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Ó ÏÐÎÑÒÎÐÀÕ ÐßÄIÂ ÄIÐIÕËÅ-ÒÅÉËÎÐÀ

Âñòàíîâëåíî óìîâè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi íåëîêàëüíèõ êðàéîâèõ çàäà÷ äëÿ äèôåðåí-

öiàëüíèõ ðiâíÿíü ç îïåðàòîðîì äèôåðåíöiþâàííÿ B = (B1, B2, . . . , Bp), äå Bj ≡ zj
∂

∂zj
,

j = 1, . . . , p, ó ïðîñòîðàõ ôóíêöié áàãàòüîõ êîìïëåêñíèõ çìiííèõ, ùî ¹ ðÿäàìè Äiðiõëå-
Òåéëîðà ç ôiêñîâàíèì ñïåêòðîì. Äîâåäåíî òåîðåìè ìåòðè÷íîãî õàðàêòåðó ïðî îöiíêè çíèçó
ìàëèõ çíàìåííèêiâ, ùî âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿçêiâ äîñëiäæóâàíèõ çàäà÷, ç ÿêèõ âèïëè-
âà¹ ¨õ îäíîçíà÷íà ðîçâ'ÿçíiñòü äëÿ ìàéæå âñiõ âåêòîðiâ, ñêëàäåíèõ ç êîåôiöi¹íòiâ ðiâíÿíü
òà ïàðàìåòðiâ êðàéîâèõ óìîâ. Îöiíêè ìàëèõ çíàìåííèêiâ çàëåæàòü âiä àñèìïòîòèêè ñïåêòðó
ðÿäiâ Äiðiõëå-Òåéëîðà.

We establish solvability conditions of non-local boundary value problems for di�erential equati-

ons with the operator B = (B1, B2, . . . , Bp), where Bj ≡ zj
∂

∂zj
, j = 1, . . . , p, in the spaces of

several complex variables functions, which are Dirichlet-Taylor series with �xed spectrum. Using
a metric approach we prove theorems about lower estimations of small denominators, that arising
in the construction of the solutions of these problems, which indicate their unique solvability for
almost all vectors composed of equations coe�cients and boundary conditions parameters. Esti-
mations of small denominators depends on the asymptotic of Dirichlet-Taylor series
spectrum.

1. Âñòóï. Äîñëiäæåííþ íåëîêàëüíèõ
êðàéîâèõ çàäà÷ äëÿ ðiçíèõ òèïiâ äèôåðåí-
öiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè
ïðèñâÿ÷åíî ðîáîòè áàãàòüîõ äîñëiäíèêiâ, íà-
ïðèêëàä [2, 4, 5, 6, 12]. Öå çóìîâëåíî ðiçíè-
ìè ïðè÷èíàìè, ñåðåä ÿêèõ, íàñàìïåðåä, ïî-
áóäîâà çàãàëüíî¨ òåîði¨ êðàéîâèõ çàäà÷ òà
ïðàêòè÷íå âèêîðèñòàííÿ öèõ çàäà÷, ÿê ìî-
äåëåé ðiçíèõ ôiçè÷íèõ ïðîöåñiâ (êîëèâàííÿ
ñèñòåì, ïîøèðåííÿ åëåêòðîìàãíiòíèõ õâèëü
òà ií.). Îäíàê íåëîêàëüíi çàäà÷i ¹ óìîâ-
íî êîðåêòíèìè, à ¨õ ðîçâ'ÿçíiñòü ó áàãà-
òüîõ âèïàäêàõ ïîâ'ÿçàíà ç ïðîáëåìîþ ìà-
ëèõ çíàìåííèêiâ, ÿêi âèíèêàþòü ïðè ïîáó-
äîâi ðîçâ'ÿçêiâ. Òàêi çàäà÷i, çà äîïîìîãîþ
ìåòðè÷íîãî ïiäõîäó äî îöiíþâàííÿ ìàëèõ
çíàìåííèêiâ, ðîçãëÿäàëèñÿ ó äiéñíié îáëàñ-
òi, íàïðèêëàä, ó ðîáîòàõ [1, 4, 11].

