôóð'¹

u(t, x) =
∑
k∈Zp

(fk(t) + vk(t) + wk(t))e
(ik,x), (7)

äå fk(t) =
∫ T
0
Gk(t, τ)Fk(τ)dτ , k ∈ Zp,

vk(t) =

n∑
j,q=1

∆jq(k)

∆(k)
φjkyq(t, k), k ∈ Zp,

wk(t) =
Ik(t)

Γ(k)

m∑
j=1

Bj(ik)(vk(τj) + fk(τj)), k ∈ Zp,

äå∆jq(k) � àëãåáðè÷íå äîïîâíåííÿ åëåìåíòà yq(tj , k),
j, q = 1, n, ó âèçíà÷íèêó ∆(k), φjk, k ∈ Zp, � êîåôiöi-
¹íòè Ôóð'¹ ôóíêöi¨ φj(x), j = 1, n. ßêùî âèêîíó¹òüñÿ
óìîâà (6) i, êðiì òîãî, iñíóþòü òàêi ñòàëi ω1, ω2, ùî
äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi) âåêòî-
ðiâ k ∈ Zp ñïðàâäæóþòüñÿ íåðiâíîñòi

|∆(k)| ≥ (1 + |k|)−ω1 , (8)

|Γ(k)| ≥ (1 + |k|)−ω2 , (9)

òî ìîæíà âñòàíîâèòè îöiíêè çãîðè äëÿ ôóíêöié
fk(t), vk(t), wk(t), k ∈ Zp, òà ¨õíiõ ïîõiäíèõ äî ïî-
ðÿäêó n âêëþ÷íî, ç ÿêèõ âèïëèâà¹ çáiæíiñòü ðÿäó
(7) ó øêàëi ïðîñòîðiâ Cn([0, T ];Hα), α ∈ R, ÿêùî
φj ∈ Hα1 , j = 1, n, F ∈ C([0, T ];Hα2) äëÿ äåÿêèõ
çíà÷åíü α1, α2 ∈ R. Òîìó âàæëèâî äîñëiäèòè ïèòàí-
íÿ ïðî ìîæëèâiñòü âèêîíàííÿ îöiíîê (8), (9). Öå i ¹
ìåòîþ öi¹¨ ðîáîòè.

Ó ïðàöÿõ [4, 8, 13, 14, 3] çàñòîñîâàíî ìåòðè÷íèé
ïiäõiä [7] òà ðåçóëüòàòè ìåòðè÷íî¨ òåîði¨ äiîôàíòîâèõ
íàáëèæåíü [1] äëÿ âñòàíîâëåííÿ îöiíîê çíèçó ìàëèõ
çíàìåííèêiâ, ÿêi âèíèêëè ïiä ÷àñ ïîáóäîâè ðîçâ'ÿç-
êiâ çàäà÷ ç iíòåãðàëüíèìè óìîâàìè ó âèãëÿäi ìîìåí-
òiâ (êîëè âàãîâi ôóíêöi¨ ïiä çíàêîì iíòåãðàëà ¹ ïî-
ñëiäîâíèìè ñòåïåíÿìè ÷àñîâî¨ çìiííî¨ t) äëÿ ðiâíÿíü
iç ÷àñòèííèìè ïîõiäíèìè çà âiäñóòíîñòi íàâàíòàæåí-
íÿ; ïðè öüîìó ó [4, 8, 13, 14, 3] äîâåäåíî, ùî îöiíêè
çíèçó (ñòåïåíåâi àáî åêñïîíåíöiéíi, çàëåæíî âiä òèïó
ðiâíÿííÿ) äëÿ ìàëèõ çíàìåííèêiâ âèêîíóþòüñÿ äëÿ
ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà) âåêòîðiâ, êîìïî-
íåíòàìè ÿêèõ ¹ ïàðàìåòðè çàäà÷.

Ìåòðè÷íèé ïiäõiä âèêîðèñòàíî i â öié ðîáîòi äëÿ
âñòàíîâëåííÿ îöiíîê (8), (9). Çîêðåìà, ó òåîðåìi 1
ðîáîòè ïîêàçàíî, ùî äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè
Ëåáåãà íà ïðÿìié) ÷èñåë T > 0 íåðiâíiñòü (8) âèêîíó-
¹òüñÿ äëÿ âñiõ (êðiì, ìîæëèâî, ñêií÷åííî¨ êiëüêîñòi)
âåêòîðiâ k ∈ Zp, ÿêùî

ω1 > (n2 + 1)− C2
n + (p+ 1)(n!2n − 1).

Iñòîòíèì åëåìåíòîì äîâåäåííÿ òåîðåìè 1 ¹ äîïî-
ìiæíi òâåðäæåííÿ ïðî îöiíêè ìið âèíÿòêîâèõ ìíî-
æèí ãëàäêèõ ôóíêöié, à òàêîæ ëåìè 5, 6, ÿêi îïèñó-
þòü ñòðóêòóðó âèçíà÷íèêà ∆(k) ÿê êâàçiìíîãî÷ëåíà
çà çìiííîþ T ç âiäìiííîþ âiä íóëÿ ïîõiäíîþ ïîðÿäêó
n2. Ó äîâåäåííi ëåìè 5 ïîêàçàíî, ùî îá÷èñëåííÿ âè-
çíà÷íèêà ∆(k) çâîäèòüñÿ äî îá÷èñëåííÿ âèçíà÷íèêà
∆n−1,n−1(k), ïðè öüîìó åëåìåíò, ÿêèé çíàõîäèòüñÿ ó
j-ìó ðÿäêó òà q-ìó ñòîâïöi öüîãî âèçíà÷íèêà, ¹ iíòå-
ãðàëîì âiä äîáóòêó ðîçäiëåíî¨ ðiçíèöi ôóíêöi¨ eµt, ïî-
áóäîâàíî¨ íà êîðåíÿõ µ1, . . . , µj , òà ðîçäiëåíî¨ ðiçíèöi
ôóíêöi¨ eλt, ïîáóäîâàíî¨ íà êîðåíÿõ λ1(k), . . . , λq(k).

Ùî ñòîñó¹òüñÿ îöiíîê (9), òî ïèòàííÿ ïðî ìîæëè-
âiñòü ¨õ âèêîíàííÿ ó íàóêîâié ëiòåðàòóði íå âèâ÷à-
ëîñÿ. Ó ëåìi 7 äîâåäåíî ðåçóëüòàò ïðî îá÷èñëåííÿ
âèçíà÷íèêà ìàòðèöi, ùî ìà¹ àíàëîãi÷íó ñòðóêòóðó
äî âèçíà÷íèêà Γ(k). Ó òåîðåìi 2 íà ïiäñòàâi ëåìè 3
ïîêàçàíî, ùî ïðè ω2 > pmn îöiíêà (9) âèêîíó¹òüñÿ
äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rm) âåêòî-
ðiâ τ⃗ ∈ [0, T ]m äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi)
âåêòîðiâ k ∈ Zp, ÿêùî îäíîðiäíèé ïîëiíîì An(ξ) ¹
âiäìiííèì âiä íóëÿ äëÿ âñiõ ξ ∈ Rp\{⃗0}. Çàóâàæèìî,
ùî ìåòîäèêà äîâåäåííÿ òåîðåìè 2 ¹ áëèçüêîþ äî ìå-
òîäèêè, âèêîðèñòàíî¨ ó ïðàöÿõ [9, 5] äëÿ äîâåäåííÿ
ìåòðè÷íèõ îöiíîê ìàëèõ çíàìåííèêiâ çàäà÷i ç áàãà-
òîòî÷êîâèìè óìîâàìè äëÿ íàâàíòàæåíîãî ïîëiãàðìî-
íi÷íîãî ðiâíÿííÿ òà çàäà÷i ç iíòåãðàëüíèìè óìîâàìè
ó âèãëÿäi ìîìåíòiâ äëÿ áåçòèïíèõ ðiâíÿíü iç ÷àñòèí-
íèìè ïîõiäíèìè.

