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IMPO CEPEHAMIIOBI IIOBEPXHI, AKI YTBOPIOIOTH CIMIICOHOBI TIJTA

V' pobomi enepuie cepenounosi noninomu, 8ioomi 3 Memooy CKiHYEHHUX eNeMeHMI8, pO321A0AIMbCA K
NOBEPXHI, 3 AKUX MOMCIUBO YMBOPIOGAMU KIUHONOOIOHI cimnconosi mina. IcHye 6esniy maxkux cepeHOUnosux
NOBEPXOHb, A Ye O03HAYAE, WO 8 3a0ayax NOo8Y31080i NOKANI3AYI] HABAHMANCEHHA 6i0 OOUHUYHOI MACO80i Cuu
samicmo opmyau Hviomona-Komeca mooicna euxopucmosyeamu nabaudicery gopmyny Cimncona. Ompumani
pesyibmamu Cymmeso nONOSHII0Mb MOOEIbHUL PO CIMICOHOBUX ML
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O CEPEHIHUITIOBBIX ITOBEPXHOCTAX, KOTOPBIE CO3JAIOT CUMIICOHOBBI TEJIA

B pabome enepsvie cepeHOUNnosbl NOIUHOMbL, U3GECHIHbIC U3 MEMOOd KOHEUYHbIX JIEeMEHMOS,
PAcCCMampueaiomcs Kak NOGEPXHOCMU, U3 KOMOPLIX MONCHO MOOeIUpo8ams KIUHONOOOOHbIe CUMNCOHO8bI Meid.
Cywecmeyem 6OeckOHeuHOe MHONCECMBO MAKUX CEPeHOUNOBUX NOGEPXHOCMEU, a MO 03HAYAem, 4mo 6 3a0ayax
noy3106020 pacnpedeiieHusi eOUHUYHOU Maccogou cuivl emecmo opmynst  Heromona-Komeca mooucHo
ucnonwvzoeams npubaudcennyio gopmyny Cumncona. Ilonyuenuvie pesynbmamvl CYujeCmeeHHO NONOIHAIOM
MOOENbHDIU PO CUMNCOHOBLIX eI
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ON SERENDIPITY SURFACES WHICH CREATE SIMPSON BODIES

For the first time the serendipity polynomials known from finite elements method are considered in the
work as surfaces from which one can model sphenoidal simpson bodies. There are plenty of such serendipity
surfaces and this means that in the problems of per-node distribution of unit mass force instead of Newton -Cotes
formula it is possible to use proximate Simpson formula. The received results essentially replenish model range of
simpson bodies.

Key words: simpson bodies, serendipity surfaces, serendipity elements, Newton -Cotes formula, Simpson
rule.

Beryn
Cepenunosi oBepxHi — 1ie QiHiTHI MoniHOMianbHi QpyHKHil ABoX aprymenTis. Koxna dynkmis N; (X, y)
ACOIIIOETBCS 3 PO3PAXyHKOBUM BY3JIOM «i» Ha TPaHHUIl CKIHUCHHOTO CJICMCHTAa-HOCiS. Y KIACHuHIN 3amadi
BiTHOBJICHHS (PYHKITiT f(X, y) 3a BiIOMMMH BY3JIOBUMH arulikKaTaMH fi ¢byHKIii Ni(X, y) Ha3MBAIOTh 0A3MCHUMH

(pyHkuismu BIuMBYy), a B Metosi ckindeHHux eneMeHTiB (MCE) — ue ¢ynkuii ¢popmu. 3agada nokanizanii y By3nax
HaBaHTaXeHHs Ha ckinueHHui exement (CE) Bim omuHMYHOT MacoBoi cuiu mependadae o0UnCIeHHs 00’ eMy Tina,
10 MICTHTBCS MK CEpEeHAMIIOBOIO MOBEPXHEIO i IUIOHIMHOI0 Hocit. O0’eM 3a3BHYail OOYMCIIOIOTH MOABIHHUM

inTerpyBanusaM N; (X, y). Mu cnipoOyBaiu obuncoBaTH 00’ €M HabIMKEHO 32 paBuiioM CiMIICOHA 1 BUSIBHIIH, 11O
B 0araTbOX BUI3JKaX MOKHA OTPUMATH TOYHE 3Ha4YeHHs. Taki Tisa HA3UBAIOTh CIMIICOHOBHMU.