Ó äàíié ñòàòòi äîñëiäæåíî íåëîêàëüíi
êðàéîâi çàäà÷i äëÿ îäíîðiäíèõ òà íåîäíî-
ðiäíèõ äèôåðåíöiàëüíèõ ðiâíÿíü ç îïåðàòî-
ðîì äèôåðåíöiþâàííÿ B = (B1, B2, . . . , Bp),

äå Bj ≡ zj
∂

∂zj
, j = 1, . . . , p, ÿêèé äi¹ íà

ôóíêöi¨ ïðîñòîðîâèõ êîìïëåêñíèõ çìiííèõ
(z1, . . . , zp). Îñîáëèâiñòþ öi¹¨ ðîáîòè ¹ âñòà-
íîâëåííÿ óìîâ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi äà-
íèõ çàäà÷ ó êëàñi ôóíêöié áàãàòüîõ êîìïëå-
êñíèõ çìiííèõ. Äîâåäåíî òåîðåìè ìåòðè÷íî-
ãî õàðàêòåðó ïðî îöiíêè çíèçó ìàëèõ çíà-
ìåííèêiâ, ùî âèíèêëè ïðè ïîáóäîâi ðîçâ'ÿç-
êiâ äîñëiäæóâàíèõ çàäà÷, ç ÿêèõ âèïëèâà¹ ¨õ
îäíîçíà÷íà ðîçâ'ÿçíiñòü ó ïðîñòîðàõ ôóíê-
öié, ùî ¹ ðÿäàìè Äiðiõëå-Òåéëîðà ç çàäàíèì
ñïåêòðîì, äëÿ ìàéæå âñiõ âåêòîðiâ, êîìïî-
íåíòè ÿêèõ âèðàæàþòüñÿ ÷åðåç êîåôiöi¹íòè
ðiâíÿíü òà ïàðàìåòðè êðàéîâèõ óìîâ. ×àñ-
òèííèé âèïàäîê äàíèõ çàäà÷ ç öiëî÷èñëîâèì
ñïåêòðîì äîñëiäæåíî ó ðîáîòi [9]; îñîáëèâî-
ñòi âèïàäêó p = 1 âñòàíîâëåíî ó ðîáîòi [10].
2. Ââåäåííÿ ïðîñòîðiâ òà îñíîâíèõ

ïîçíà÷åíü. Ââåäåìî íàñòóïíi ïîçíà÷åííÿ:
S îäíîçâ'ÿçíà îáëàñòü ïðîêîëîòî¨ ó íóëi
êîìïëåêñíî¨ ïëîùèíè, òîáòî S ⊂ C \ {0},
Dp �öèëiíäðè÷íà îáëàñòü [0, T ] × Sp, äå
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T>0, p ≥ 2.
Ââåäåìî ìíîæèíó

N = {νk = (νk1, . . . , νkp) ∈ Rp : k ∈ Zp},

ÿêó áóäåìî âèêîðèñòîâóâàòè ïðè îçíà÷åííi
ïðîñòîðiâ i íàçèâàòè ñïåêòðîì ôóíêöi¨. Íà
åëåìåíòè ìíîæèíè N íàêëàäåìî íàñòóïíi
óìîâè:

i) ïðè k ̸= r âèêîíó¹òüñÿ íåðiâíiñòü νk ̸= νr,
òîáòî âiäîáðàæåííÿ k 7→ νk ¹ ái¹êòèâ-
íèì âiäîáðàæåííÿì Zp íà ìíîæèíó N ;

ii) ν̃k → ∞ ïðè k → ∞, äå

ν̃k =
√
1 + ν2k1 + . . .+ ν2kp.

Íåõàé WN �ëiíiéíèé ïðîñòið êðàòíèõ
ñêií÷åííèõ ñóì (îñíîâíèõ ôóíêöié) âèãëÿäó

P (z) =
∑
k

Pkz
νk =

=
∑
k1

. . .
∑
kp

Pk1,...,kpz
νk1
1 . . . z

νkp
p ,

äå z=(z1, . . . , zp)∈Sp, Pk �êîìïëåêñíi êîåôi-
öi¹íòè, k=(k1, . . ., kp) ∈ Zp, zνk=zνk11 . . .z

νkp
p .

Ïðîñòið WN ′ ñïðÿæåíèé ç ïðîñòîðîì
WN ; öå ïðîñòið óçàãàëüíåíèõ ôóíêöié (ëi-
íiéíèõ íåïåðåðâíèõ ôóíêöiîíàëiâ), ÿêi ¹
ôîðìàëüíèìè ðÿäàìè Q(z) =

∑
k∈Zp

Qkz
νk , ùî

äiþòü íà îñíîâíó ôóíêöiþ P ∈ WN çà ïðà-
âèëîì ⟨P,Q⟩ =

∑
k

QkP k. Ó âèïàäêó νkj < 0,

j = 1, . . . , p, ðÿäè Q(z) íàçèâàþòü ðÿäàìè
Äiðiõëå-Òåéëîðà.