I. Äîïîìiæíi òâåðäæåííÿ

Âèêîðèñòîâóâàòèìåìî òàêi äîïîìiæíi òâåðäæåí-
íÿ.

Ëåìà 1. (Áîðåëÿ-Êàíòåëëi) Íåõàé {Aj}∞j=1 �
ïîñëiäîâíiñòü âèìiðíèõ (çà ìiðîþ Ëåáåãà â Rn) ìíî-
æèí ç Rn òàêèõ, ùî

∞∑
j=1

µnAj <∞.

Òîäi ìiðà Ëåáåãà â Rn ìíîæèíè òèõ òî÷îê, ÿêi ïî-
òðàïëÿþòü äî íåñêií÷åííî¨ êiëüêîñòi ìíîæèí Aj,
j ≥ 1, äîðiâíþ¹ íóëþ.

Äëÿ êîæíîãî k ∈ Zp\{⃗0} ïîçíà÷èìî:

W (k) = det ∥λj−1
q (k)∥nj,q=1,

äå λ1(k), . . . , λn(k) � êîðåíi ìíîãî÷ëåíà L(λ, k).

Ëåìà 2. Äëÿ êîæíîãî k ∈ Zp\{⃗0} âèêîíóþ-
òüñÿ îöiíêè

|W (k)| ≥ C1|k|n(n−1)/2, (10)

äå C1 > 0 � ñòàëà, ùî íå çàëåæèòü âiä k.
� Äîâåäåííÿ. Ç îäíîðiäíîñòi ïîëiíîìiâ

Aj(ξ1, . . . , ξp), j = 1, n,

30 Ìàòåìàòèêà
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âèïëèâà¹, ùî äëÿ êîæíîãî âåêòîðà k ∈ Zp, k ̸= 0⃗,
âèêîíóþòüñÿ ðiâíîñòi

Aj(ik1, . . . , ikp) = (i|k|)jAj
(
k1
|k|
, . . . ,

kp
|k|

)
,

äå j = 1, n. Çi ñòðóêòóðè âèðàçó L(∂/∂t,D) îòðèìó¹-
ìî, ùî

L(λ, ik) = (i|k|)nL
(
λ

i|k|
,
k

|k|

)
.

Òîìó êîðåíi λj(k), j = 1, n, k ̸= 0⃗, ðiâíÿííÿ (1) ìîæíà
çîáðàçèòè ó âèãëÿäi

λj(k) = i|k|σj(k), j = 1, n, (11)

äå σj(k), j = 1, n, k ̸= 0⃗, � êîðåíi ðiâíÿííÿ

L

(
σ,

k

|k|

)
= 0.

Çi ñòðîãî¨ ãiïåðáîëi÷íîñòi âèðàçó L(∂/∂t,D) âèïëè-
âà¹, ùî äëÿ êîæíîãî ξ ∈ R\{⃗0} äèñêðèìiíàíò DL(ξ)
ìíîãî÷ëåíà L(λ, ξ) (ÿê ìíîãî÷ëåíà çìiííî¨ λ) ¹ âiä-
ìiííèì âiä íóëÿ. Îñêiëüêè DL(ξ) ¹ ìíîãî÷ëåíîì
âiä êîåôiöi¹íòiâ A1(ξ), . . . , An(ξ) ìíîãî÷ëåíà L(λ, ξ)
(äèâ. ôîðìóëó (4.32) íà ñ. 62 ó [7]), òî DL(ξ) ¹ íåïå-
ðåðâíîþ ôóíêöi¹þ ïàðàìåòðiâ ξ1, . . . , ξp. Íà êîìïàêòi

S = {ξ ∈ Rp : |ξ1|+ . . .+ |ξp| = 1}

ìîäóëü öi¹¨ ôóíêöi¨ âiäîêðåìëåíèé çíèçó âiä íóëÿ äå-
ÿêîþ äîäàòíîþ ñòàëîþ C1:

∀ξ ∈ S |DL(ξ)| ≥ C1. (12)

Âðàõîâóþ÷è âiäîìó ðiâíiñòü (äèâ. ôîðìóëó (4.31) íà
ñ. 62 ó [7])

DL

(
k

|k|

)
=

∏
n≥j>q≥1

(σj(k)− σq(k))
2, k ̸= 0⃗,

ç îöiíîê (12) äiñòà¹ìî, ùî∏
n≥j>q≥1

|σj(k)− σq(k)|2 ≥ C1, k ̸= 0⃗. (13)

Êiëüêiñòü ìíîæíèêiâ ó ôîðìóëi (13) äîðiâíþ¹ C2
n, òî-

ìó ç íåðiâíîñòi (13) íà ïiäñòàâi ôîðìóë (11) âèïëèâà¹,
ùî ∏

n≥j>q≥1

|λj(k)− λq(k)| ≥
√
C1|k|C

2
n , k ̸= 0⃗. (14)

Ëåìó äîâåäåíî.�
Íèæ÷å áóäåìî ðîçãëÿäàòè êâàçiìíîãî÷ëåíè Q(t)

âèãëÿäó

Q(t) =

m∑
j=1

exp(ρjt)pj(t), (15)

äå ρj ∈ C, j = 1,m, µj ̸= µr, j ̸= r, Re ρ1 ≥ . . . ≥
≥ Re ρm, a pj(t) � ìíîãî÷ëåíè ç êîìïëåêñíèìè
êîåôiöi¹íòàìè ñòåïåíiâ (nj−1), j=1,m, âiäïîâiäíî.

Äëÿ êâàçiìíîãî÷ëåíà Q(t) áóäåìî ïîçíà÷àòè:
NQ = n1 + . . . + nm, BQ = 1 + max

1≤j≤m
|ρj |,

ψQ = max{1, exp(−Re ρmT )},

GQ = max
1≤j≤n

{
|Q(j−1)(0)|B−j

Q

}
.

Ëåìà 3. ([10]) Íåõàé ôóíêöiÿ Q(t) ìà¹ âèãëÿä
(15). ßêùî äëÿ äåÿêèõ êîìïëåêñíèõ ÷èñåë aj, j=1, n,
â êîæíié òî÷öi t ∈ [0, T ] âèêîíó¹òüñÿ óìîâà

|f (n)(t) + a1f
(n−1)(t) + . . .+ anf(t)| ≥ δ > 0,

òî äëÿ äîâiëüíîãî ε ∈ (0, ε0) ñïðàâäæó¹òüñÿ îöiíêà

µ1{t ∈ [0, T ] : |Q(t)| < ε} ≤ C2BQ(ε/δ)
1/n,

äå ε0 = δ
2(n+1)An , A = 1 + max

1≤j≤n
|aj |1/j , C2 > 0.