224



BICHHK XHTY Me3(62), 2017 p., TOM 2 MATEMATHYHE MOJAE/TIOBAHHA ®I3BUYHUX 1
TEXHOJIOI'TYHUX ITPOLECIB I TEXHIYHUX CHCTEM

AHaJni3 nonepeanix myo0aikaniii, Mmera po6oTu
®opmyiny napaboniyaux Tpaneniil 3 1743 p. HasuBaroth opmyioro CiMIcOHa, X0oua paHimie BoHa Oyna
orpumana Kasan’epi (1639 p.) i I'peropi (1668 p.) ABropm crarti [1] HaBomsATH cydacHe (OPMYJIOBaHHS 1
nmoBeneHHs Teopemu CiMICOHa, a TakOX HAarOTh O3HAUEHHS CIMIICOHOBa Tija. HeBakko MepeKOHATHCS, IO IO
TIepeTiKy CIMIICOHOBHX TiNl HaJekKaTh MpU3Ma, MipaMifa, 3pi3aHa mipamiga, OUIHIpP, KOHYC, 3pi3aHuil KOHYC, Ky
Ta KyJIbOBHI ceTMeHT. Y po0OoTi [1] moBeneHo, Mo MPU3MAaTOi] TAKOXK € CIMICOHOBHM TiJIOM. A Iie, B CBOIO 4Yepry,
O3HaJae, 10 IO CIMIICOHOBHUX TiJl HaJeXaTh KIMHOMOZIOHI Tija, M0 OOMeXeHi IUTONMHAMHU. 3 Mi€l TOYKH 30py
[iKaBO MPOTECTYBATH KIMHOMOIIOHI Tijia, 110 0OMEXeHi MOBEPXHIMH, OCOOIUBO MOBEPXHSAMH BHIIHX ITOPSIKIB.
Merta gocJaigkeHHs
Mera po0OTH — JOBECTH, IO CIMICOHOBI Tijla MOXHAa KOHCTPYIOBATH 13 CEpPEHAMIIOBUX MOBEPXOHb.
3maeThes, MO 3 OO OOKY CEPEHIMIIOBI IMOJIHOMH I HE po3risgaiucs. B poborti posrmspatotees CE Bifg
HEPILOro JI0 I1’ATOT0 MOPSIKY BKIIOYHO. 3ayBa)KMMO, IO Ha BIIAMIHY BiJ MPUXWIBHUKIB MATPHYHOTO aHAJi3y, MU
noOyayBaiu 6a3uc (i He OAMH) €JIeMEeHTa I’TOro MOPSAAKY 0e3 BUKOPUCTAaHHS BHYTpILIHIX By3iiB. Ha ememeHTi
YEeTBEPTOro MOpsAKY 1ie Oyno 3pobiieHo paninre [2-3]. Tpeba migkpecnuty, mo TecTyBaHHs npaBuioM CimricoHa
BUTPUMYIOTH SIK CTAHaPTHI CEPEHIUIOBI MOBEpXHi [4-6], Tak i anmbTepHaTHBHI [7].
OcHOBHA YacTHHA
Haragaemo, sik Buriisinae npasuino CiMIcoHa Ha iHTepBadi [a, b] :

b b-a 1
[ f(x)dx= - (f(c)+4f(c)+ f(b)), me c=§(b+a). 1)

Skio f(x): S(X) — IUIOIA TOMEPEeYHOTO Mepepi3y Tija, MO0 MICTUTBCS MiX ONOPHUMH IUIOIIMHAMHU

Xx=a ta X=Db, 10 3a hopmynoro (1) 06UHCITIOIOTH 00’ €M TijA.

[Minkpecnumo, IO MOJIHOMH HE BHIIE TPETHOTO MOPSIKY — Lie TOH Kiac (DyHKIiN f(X), JUIsl SIKOTO
tdopmyna (1) € kKBagpaTypoIo 3 HyJIOBUM 3aJTUIIKOM.