Ïîçíà÷èìî HNq(Sp), q ∈ R, � ãiëüáåðòiâ
ïðîñòið ôóíêöié ψ(z) =

∑
k∈Zp

ψkz
νk çi ñïåêò-

ðîì N iç çàäàíèì ñêàëÿðíèì äîáóòêîì

(ψ, φ)HNq(Sp) =
∑
k∈Zp

ν̃2qk ψkφk,

i íåõàé ∥ψ∥2HNq(Sp) = (ψ, ψ)HNq(Sp); à
HN n

q (Dp), q ∈ R, � áàíàõiâ ïðîñòið ôóíêöié

u = u(t, z) òàêèõ, ùî ïîõiäíi
∂ru(t, z)

∂tr
, äå

∂ru(t, z)

∂tr
=

∑
k∈Zp

u
(r)
k (t)zνk , r = 0, 1, . . . , n,

äëÿ êîæíîãî t ∈ [0, T ] íàëåæàòü äî ïðîñòî-
ðiâ HNq−r(Sp) âiäïîâiäíî i íåïåðåðâíi çà t
ó öèõ ïðîñòîðàõ. Êâàäðàò íîðìè ó ïðîñòîði
HN n

q (Dp) äà¹ ôîðìóëà:

∥u∥2HNn
q (Dp) =

n∑
r=0

max
[0,T ]

∥∥∥∂ru(t, ·)
∂tr

∥∥∥2
HNq−r(Sp)

.

Ó ïðîñòîði WN ′ çàïðîâàäèìî îïåðàòîðè

Bj ≡ zj
∂

∂zj
, j = 1, . . . , p, óçàãàëüíåíîãî äè-

ôåðåíöiþâàííÿ, çîêðåìà Bj(z
νk) = νkjz

νk , à
òàêîæ ñòåïåíi äàíèõ îïåðàòîðiâ

B0
ju ≡ u, Bl

ju = Bj(B
l−1
j u), l = 1, . . . , n.

Ç óçàãàëüíåíèõ îïåðàòîðiâ B1, . . ., Bp ñêëà-
äåìî îïåðàòîð B = (B1, B2, . . . , Bp) i ïîçíà-
÷èìî Bs = Bs1

1 . . . B
sp
p .

Ïîçíà÷èìî îáëàñòü OR �êðóã ðàäióñà R
iç öåíòðîì ó ïî÷àòêó êîîðäèíàò êîìïëåêñíî¨
ïëîùèíè C òà ïàðàìåòð µ ∈ C.
3. Ïîñòàíîâêà çàäà÷i òà óìîâè

ðîçâ'ÿçíîñòi. Â îáëàñòi Dp ðîçãëÿíåìî çà-
äà÷ó ç äâîòî÷êîâèìè íåîäíîðiäíèìè íåëî-
êàëüíèìè óìîâàìè äëÿ îäíîðiäíîãî äèôå-
ðåíöiàëüíî-îïåðàòîðíîãî ðiâíÿííÿ çi ñòàëè-
ìè êîåôiöi¹íòàìè

L
( ∂
∂t
, B
)
u =

∑
s0+|s|≤n

as0,sB
s∂

s0u

∂ts0
= 0, (1)

Mmu = µ
∂mu

∂tm

∣∣∣∣
t=0

− ∂mu

∂tm

∣∣∣∣
t=T

= φm, (2)

äå m = 0, 1, . . . , n − 1, s = (s1, . . . , sp) ∈ Zp+,
|s|=s1+ . . .+sp, as0,s∈C, an,0 = 1, u�øóêàíà
ôóíêöiÿ, à φ0, φ1, . . . , φm−1 � çàäàíi ôóíêöi¨.

Äîñëiäèìî ïèòàííÿ îäíîçíà÷íî¨ ðîç-
â'ÿçíîñòi çàäà÷i (1), (2) ó êëàñi ôóíêöié
çi ñïåêòðîì N , à ñàìå ó ïðîñòîði HN n

q (Dp).
ßêùî u ∈ HN n

q (Dp) i u =
∑
k∈Zp

uk(t)z
νk , òî

Bju =
∑
k∈Zp

νkjuk(t)z
νk , òîìó

Bju ∈ HN n
q−1(Dp), j = 1, . . . , p.

Àíàëîãi÷íî, ñïðàâåäëèâèìè ¹ âêëþ÷åííÿ

Bsu ∈ HN n
q−|s|(Dp),

L
( ∂
∂t
, B
)
u ∈ HN 0

q−n(Dp),
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Mmu ∈ HNq−m(Sp),
äå m = 0, 1, . . . , n − 1. Òîäi ç íåîáõiäíiñòþ
ôóêíöi¨ φm ∈ HNq−m(Sp),m = 0, 1, . . . , n−1,
i ¨õ ðîçâèíåííÿ ó ðÿäè Ôóð'¹ ìàþòü âèãëÿä
φm(z) =

∑
k∈Zp

φmkz
νk .

Ââàæà¹ìî, ùî êîåôiöi¹íòè as0,s ðiâíÿííÿ
(1) ðîçãëÿäàþòüñÿ ó êðóçi OA, ïàðàìåòð µ
ç óìîâ (2) � ó êðóçi OM , äå A òà M �äîäà-
òíi ôiêñîâàíi ÷èñëà. Êîìïëåêñíèé ïðîñòið C
îòîòîæíþ¹ìî ç äiéñíèì ïðîñòîðîì R2 ç ìi-
ðîþ Ëåáåãà ó íüîìó.