Ëåìà 4. ([4]) Iñíóþòü òàêi äîäàòíi ñòàëi
C3, C4 (ÿêi çàëåæàòü òiëüêè âiä n, T ), ùî äëÿ äî-
âiëüíîãî êâàçiìíîãî÷ëåíà Q(t) âèãëÿäó (15), äîâiëü-
íîãî ε ∈ (0, ε0), ε0 =

C3GQ
2ψQB

n−1
Q

, âèêîíó¹òüñÿ îöiíêà

µ1{t ∈ [0, T ] : |Q(t)| < ε} ≤ C4BQ

(εψQ
GQ

)1/(n−1)

.

II. Ñòðóêòóðà âèçíà÷íèêà ∆(k)

Ç'ÿñó¹ìî äåÿêi ñòðóêòóðíi âëàñòèâîñòi âèçíà÷íè-
êà ∆(k) çàäà÷i (3), (2), êîëè n ≥ 2.

Ëåìà 5. Äëÿ âèçíà÷íèêà ∆(k), k ∈ Zp\{⃗0},
ÿê ôóíêöi¨ çìiííî¨ T , âèêîíóþòüñÿ ðiâíîñòi

∂q∆(k)

∂T q

∣∣∣
T=0

=

{
0, ÿêùî 0 ≤ q < n2,

C5W (k), ÿêùî q = n2,

äå C5 =
∏

n≥j>q≥1

(µj − µq) · (n2)!
n−1∏
q=1

q!/
2n−1∏
q=n

(q!).

� Äîâåäåííÿ. Âèçíà÷íèê ∆(k) ïåðåòâîðèìî ó òà-
êèé ñïîñiá. Âiä êîæíîãî q-ãî ñòîâïöÿ (q ≥ 2) âèçíà-
÷íèêà ∆(k) âiäíiìåìî éîãî ïåðøèé ñòîâïåöü i ðîçäi-
ëèìî íà (λq(k)− λ1(k)). Ó ðåçóëüòàòi îòðèìà¹ìî

∆(k) = ∆1(k) ·
n∏
q=2

(λq(k)− λ1(k)),

äå ∆1(k) � âèçíà÷íèê, ïåðøèé ñòîâïåöü ÿêîãî ñïiâ-
ïàäà¹ ç ïåðøèì ñòîâïöåì âèçíà÷íèêà ∆(k), à q-èé
ñòîâïåöü (2 ≤ q ≤ n) ìà¹ âèãëÿä

col

(∫ T

0

eµ1t[f1,q](t, k)dt, . . . ,

∫ T

0

eµnt[f1,q](t, k)dt

)
,

äå

[f1,q](t, k) =
eλq(k)t − eλ1(k)t

λq(k)− λ1(k)
, q = 2, n.

Iç êîæíîãî q-ãî ñòîâïöÿ (3 ≤ q ≤ n) âèçíà÷íèêà
∆1(k) âiäíiìåìî éîãî äðóãèé ñòîâïåöü i ðîçäiëèìî íà
(λq(k)− λ2(k)), äiñòàíåìî

∆(k) = ∆2(k) ·
n∏
q=2

(λq(k)− λ1(k)) ·
n∏
r=3

(λr(k)− λ2(k)),
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äå ∆2(k) � âèçíà÷íèê, ïåðøèé i äðóãèé ñòîâïåöü ÿêî-
ãî ñïiâïàäàþòü ç ïåðøèì i äðóãèì ñòîâïöåì âèçíà-
÷íèêà ∆1(k) âiäïîâiäíî, à q-èé ñòîâïåöü (3 ≤ q ≤ n)
¹ òàêèì:

col

(∫ T

0

eµ1t[f1,2,q](t, k)dt, . . . ,

∫ T

0

eµnt[f1,2,q](t, k)dt

)
,

äå

[f1,2,q](t, k) =
[f1,q](t, k)− [f1,2](t, k)

λq(k)− λ2(k)
, q = 3, n.

Ïðîäîâæóþ÷è àíàëîãi÷íèé ïðîöåñ, îòðèìà¹ìî, ùî

∆(k) = ∆n−1(k) ·
∏

n≥j>q≥1

(λj(k)− λq(k)),

äå

∆n−1(k) =

∥∥∥∥∥
∫ T

0

eµjt[f1,...,q](t, k)dt

∥∥∥∥∥
n

j,q=1

,

[f1](t, k) = eλ1(k)t, à [f1,...,q](t, k), q = 2, n, � ðîçäiëåíà
ðiçíèöÿ (q − 1)-ãî ïîðÿäêó ôóíêöi¨ f(t) = eλt, ïîáó-
äîâàíà â òî÷êàõ λ = λ1(k), . . . , λ = λq(k).

Òåïåð ïåðåòâîðèìî âèçíà÷íèê ∆n−1(k). Âiä êî-
æíîãî éîãî j-ãî ðÿäêà (j ≥ 2) âiäíiìåìî éîãî ïåðøèé
ðÿäîê i ðîçäiëèìî íà (µj − µ1). Ó ðåçóëüòàòi îòðèìà-
¹ìî

∆n−1(k) = ∆n−1,1(k) ·
n∏
j=2

(µj − µ1),

äå ∆n−1,1(k) � âèçíà÷íèê, ïåðøèé ðÿäîê ÿêîãî ñïiâ-
ïàäà¹ ç ïåðøèì ðÿäêîì âèçíà÷íèêà ∆n−1(k), à j-èé
ðÿäîê (2 ≤ j ≤ n) ìà¹ âèãëÿä(∫ T

0

[g1,j ](t)[f1](t, k)dt, . . . ,

∫ T

0

[g1,j ](t)[f1,...,n](t, k)dt

)
,

äå [g1,j ](t) = eµjt−eµ1t
µj−µ1

, j = 2, n. Iç êîæíîãî j-ãî ðÿäêà
(j ≥ 3) âèçíà÷íèêà ∆n−1,1(k) âiäíiìåìî éîãî äðóãèé
ðÿäîê i ðîçäiëèìî íà (µj − µ2), äiñòàíåìî

∆n−1(k) = ∆n−1,2(k) ·
n∏
j=2

(µj − µ1) ·
n∏
r=3

(µr − µ2),

äå ∆n−1,2(k) � âèçíà÷íèê, ïåðøèé i äðóãèé ðÿäîê
ÿêîãî ñïiâïàäàþòü ç ïåðøèì i äðóãèì ðÿäêîì âèçíà-
÷íèêà ∆1(k) âiäïîâiäíî, à j-èé ñòîâïåöü (3 ≤ j ≤ n)
¹ òàêèì:

(∫ T

0

[g1,2,j ](t)[f1](t, k)dt, . . . ,

∫ T

0

[g1,2,j ](t)[f1,...,n](t, k)dt

)
,

äå

[g1,2,j ](t) =
[g1,j ](t)− [g1,2](t)

µj − µ2
, j = 3, n.