Ha puc. 1 300pakeHi cepeHIUIIOBI IEMEHTH, 10 PO3TIIAAAIOTECSA B pOOOTI.
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Puc. 1. CepenunoBi cKiH4eHHi eJleMeHTH
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[MlinrotoBneHuit YuTau 3BEpHE yBary Ha BiACYTHICTh BHyTpimmHix By3miB Ha CE Quartic i Quintic.
BBaxaeTbcs, mo 0e3 BHYTpILIHIX BY3JIB HEMOJIMBO MoOynayBaTH 0a3uc Ha €JIEMEHTax 4eTBEpTOro 1 II’STOro
nopsinkiB. Lle HeraTMBHMI Haciiok MeTona oOepHEHOI MaTpuui, sikuii Oarato pokiB manye B MCE. Ane, skmio
CKOpHUCTaTUCA Oyab-sIKMM HEMAaTPHIHUM METOIOM, MOKHa OOMEKHUTHCH TUIBKH I'PAaHMYHUMH By3s1aMu. CaMe Tak MU
CKOHCTpyIoBanu Oa3mcHi ¢yHKHil (cepenaumoni moBepxHi) CE weTBepToro i m’sitoro nopsakis. basucHi ¢yHKmii,
He3anexHo Big nopsaaky CE, moBuHHI 3a10BOJBHITH HACTYITHAM YMOBaM iHTEPIOIALIHHOT T1ITOTE3H:

Ni(Xkka)={

ne i — Homep ¢yHkuii, K — Homep By3na, M — kinbkicte By3niB CE. Ilopsinok CE Ha OIUHUILIO MEHIIMI
KUTBKOCTI BY3JIiB HA CTOPOHI KBajapata (puc. 1).

1i=Kk,

M
_— ENi(X,y)ﬂ, )

o6 ckopucrarucs ¢opmynoro CiMIICOHA, BaKJIMBO NMPAaBWJIBHO O0paTH MapajienbHi ONOpHI IUIONIMHH.
BUsBIISETHCS, WO A7 TiJ, YyTBOPEHUX CEPEHAUNMOBMMU MOBEPXHsaMH, kpamuil Bubip X =11 aGo y==1. Lle
CyTTEBO cmporrye obumcienHs, ocodnmBo Ha CE Bumumx mopsakiB. Ha mux emneMeHTax BHHHKAae HEOOXiTHICTH
pO3B’A3yBaTH 3a7ady Ha HalMeHIIe Ta HaiOinbme 3HaueHHs QyHKHil Nj (X, y), 00 BU3HAYNTH ONOPHI TUIONIMHU

z=a i Z=Db. Ilpu ubomy 06macTh B «cepeaHLOMY» Iepepe3i Z =C Moke MaTH CKIajJHy KOHQIrypaiioo B
3aJIeKHOCTI Bijl penbedy MoBepxHi. YV BCiX BUMAIKaXx MU KOPUCTyeMOcs onopaumu mwiommuamMu Y ==+1, a va CE

BHIIUX HOPAAKIB HE PO3IIIIAEMO «KyTOBi» moBepxHi N (x, y), i=1,2,3,4, mo6 He HOPyIIyBaTH yMOBU TEOPEMH
CiMricona.

ITopiBHAHHA pe3ynbTATIB IMOABIHHOTO IHTErpYBaHHSA Ni(x,y) Ta HAOMKEHOI OLIHKHM IHTerpasa 3a
CiMIICOHOM TTOYHEMO 3 elleMeHTIB 1-ro mopsaky. Tyt nuiie «KyToBa» NOBepXHs i BoHa Mae Burysif [ 1,4-6]:

Ny (,y)=7 0= )a-y),

aHanoriuro Nj (X,y) s 1=2,3,4.

[ToxBiitHMIA iHTETpa HAa BCI BUITAIKA Ma€ BUTIIS:

11
I:J_[Ni(x,y)dxdy. (3)
A4

3 reomerpmyHOi Touku 30py (3) — me anreOpaiuHa cyma 00’eMiB HajJ HOCIEM 1 IiJ HOCIEM TOBEPXHIi
Ni(x,y).

Pesymerar (3) mu mopiBHsemo 3 ominkoro Cimricona (1), e BUKOPHUCTOBYETHCS TpH (HABITh IBi) TUTOIII
rapaJieNI-HUX Tepepisib.