Ïðîäîâæóþ÷è àíàëîãi÷íèé ïðîöåñ, îòðèìà¹ìî, ùî

∆n−1(k) = ∆n−1,n−1(k) ·
∏

n≥j>q≥1

(µj − µq),

äå

∆n−1,n−1(k) =

∥∥∥∥∥
∫ T

0

[g1,...,j ](t)[f1,...,q](t, k)dt

∥∥∥∥∥
n

j,q=1

,

[g1](t) = eµ1t, à [g1,...,j ](t), j = 2, n, � ðîçäiëåíà ðiçíè-
öÿ (j − 1)-ãî ïîðÿäêó ôóíêöi¨ f(t) = eλt, ïîáóäîâàíà
â òî÷êàõ λ = µ1, . . . , λ = µj .

Îòæå,

∆(k) = ∆n−1,n−1(k) ·W (k) · V, (16)

äå V ≡
∏

n≥j>q≥1

(µj − µq). Îòæå,

dq∆(k)

dT q

∣∣∣∣
T=0

=W (k) · V · d
q∆n−1,n−1(k)

dT q

∣∣∣∣
T=0

.

Iç ôîðìóëè Ëàãðàíæà äëÿ ðîçäiëåíèõ ðiçíèöü
(äèâ. ãëàâó 1, �1 ó [2]) âèïëèâà¹, ùî

[g1,...,j ](t) =

j∑
r=1

eµrt

P ′
j(µr)

, j = 1, n,

[f1,...,j ](t, k) =

j∑
r=1

eλr(k)t

R′
j(λr(k), k)

, j = 1, n,

äå Pj(µ), Rj(λ, k), j = 1, n, � ìíîãî÷ëåíè, âèçíà÷åíi
ðiâíîñòÿìè

Pj(µ) = (µ− µ1) · . . . · (µ− µj), j = 1, n,

Rj(λ, k) = (λ− λ1(k)) · . . . · (λ− λj(k)), j = 1, n.

Îòæå, ôóíêöi¨ [g1,...,j ](t), [f1,...,j ](t, k), j = 1, n, ¹ àíà-
ëiòè÷íèìè çà çìiííîþ t. Î÷åâèäíî, ùî

dq[g1,...,j ](t)

dtq

∣∣∣∣
t=0

=

j∑
r=1

µqr
P ′
j(µr)

, j = 1, n, (17)

dq[f1,...,j ](t, k)

dtq

∣∣∣∣
t=0

=

j∑
r=1

λqr(k)

R′
j(λr(k), k)

, j = 1, n,

(18)
Âèðàçè ó ïðàâèõ ÷àñòèíàõ ôîðìóë (17) (âiäïîâiä-
íî, ôîðìóë (18)) ñïiâïàäàþòü ç [hq1,...,j ] (âiäïîâiäíî,
ç [dq1,...,j ](k)), äå [hq1,...,j ], q = 1, n, � ðîçäiëåíà ðiç-
íèöÿ ôóíêöi¨ λq ó òî÷êàõ µ1, . . . , µj , à [dq1,...,j ](k),
q = 1, n, � ðîçäiëåíà ðiçíèöÿ öi¹¨ æ ôóíêöi¨ ó òî÷êàõ
λ1(k), . . . , λj(k). Âiäîìî (äèâ. ñ. 224 ó [12]), ùî

[hq1,...,j ] =

{
0, ÿêùî q < j,

1, ÿêùî q = j,
(19)

[dq1,...,j ](k) =

{
0, ÿêùî q < j,

1, ÿêùî q = j.
(20)
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ßêùî æ q > j, òî âèðàçè [hq1,...,j ] (âiäïîâiäíî,
[dq1,...,j ](k)) ñóòü îäíîðiäíèìè ñèìåòðè÷íèìè ìíîãî-
÷ëåíàìè ñòåïåíÿ (q−j) âiä µ1, . . . , µj (âiäïîâiäíî, âiä
λ1(k), . . . , λj(k)).

Iç ôîðìóë (17), (18), (19), (20) äiñòà¹ìî òàêi òåé-
ëîðiâñüêi ðîçâèíåííÿ:

[g1,...,j ](t) =
tj−1

(j − 1)!
+ tjαj(t), j = 1, n,

[f1,...,j ](t, k) =
tj−1

(j − 1)!
+ tjβj(t, k), j = 1, n,

äå αj(t), βj(t, k), j = 1, n, � àíàëiòè÷íi çà t â îêîëi
t = 0.

Îòæå, äëÿ åëåìåíòiâ âèçíà÷íèêà ∆n−1,n−1(k)
îòðèìà¹ìî òàêi ðîçâèíåííÿ:∫ T

0

[g1,...,j ](t)[f1,...,q](t, k)dt = αjq(T, k)T
j+q+

=
T j+q−1

(j + q − 1) · (j − 1)! · (q − 1)!
, q = 1, n,

äå αjq(T, k), j, q = 1, n, àíàëiòè÷íi ôóíêöi¨ â îêîëi òî-
÷êè T = 0. Îòæå, â îêîëi òî÷êè T = 0

∆n−1,n−1(k) = det

∥∥∥∥ T j+q−1

(j + q − 1) · (j − 1)! · (q − 1)!
+

+ αjq(T, k)T
j+q
∥∥ .

Ó öüîìó âèçíà÷íèêó âèíåñåìî ç êîæíîãî j-ãî ðÿäêà
ìíîæíèê T j/(j − 1)!, j = 1, n, à ïîòiì â îäåðæàíî-
ìó âèçíà÷íèêó âèíåñåìî ç êîæíîãî q-ãî ñòîâïöÿ ìíî-
æíèê T q−1/(q− 1)!, q = 1, n. Ó ðåçóëüòàòi îäåðæèìî,
ùî

∆n−1,n−1(k) = C6T
n2

det ∥(j + q − 1)−1+

+(j − 1)!(q − 1)!αjq(T, k)T∥nj,q=1 =

= C6T
n2 (

det ∥(j + q − 1)−1∥nj,q=1 + β(T, k)T
)
, (21)

äå C6 =
n−1∏
q=1

(q!)−2, β(T, k) � àíàëiòè÷íà ôóíêöiÿ â

îêîëi òî÷êè T = 0. Âiäîìî (äèâ. çàäà÷ó 3 íà ñ. 110 ó
[6]), ùî

det
∥∥(j + q − 1)−1

∥∥n
j,q=1

=

n−1∏
q=1

(q!)3/

2n−1∏
q=n

q!.

Ó òàêèé ñïîñiá iç ôîðìóë (16) òà (21) äiñòà¹ìî ðîç-
âèíåííÿ

∆(k) =
C5T

n2

W (k)

(n2)!
+ C6W (k)V β(T, k)Tn

2+1,

ç ÿêîãî âèïëèâà¹ òâåðäæåííÿ ëåìè 5.�
Ëåìà 6. Âèçíà÷íèê ∆(k), k ∈ Zp, ¹ êâàçiìíî-

ãî÷ëåíîì âèãëÿäó

∆(k) =
R∑
q=1

exp(Λq(k)T )pq(T, k),

äå Λj(k) ̸= Λq(k), j ̸= q, à pq(T, k), q = 1, R, � ìíîãî-
÷ëåíè çà T ñòåïåíÿ, íå âèùîãî, íiæ n. Äëÿ ïîðÿäêó

n∆(k) ≡
R∑
q=1

(deg pq(T, k) + 1) êâàçiìíîãî÷ëåíà ∆(k)

âèêîíó¹òüñÿ íåðiâíiñòü

n∆(k) ≤ (n+ 1)!2n,

à äëÿ äiéñíèõ ÷àñòèí ïîêàçíèêiâ éîãî åêñïîíåíò �
íåðiâíîñòi: ReΛq(k) ≥ n min

1≤j≤n
Reµj, q = 1, R.