BianosinHa ¢popMyna Mae BULIISA:
1 4 1
=2 =S 1+=Sg+=5¢ |, 4
(6 1+eS0te 1} (4)

e S_q = S(X,—l), Sop= S(X,O), S = S(X,l) - oL y BIAMOBIAHMX mepepizax. Bysnu posnoineni mo
HepuMeTpy KBaapaTa PiBHOMIPHO, TOMY JOCTaTHBO IIPOTECTYBATH juile Ti moBepxHi N (X, y), SIKI aCOLIIOIOTHCS 13
croponoro Y =—-1, —1<x<1. Jlns mozmeni 1-ro mopsaxy — e Nl(x,y), JUISL MOZIENEH JIpyroro i TpeTboro

nopsankis — e Ng (X, y), I MOJIeTIeH 4eTBepTOrO i 11’ AToro MopsaakiB — Ng (X, y) i Ni3 (X, y) .

st ninitinoi moneni dopmymu (3) i (4) narots omHakosi pesynsratu: 06’eM tina V =1 ky6.om. Ie
O3Hauae, IO TLJIO, sIKe yTBOpeHe noBepxHer Nj (X, y) 1 KBaJIpaTHAM HOCIeM, € ciMricoHoBuM. Oco0imBuil Xapakrep
niHifHOI Mozieni 3a6e31edye TOUHMI Pe3yIbTaT TAKOXK 3a IPaBHIOM Tpanewiil (1Ba nepepisu S_q i Sp) i HaBiTh 32

HPaBHIIOM LIEHTPAJIBHOTO iHTErpyBaHHs (OJHH epepi3 Sg ).

Jlst CE pyroro mopsiky TOCTaTHBO HABECTH MOBEPXHI Nl(X, y) i Ng (X, y) [3-5]:
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Ni(xy)=5 0= x)L- y)(-1-x- y), o
Ns(xyy)%(l—xz)(l—y)-

Hara,uaeMo, 10 MU TECTYEMO JIMIIC «HpOMi)KHi)) HOBerHi. «KyTOBa» TOBEPXHHA Nl(X, y) HaBCACHA JJId

TOTO, 00 YNTad MaB MOBHE ysBieHH: mpo 6azuc CE.

LlixaBo 3ayBaxkuty, mo Ha CE gpyroro mopsiaky HoBepxHi Nl(x,y) i N 5(x,y) YTBOPIOIOTH TiJla
Cimrncona.

Hagenmemo xapaktepsi mosepxti CE Tpetsoro mopsiaky [4-6]:
N1 (x,y)= 3—12(1— x)(1- y)(— 10+9 (x2 +y? ))

Ns ()= -3 JL- y) (- 3%).

TecTyBaHHS CBIYUTD, IO IIPOMDKHI» MOBEPXHI YTBODPIOIOTH CIMIICOHOBI Tia. UnTad Moke caMOCTIHHO
3pOOHTH BUCHOBOK IIIOJI0 «KYyTOBHX» ITOBEPXOHb.

(6)

Xapaxrepri (ymucuii crannaprHoro Gasucy CE uetseproro nopsky (17 By3is) Marots surisy [5, 6]:
Ny(x,y)= %(l— x)(1- y)(— 4x(x2 —l)— 4y(y2 —1)+ 3xy),
Ns(x3) =5 fa-9) -],
Mugliy) =2 <2fa- )+ 3,

N17(X:Y)=(1—X2)(§l—y2)-

B upomy Bumnanky «rect CiMIICOHAY» BUTPHUMYIOTh SIK «IpOMiXKHI» moBepxHi N 1(X, y) i Ng (X, y), TaK i

(7)

LIEHTpabHa MOBepXHA («ayTa» Mozma) Nq7 (X, y). CTOCOBHO «IyToi» MOoaW Tpeba 3ayBaxkuTH, 1O y (opmyi
CiMIicoHa pe3yIbTaTUBHO MPALIOE JIUIIE OMH Mepepi3 (cepeHiii), aje GopMyia qae TOYHHA 00’ €M Tina.