� Äîâåäåííÿ. Äëÿ êîæíîãî k ∈ Zp ìîæëèâèìè ¹
òàêi âèïàäêè: 1) óñi ïîêàçíèêè µj + λq(k), j, q = 1, n,
¹ âiäìiííèìè âiä íóëÿ; 2) äåÿêi ç öèõ ïîêàçíèêiâ ìî-
æóòü ïåðåòâîðþâàòèñÿ â íóëü.

Ðîçãëÿíåìî âèïàäîê 1). Ó öüîìó âèïàäêó åëåìåí-
òè âèçíà÷íèêà ∆(k) ìàþòü âèãëÿä

T∫
0

e(µj+λq(k))tdt =
e(µj+λq(k))T − 1

µj + λq(k)
, j, q = 1, n. (22)

Âèêîðèñòîâóþ÷è ôîðìóëó äëÿ ðîçâèíåííÿ âèçíà÷íè-
êà òà ôîðìóëè (22), îäåðæèìî

∆(k) =
∑

ω=(i1,...,in),
ω∈Sn

(−1)ρω
n∏
r=1

e(µir+λr(k))T − 1

µir + λr(k)
. (23)

Îñêiëüêè äëÿ äîâiëüíèõ íàáîðiâ ÷èñåë y1, . . . , yn ∈ C
òà z1, . . . , zn ∈ C âèêîíó¹òüñÿ ðiâíiñòü

n∏
r=1

(yr + zr) =
1∑

j1=0

. . .
1∑

jn=0

yj11 . . . yjnn z
1−j1
1 . . . z1−jnn ,

òî ç ôîðìóëè (23) îòðèìà¹ìî, ùî

∆(k)=
∑

ω=(i1,...,in),
ω∈Sn

1∑
j1=0

. . .
1∑

jn=0

(−1)ρω+n+j1+...+jn×

×(µi1 + λ1(k))
1−j1 . . . (µin + λn(k))

1−jn×

×e{j1[µi1+λ1(k)]T+...+jn[µin+λn(k)]T}.

Çðîçóìiëî, ùî êiëüêiñòü ðiçíèõ ïîêàçíèêiâ åêñïî-
íåíò â îñòàííié ôîðìóëi íå ïåðåâèùó¹ n!2n. Îòæå,
äëÿ ïîðÿäêó n∆(k) âèçíà÷íèêà ∆(k) îòðèìó¹ìî îöií-
êó n∆(k) ≤ n!2n. Îöiíêà çíèçó äëÿ äiéñíèõ ÷àñòèí
ïîêàçíèêiâ åêñïîíåíò â ïîïåðåäíié ôîðìóëi äëÿ âè-
çíà÷íèêà ∆(k) ¹ î÷åâèäíîþ.

Ó âèïàäêó 2) ëåìó äîâîäÿòü àíàëîãi÷íî, ïðè öüî-
ìó ñëiä çàóâàæèòè, ùî â ìåæàõ êîæíîãî ðÿäêà òà
êîæíîãî ñòîâïöÿ âèçíà÷íèêà ∆(k) ìîæå âèÿâèòèñÿ
ëèøå îäèí iíòåãðàë âiä åêñïîíåíòè ç íóëüîâèì ïî-
êàçíèêîì (öå âèïëèâà¹ ç òîãî, ùî êîæåí ç íàáîðiâ
{µ1, . . . , µn}, {λ1(k), . . . , λn(k)} ñêëàäà¹òüñÿ ç ðiçíèõ
÷èñåë), ÿêèé, î÷åâèäíî, äîðiâíþ¹ T . �
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III. Ìåòðè÷íi îöiíêè çíèçó äëÿ ∆(k)

Âñòàíîâèìî îöiíêè çíèçó äëÿ âèçíà÷íèêà ∆(k).

Òåîðåìà 1. Äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè
Ëåáåãà â R) ÷èñåë T > 0 íåðiâíiñòü (8) âèêîíó¹òüñÿ
äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp,
ÿêùî ω1 > σ1, σ1 = (p+ 1)ξ1 − p, ξ1 = (n+ 1)!2n.

� Äîâåäåííÿ. Íåõàé T0 � äîâiëüíå äîäàòíå ÷èñëî.
×åðåç Aω1(k) ïîçíà÷èìî ìíîæèíó òèõ T ∈ (0, T0], äëÿ
ÿêèõ íåðiâíiñòü

|∆(k)| ≤ (1 + |k|)−ω1 (24)

âèêîíó¹òüñÿ ïðè ôiêñîâàíîìó k ∈ Zp. Çãiäíî ç ëåìîþ
1 äëÿ òîãî, ùîá äîâåñòè òåîðåìó, äîñèòü ïåðåâiðèòè,
ùî äëÿ ω1 > σ1 ðÿä

∑
k∈Zp

µ1Aω1(k) ¹ çáiæíèì.

Iç ëåì 2, 5, 6 âèïëèâà¹, ùî

B∆(k) ≤ C7(1 + |k|),

G∆(k) ≥ C8(1 + |k|),

ψ∆(k) ≤ C9,

äå äîäàòíi ñòàëi C7, C8, C9 íå çàëåæàòü âiä k. Òîäi
çà ëåìîþ 4 äëÿ ω1 > σ1 äëÿ ìiðè Ëåáåãà ìíîæèíè
Aω1(k) îòðèìó¹ìî îöiíêó

µ1Aω1(k) ≤ C10(1 + |k|)(1 + |k|)(1−ω)/(n∆(k)−1) ≤

≤ C10(1 + |k|)(ξ1−ω)/(ξ1−1) = C10(1 + |k|)−p−ε, k ∈ Zp,
(25)

äå n∆(k), k ∈ Zp, � ïîðÿäîê êâàçiìíîãî÷ëåíà ∆(k)
(äèâ. ôîðìóëþâàííÿ ëåìè 6), ε = (ω1−σ1)/(ξ1−1)>0.
Ç íåðiâíîñòåé (25) âèïëèâà¹, ùî∑

k∈Zp
µ1Aω1(k) ≤ C10

∑
k∈Zp

(1 + |k|)−p−ε <∞.

Òåîðåìó äîâåäåíî. �

IV. Ñòðóêòóðà âèçíà÷íèêà Γ(k)

Ç'ÿñó¹ìî ñòðóêòóðó âèçíà÷íèêà Γ(k).

Ëåìà 7. Äëÿ äîâiëüíèõ äâîõ íàáîðiâ m ÷èñåë
b1, . . . , bm, c1, . . . , cm âèçíà÷íèê m-ãî ïîðÿäêó

Wm ≡ det ∥δij − bicj∥mi,j=1

îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

Wm = 1− b1c1 − . . .− bmcm. (26)

� Äîâåäåííÿ. Âèêîðèñòà¹ìî ìåòîä ìàòåìàòè÷íî¨
iíäóêöi¨ çà m. Äëÿ m = 1 òâåðäæåííÿ ëåìè ¹ î÷åâè-
äíèì.