LikaBo mpoTecTyBaTH XapakTepHi MoBepxHi HecTaHAapTHOTO Oasucy CE uerBepToro nmopsanky (16 By3miB):
Ny(x,y)= 6—10(1— x)(1- y)(12 +32X+32y + 27Xy - 2o(x3 + y3)),
N5(x,y)= Lh_2)a- 2 _gx-3y—
SX!y)_El X (1 )/) 16x“ —-8x -3y -3), (8)

ng(x,y):z—lo(l— xz)(l— y) (— 40x?% +y +11).

HecrangapTHi «IIpoMi>KHI» NOBEPXHIi N5(x,y) i N3 (x,y) TaKOX BUTPUMYIOThH «TecT CimmcoHay». Sk
Bizomo [2, 3, 7], na CE BuIIMX MOPSAAKIB icHye Ge3liu anpTepHATHBHUX MOBEPXOHb Ni(X,y). Lle o3nauae, mo

icHye 0e3Ji4 CIMIICOHOBUX TiJI, yTBOPEHHUX IMMH MMOBepXHAMHU. Hanpukian,

Ny(x,y)= Elo(l— x)(1- y)(80x(1— x2)+ 80y(1— y2)+99xy +33x + 33y +33),

1 ) , 9)
N13(x,y)=—(1— X )(1— y) (—160x +9y+49).

80
Hawm He Bigomo skoHOTO JKepena, sike 6 micTuino iHpopmarito ipo Quintic. Lleii eemMeHT 3acayroBye Ha
ocoOimmBy yBary. AHami3 cxemu [lackans cBimuuTh Npo Te, IO JUII MeToJa OOCpPHEHOi MaTpuili HEeoOXigHO
MOBEPHYTH JIesIKi BHYTPIIIHI BY3JIM JIarpaH:KeBoi Bepcil eneMeHTa 1’siToro nopsaky. Haramaemo, mio narpamkeBuit
Quintic mae 16 BuyTtpimHix By3miB. CraHmapTHHil 6a3uc cepeHAMIOBOI Bepcil Moxe ckmagatucs i3 21 abo 25
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TIOBEPXOHb Ni(x,y). Mu ckopuCTaIMCS IUIIE TPAaHWYHUMHU By3/IaMH (puc. 1) 1 CKOHCTPYIOBaJIHM [eKilTbKa
HECTaHIapTHHUX Oa3uciB. OMH i3 TAaKUX 0A3KCIB MA€ BUTIIS:

Ny(x,y)= ﬁ(l— x)(1- y)(25(x2 + yz)— 26)(25(X +y+1)%- 9),

N5(x,y)=%(1—xz)(1—25x2)(1—y)(5x+y—2), (10)

ng(x,y):%(l— xz)(25x2 —9)(1— y) (5x-1).

«IIpomixHi» TOBEpXHi N5(x,y) i Ni3 (x,y) Mmozeni QUuintiC BUTPUMYIOTh TECTYBaHHS MPABHIOM

Cimmcona. HoBi 6asucu enementiB Quartic i Quintic mpuBepTaoTh 0COONUBY yBary. EKCIIepUMEHTH CBimYaTh, 110
nipH (hikcoBaHii KinbKOCTI mapamerpiB M, mBHUAKICTH P-361KHOCTI BHIIA 3a MBHAKICT h-361xH0CTI. Came 11e# hakT
CTUMYJTIOE TToTTykH HOBHX 6asucis CE Bumux mopsizakis [5, 6].
BucHosknu

IcHye Ge3id cepeHIUIIOBHUX TOBEPXOHb, SIKi YTBOPIOIOThH KIMHOIOIOHI CiMIICOHOBI Tina. Lle o3Hauae, mo B
3aJja4ax MOBY3JIOBOI JIOKalli3allii HaBaHTaXXEHHsI BiJl OJJMHUYHOI MacoBoi cuiM 3amicTh ¢popmynu Herorona-Koreca
MOYKHa BHKOPUCTOBYBaTH HaOmwkeHny ¢opmyny Cimncona. OTpuMaHi pe3yibTaTd CYTITEBO IONOBHIOIOTH
MOJICIIBHUH Psiji CIMIICOHOBHX TiJL.
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