Ïðèïóñòèìî, ùî òâåðäæåííÿ ëåìè ¹ iñòèííèì äëÿ
m = l i äîâåäåìî éîãî iñòèííiñòü äëÿ m = l+1. ßêùî
õî÷à á îäíå ñåðåä ÷èñåë b1, . . . , bl+1, íàïðèêëàä, bj0 ,
1 ≤ j0 ≤ l+1, äîðiâíþ¹ íóëþ, òî j0-é ñòîâïåöü âèçíà-
÷íèêà Wl+1 ìà¹ âèãëÿä col(0, . . . , 0, 1, . . . , 0), äå îäè-
íèöÿ çíàõîäèòüñÿ íà j0-ìó ìiñöi. Òîìó, ðîçâèâàþ÷è

âèçíà÷íèê Wl+1 çà åëåìåíòàìè j0-ãî ñòîâïöÿ, äiñòà-
íåìî, ùî

Wl+1 = det ∥δij − bicj∥i,j∈{1,...,l+1}\{j0}. (27)

Çà ïðèïóùåííÿì iíäóêöi¨

det ∥δij − bicj∥i,j∈{1,...,l+1}\{j0} =

= 1−
l+1∑

j=1,j ̸=j0

bjcj . (28)

Òîäi ç ôîðìóë (27), (28) âèïëèâà¹ òâåðäæåííÿ ëåìè
äëÿ m = l + 1, êîëè bj0 = 0.

Íåõàé òåïåð âñi ÷èñëà b1, . . . , bl+1 ¹ âiäìiííèìè âiä
íóëÿ. Äèôåðåíöiþþ÷è âèçíà÷íèê

Wl+1 ≡ det ∥δij − bicj∥l+1
i,j=1,

çà çìiííîþ cl+1, îäåðæèìî

∂Wl+1

∂cl+1
=

∣∣∣∣∣∣∣∣∣
1− b1c1 . . . −blc1 −bl+1c1
...

...
...

...
−b1cl . . . 1− blcl −bl+1cl
−b1 . . . −bl −bl+1

∣∣∣∣∣∣∣∣∣ =
= (−1)l+1b1 · . . . · blbl+1×

×

∣∣∣∣∣∣∣∣∣
c1 − 1

b1
. . . c1 c1

...
...

...
...

cl . . . cl − 1
bl

cl
1 . . . 1 1

∣∣∣∣∣∣∣∣∣ . (29)

Âèçíà÷íèê ó ôîðìóëi (29) íå çìiíèòüñÿ, ÿêùî éîãî
îñòàííié ñòîâïåöü çàìiíèòè ðiçíèöåþ îñòàííüîãî òà
ïåðåäîñòàííüîãî ñòîâïöiâ. Òîìó

∂Wl+1

∂cl+1
= (−1)l+1b1 · . . . · blbl+1×

×

∣∣∣∣∣∣∣∣∣
c1 − 1

b1
. . . c1 0

...
...

...
...

cl . . . cl − 1
bl

1
bl

1 . . . 1 0

∣∣∣∣∣∣∣∣∣ =
= (−1)lb1 · . . . · bl−1bl+1×

×

∣∣∣∣∣∣∣∣∣
c1 − 1

b1
. . . c1 c1

...
...

...
...

cl−1 . . . cl−1 − 1
bl−1

cl−1

1 . . . 1 1

∣∣∣∣∣∣∣∣∣ . (30)

Âèçíà÷íèê ó ôîðìóëi (30) ìà¹ ñòðóêòóðó, àíàëîãi-
÷íó äî ñòðóêòóðè âèçíà÷íèêà ó ôîðìóëi (29), i ìà¹
ïîðÿäîê l. Çàñòîñîâóþ÷è ìiðêóâàííÿ, àíàëîãi÷íi äî
ïðîâåäåíèõ âèùå, îäåðæèìî

∂Wl+1

∂cl+1
= −bl+1. (31)

Ëåãêî ïåðåâiðèòè, ùî Wl+1|cl+1=0 = Wl. Òîìó ç ðiâ-
íîñòi (31) âèïëèâà¹, ùî

Wl+1 =Wl − bl+1cl+1. (32)
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Ìåòðè÷íi îöiíêè ìàëèõ çíàìåííèêiâ iíòåãðàëüíî¨ çàäà÷i äëÿ íàâàíòàæåíîãî ãiïåðáîëi÷íîãî ðiâíÿííÿ

Çà ïðèïóùåííÿì iíäóêöi¨

Wl = 1− b1c1 − . . .− blcl. (33)

Ó òàêèé ñïîñiá ç ðiâíîñòåé (32), (33) îòðèìó¹ìî, ùî

Wl+1 = 1− b1c1 − . . .− bl+1cl+1.

Ëåìó äîâåäåíî. �

V. Ìåòðè÷íi îöiíêè âèçíà÷íèêà Γ(k)

Òåîðåìà 2. Íåõàé ∆(k) ̸= 0, k ∈ Zp, i íåõàé
iñíó¹ ñòàëà C2 > 0 òàêà, ùî äëÿ âñiõ (êðiì ñêií÷åí-
íî¨ êiëüêîñòi) âåêòîðiâ k ∈ Zp âèêîíó¹òüñÿ íåðiâ-
íiñòü

|An(ik)| ≥ C11|k|n, C11 > 0. (34)

Òîäi äëÿ ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â Rm)
âåêòîðiâ τ⃗ = (τ1, . . . , τm) ∈ [0, T ]m íåðiâíiñòü (9) âè-
êîíó¹òüñÿ äëÿ âñiõ (êðiì ñêií÷åííî¨ êiëüêîñòi) âå-
êòîðiâ k ∈ Zp, ÿêùî ω2 > pmn.

� Äîâåäåííÿ. Äëÿ êîæíîãî k ∈ Zp, k ̸= 0⃗, çàïðî-
âàäèìî òàêi ìíîæèíè:

Eω2
(k) = {τ⃗ ∈ [0, T ]m : |Γ(k)| ≤ |k|−ω2}.

Ç îãëÿäó íà ëåìó 1 äëÿ äîâåäåííÿ òåîðåìè äîñèòü
ïåðåâiðèòè, ùî ðÿä

∑
|k|>0

µmEω2(k) ¹ çáiæíèì, ÿêùî

ω2 > mnp. Çãiäíî ç òâåðäæåííÿì ëåìè 7 âèçíà÷íèê
Γ(k) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

Γ(k) = 1−B1(ik)Ik(τ1)− . . .−Bm(ik)Ik(τm), k ∈ Zp.

Ðîçãëÿíåìî òàêi âåëè÷èíè: Υ0(k) = Γ(k),

Υj(k) = Ajn(ik)

1−
m∑

r=j+1

Br(ik)Ik(τr)

−

−Aj−1
n (ik)

j∑
r=1

Br(ik), j = 1,m− 1, (35)

Υm(k) = Am−1
n (ik)(An(ik)−B1(ik)− . . .−Bm(ik)).

Ëåãêî ïåðåâiðèòè, ùî

Eω2(k) ⊂
m+1∪
j=1

Ej,ω2(k),

äå Em+1,ω2 = {τ⃗ ∈ [0, T ]m : |Υm(k)| ≤ ηm(k)},
Ej,ω2(k) = {τ⃗ ∈ [0, T ]m : |Υj−1(k)| ≤ ηj−1(k),

|Υj(k)| > ηj(k)}, j = 1,m,

à ηj(k) = |k|mn−(m−j)n(p+1)−εj , εj > 0, j = 0,m,
ε0 > ε1 > . . . > εm.

Òîìó çáiæíiñòü ðÿäó
∑

|k|>0

µmEω2(k) ¹ íàñëiäêîì

çáiæíîñòi óñiõ ðÿäiâ
∑

|k|>0

µmEj,ω2(k), j = 1,m+ 1.

Îñêiëüêè ñòåïåíi óñiõ ìíîãî÷ëåíiâ Bj(ξ) ¹ ìåíøè-
ìè âiä n, òî iñíó¹ òàêå K1 ∈ N, ùî äëÿ Υm(k) ïðè
|k| > K1 âèêîíó¹òüñÿ òàêà îöiíêà çíèçó:

|Υm(k)| = |Amn (ik)|

∣∣∣∣∣∣
m∑
j=1

Bj(ik)

An(ik)
− 1

∣∣∣∣∣∣ ≥ 1

2
|An(ik)|m.

(36)

Òîäi ç íåðiâíîñòåé (34), (36) îòðèìó¹ìî, ùî äëÿ
âñiõ k ∈ Zp, |k| > K âèêîíó¹òüñÿ îöiíêà

|Υm(k)| ≥ Cm11
2

|k|mn. (37)

Ç îöiíêè (37) âèïëèâà¹, ùî ìíîæèíà Em+1,ω2(k)
¹ ïîðîæíüîþ äëÿ âñiõ k ∈ Zp, |k| > max{K1,K2},
äå K2 = (Cm11/2)

1/εm . Òîìó µmEm+1,ω2(k) = 0, ÿêùî
|k| > max{K1,K2}.

Ïîçíà÷èìî:

τ⃗j = (τ1, . . . , τj−1, τj+1, . . . , τm), j = 1,m,

Ej,ω2(k, τ⃗j) = {τj ∈ [0, T ] : τ⃗ ∈ Ej,ω2(k)}, j = 1,m.

Iç îñíîâíî¨ âëàñòèâîñòi ôóíêöi¨ �ðiíà âèïëèâà¹,
ùî âèêîíóþòüñÿ ðiâíîñòi

L

(
∂

∂τj
, k

)
Υj−1(k) = Υj(k), j = 1,m, k ∈ Zp. (38)

ßêùî τ⃗ ∈ Ej,ω2(k), j = 1,m, òî ç ôîðìóë (38)
âèïëèâà¹, ùî∣∣∣L( ∂

∂τj
, k

)
Υj−1(k)

∣∣∣ ≥ ηj(k), j = 1,m, k ∈ Zp. (39)

Äëÿ îöiíêè çâåðõó ìiðè ìíîæèíè Ej,ω2(k, τ⃗j) çàñòî-
ñó¹ìî ëåìó 3. Îòðèìà¹ìî, ùî

µ1Ej,ω2(k, τ⃗j) ≤ C12|k|
(
ηj−1(k)

ηj(k)

)1/n

≤

≤ C12|k|−p−ξj , j = 1,m, k ∈ Zp,

äå ξj = (εj−1 − εj)/n > 0, j = 1,m. Òîäi çà òåîðåìîþ
Ôóáiíi

µmEj,ω2(k) ≤ C12T
n−1|k|−p−ξj , j = 1,m. (40)

Iç íåðiâíîñòi (40) îòðèìó¹ìî çáiæíiñòü ðÿäiâ∑
k∈Zp

µmEj,ω2(k), à îòæå, é ðÿäó
∑
k∈Zp

µmEω2(k).

Òåîðåìó äîâåäåíî. �

Âèñíîâêè

Ó ðîáîòi âñòàíîâëåíî ìåòðè÷íi îöiíêè çíèçó äëÿ
ìàëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïiä ÷àñ ïîáóäî-
âè ðîçâ'ÿçêó çàäà÷i ç iíòåãðàëüíèìè óìîâàìè ç ïî-
êàçíèêîâèìè âàãîâèìè ôóíêöiÿìè äëÿ ñòðîãî ãiïåð-
áîëi÷íîãî ðiâíÿííÿ, íàâàíòàæåíîãî çíà÷åííÿìè íåâi-
äîìî¨ ôóíêöi¨ òà ¨¨ ïîõiäíèõ íà ñêií÷åííié êiëüêîñòi
ãiïåðïëîùèí. Ïiä ÷àñ äîâåäåííÿ öèõ îöiíîê ç'ÿñîâà-
íî äåòàëüíó ñòðóêòóðó öèõ çíàìåííèêiâ, ïðè öüîìó
âèêîðèñòàíî òåõíiêó ðîçäiëåíèõ ðiçíèöü.

Ðåçóëüòàòè ìîæíà ïîøèðèòè íà âèïàäîê ìàëèõ
çíàìåííèêiâ, ùî âèíèêàþòü ó çàäà÷àõ ç iíòåãðàëüíè-
ìè óìîâàìè äëÿ ñèñòåì ðiâíÿíü iç ÷àñòèííèìè ïîõi-
äíèìè.

Ðîáîòà ÷àñòêîâî ïiäòðèìàíà ÄÔÔÄ Óêðà¨íè
(ïðîåêò �54.1/027).

Mathematics 35



Iëüêiâ Â. Ñ., Ñèìîòþê Ì. Ì., Õîìÿê Ä. Â.

Ëiòåðàòóðà

[1] Áåðíèê Â. È., Ìåëüíè÷óê Þ. Â. Äèîôàíòîâû ïðè-
áëèæåíèÿ è ðàçìåðíîñòü Õàóñäîðôà. � Ìèíñê: Íàó-
êà è òåõíèêà, 1988. � 144 ñ.

[2] Ãåëüôîíä À. Î. Èñ÷èñëåíèå êîíå÷íûõ ðàçíîñòåé /
Ãåëüôîíä À. Î.� Ì.: Èçä-âî ôèç.-ìàò. ëèò., 1959. �
400 ñ.

[3] Iëüêiâ Â. Ñ. Çàäà÷à ç iíòåãðàëüíèìè óìîâàìè äëÿ
ðiâíÿííÿ ç ÷àñòèííèìè ïîõiäíèìè äðóãîãî ïîðÿä-
êó / Iëüêiâ Â. Ñ., Ìàãåðîâñüêà Ò. Â. // Âiñí. Íàö.
óí-òó �Ëüâiâñüêà ïîëiòåõíiêà�. � Ñåð. Ôiçèêî-ìàòå-
ìàòè÷íi íàóêè. � Âèï. 625, � 625, 2008. � Ñ. 12�19.

[4] Ìåäâiäü Î. Ì. Iíòåãðàëüíà çàäà÷à äëÿ ëiíiéíèõ ðiâ-
íÿíü iç ÷àñòèííèìè ïîõiäíèìè / Î. Ì. Ìåäâiäü,
Ì. Ì. Ñèìîòþê // Ìàò. ñòóäi¨. � 2007. � Ò. 28,
� 2. � Ñ. 115�140.

[5] Ìåäâiäü Î. Iíòåãðàëüíà çàäà÷à äëÿ íàâàíòàæåíèõ
ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè / Î. Ìåäâiäü //
Ìàòåìàòè÷íèé âiñíèê ÍÒØ. � 2007. � Ò. 4. �
Ñ. 201�213.

[6] Ïîëèà Ã. Çàäà÷è è òåîðåìû èç àíàëèçà: â 2-õ ÷. /
Ïîëèà Ã., Ñåãå Ã. � Ì.: Íàóêà, 1978. � ×. 1. �
391 ñ. � ×. 2. � 432 ñ.

[7] Ïòàøíèê Á. È. Íåêîððåêòíûå ãðàíè÷íûå çàäà-
÷è äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè. � Ê.: Íàóê. äóìêà, 1984. � 264 ñ.

[8] Ïòàøíèê Á. É. Íåëîêàëüíi êðàéîâi çàäà÷i äëÿ ðiâ-
íÿíü iç ÷àñòèííèìè ïîõiäíèìè / Ïòàøíèê Á. É., Iëü-
êiâ Â. Ñ., Êìiòü I. ß., Ïîëiùóê Â. Ì. � Ê.: Íàóê.
äóìêà, 2002. � 416 ñ.

[9] Ñèìîòþê Ì. Ì. Áàãàòîòî÷êîâà çàäà÷à äëÿ íàâàí-
òàæåíîãî ïîëiãàðìîíi÷íîãî ðiâíÿííÿ // Ïðèêëàäíi
ïðîáëåìè ìåõàíiêè i ìàòåìàòèêè. � Íàóêîâèé çáið-
íèê, 2003, âèï. 1. � Ñ. 25�34.

[10] Ñèìîòþê Ì. Ì. Äiîôàíòîâi íàáëèæåííÿ âèçíà÷íè-
êà çàäà÷i ç äâîìà êðàòíèìè âóçëàìè äëÿ ðiâíÿíü
iç ÷àñòèííèìè ïîõiäíèìè // Ìàòåìàòè÷íèé âiñíèê
ÍÒØ. � 2005, Ò. 2. � Ñ. 199�212.

[11] Ñèìîòþê Ì. Ì. Áàãàòîòî÷êîâi çàäà÷i äëÿ ëiíiéíèõ
äèôåðåíöiàëüíèõ òà ïñåâäîäèôåðåíöiàëüíèõ ðiâ-
íÿíü iç ÷àñòèííèìè ïîõiäíèìè: äèñ. ... êàíä. ôiç.-
ìàò. íàóê.: 01.01.02 �Äèôåðåíöiàëüíi ðiâíÿííÿ� /
Ñèìîòþê Ìèõàéëî Ìèõàéëîâè÷. � Ëüâiâ, 2005. �
193 c.

[12] Øèëîâ Ã. Å. Ìàòåìàòè÷åñêèé àíàëèç. Âòîðîé ñïå-
öèàëüíûé êóðñ / Øèëîâ Ã. Å. � Ì.: Íàóêà, 1965. �
328 ñ.

[13] Øòàáàëþê Ï. È. Ïî÷òè-ïåðèîäè÷åñêèå ðåøåíèÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî è
ñîñòàâíîãî òèïîâ: äèññ. ... êàíä. ôèç.-ìàò. íàóê.:
01.01.02. �Äèôôåðåíöèàëüíûå óðàâíåíèÿ� / Øòàáà-
ëþê Ïåòð Èâàíîâè÷. � Ëüâîâ, 1984. � 146 c.

[14] Øòàáàëþê Ï. È. Ïî÷òè-ïåðèîäè÷åñêèå ðåøåíèÿ çà-
äà÷è ñ èíòåãðàëüíûìè óñëîâèÿìè äëÿ ãèïåðáîëè÷å-
ñêîãî óðàâíåíèÿ / Øòàáàëþê Ï. È. � Â ñá.: Ìàòå-
ðèàëû IX-é êîíôåðåíöèè ìîëîäûõ ó÷åíûõ Èíñòè-
òóòà ïðèêëàäíûõ ïðîáëåì ìåõàíèêè è ìàòåìàòèêè
ÀÍ ÓÑÑÐ, ÷. II. � Ëüâîâ, 1982, ñ. 175 �182 � Äåï. â
ÂÈÍÈÒÈ 10.01.1984 ã. � � 324-84 Äåï.

ÌÅÒÐÈ×ÅÑÊÈÅ ÎÖÅÍÊÈ ÌÀËÛÕ ÇÍÀÌÅÍÀÒÅËÅÉ
ÈÍÒÅÃÐÀËÜÍÎÉ ÇÀÄÀ×È ÄËß ÍÀÃÐÓÆÅÍÍÎÃÎ

ÃÈÏÅÐÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

Èëüêèâ Â. Ñ.a,b, Ñèìîòþê Ì. Ì.a, Õîìÿê Ä. Â.a

aÈíñòèòóò ïðèêëàäíûõ ïðîáëåì ìåõàíèêè è ìàòåìàòèêè èì. ß. Ñ. Ïîäñòðèãà÷à ÍÀÍ Óêðàèíû
79060, Ëüâîâ, óë. Íàó÷íàÿ, 3-á, Óêðàèíà

bÍàöèîíàëüíûé óíèâåpñèòåò �Ëüâèâñüêà ïîëèòýõíèêà�
79013, Ëüâîâ, óë. Ñ. Áàíäåpû, 12, Óêðàèíà

Äîêàçàíû ìåòðè÷åñêèå òåîðåìû îá îöåíêàõ ñíèçó ìàëûõ çíàìåíàòåëåé, âîçíèêàþùèõ
ïðè ïîñòðîåíèè ðåøåíèÿ èíòåãðàëüíîé çàäà÷è äëÿ íàãðóæåííîãî ãèïåðáîëè÷åñêîãî óðàâ-
íåíèÿ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, ìàëûå çíàìåíàòåëè, ìåðà Ëåáåãà, ôóíê-
öèÿ Ãðèíà, èñêëþ÷èòåëüíûå ìíîæåñòâà.

2000 MSC: 35K35, 35B15, 35B30

ÓÄÊ: 517.95+511.2

36 Ìàòåìàòèêà



Ìåòðè÷íi îöiíêè ìàëèõ çíàìåííèêiâ iíòåãðàëüíî¨ çàäà÷i äëÿ íàâàíòàæåíîãî ãiïåðáîëi÷íîãî ðiâíÿííÿ

METRIC ESTIMATES OF SMALL DENOMINATORS
OF THE INTEGRAL PROBLEM FOR LOADED

HYPERBOLIC EQUATION

Ilkiv V. S.a, b, Symotyuk M. M.a, Khomyak D. V.a

aPidstryhach Institute of Applied Problems of Mechanics and Mathematics of NAS of Ukraine
79060, Lviv, 3-b Naukova Str., Ukraine
bLviv Polytechnic National University

12, S. Bandery Str., Lviv, 79013, Ukraine

The metric theorems of the estimation of small denominators which arise under construction
of the solution of the nonlocal integral problems for loaded hyperbolic equation are proved.

Key words: di�erential equations, small denominators, Lebesgue measure, Green functions, excepti-
onal sets

2000 MSC: 35K35, 35B15, 35B30

UDK: 517.95+511.2

Mathematics 37