Íåõàé äëÿ êîæíîãî âåêòîðà

ν = (ν1, . . . , νp) ∈ Rp

÷èñëî ν̃ i ôóíêöiþ ζN (x) : R → R âèçíà-
÷àþòü âiäïîâiäíî ôîðìóëè

ν̃ =
√

1 + ν21 + . . .+ ν2p ,

ζN (x) =
∑
ν∈N

ν̃−x.

Î÷åâèäíî, ùî äëÿ x ≤ 0 ðÿä
∑
ν∈N

ν̃−x ¹ ðîç-

áiæíèì. Ïðèïóñòèìî, ùî ζN (θ) < ∞ äëÿ
äåÿêîãî θ > 0, òîäi ζN (x) < ζN (θ) < ∞ äëÿ
âñiõ x ≥ θ, òîáòî ζN iñíó¹ íà iíòåðâàëi [θ,∞).

×èñëî θ çàäà¹ àñèìïòîòèêó ñïåêòðó N ,
à ñàìå øâèäêiñòü çðîñòàííÿ ïîñëiäîâíîñòi
νk ïðè k→∞. Çîêðåìà, ó âèïàäêó νk = k
ôóíêöiÿ ζN (x)=

∑
k∈Zp

k̃−x iñíó¹ äëÿ êîæíîãî

x ≥ θ > p. Â iíøîìó âèïàäêó, êîëè
νk = (kα1

1 , . . . , k
αp
p ), äå α1 > 0, . . . , αp > 0,

ôóíêöiÿ

ζN (x) =
∑
k∈Zp

(1 + k2α1
1 + . . .+ k2αpp )−x/2

iñíó¹ äëÿ êîæíîãî x ≥ θ > p/α, òîáòî íà
iíòåðâàëi (p/α,∞), äå α = min

1≤i≤p
{αi}. Îòæå,

ãðàíè÷íå çíà÷åííÿ äëÿ ÷èñëà θ çàëåæèòü âiä
ðîçìiðíîñòi îáëàñòi Dp (ïðÿìà çàëåæíiñòü)
òà øâèäêîñòi çðîñòàííÿ ñïåêòðó N (îáåðíå-
íà çàëåæíiñòü).
Îçíà÷åííÿ. Ïiä ðîçâ'ÿçêîì çàäà÷i (1),

(2) áóäåìî ðîçóìiòè ôóíêöiþ u = u(t, z) iç
çíà÷åííÿìè u(t, ·) ó ïðîñòîði WN ′ äëÿ êîæ-
íîãî t ∈ [0, T ], ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ

(1) i óìîâè (2) òà íàëåæèòü äî ïðîñòîðó
HN n

q (Dp).
Ðîçâ'ÿçîê çàäà÷i (1), (2) ìà¹ âèãëÿä

u(t, z) =
∑
k∈Zp

uk(t)z
νk , (3)

äå νk íàëåæèòü ñïåêòðó N , à uk(t)�íåâiäî-
ìi ôóíêöi¨, ÿêi ïîòðiáíî âèçíà÷èòè.

Çàïèøåìî îïåðàòîð L
( ∂
∂t
, B
)
ç ðiâíÿííÿ

(1) ó âèãëÿäi òàêî¨ ñóìè:

L
( ∂
∂t
, B
)
=

∂n

∂tn
+

n∑
j=1

bj(B)
∂n−j

∂tn−j
,

äå äëÿ êîæíîãî j = 1, . . . , n êîåôiöi¹íòè
bj(B) ¹ ìíîãî÷ëåíàìè âiä îïåðàòîðà B

bj(B) =

j∑
|s|=0

an−j,sB
s =

=

j∑
|s|=0

an−j,s1,...,spB
s1
1 . . . Bsp

p .

Ôóíêöiÿ uk = uk(t), k ∈ Zp, ç ôîðìóëè (3)
¹ êëàñè÷íèì ðîçâ'ÿçêîì âiäïîâiäíî¨ çàäà÷i
äëÿ çâè÷àéíîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

u
(n)
k +

n∑
j=1

bj(νk)u
(n−j)
k = 0, (4)

µu
(m)
k

∣∣
t=0

− u
(m)
k

∣∣
t=T

= φmk, (5)

äå m = 0, 1, . . . , n− 1, i äëÿ êîæíîãî ν ∈ Rp

bj(ν)=

j∑
|s|=0

an−j,sν
s=

j∑
|s|=0

an−j,s1,...,spν
s1
1 . . . νspp .

Äëÿ ïîáóäîâè ðîçâ'ÿçêó çàäà÷i (4), (5)
ïðîíîðìó¹ìî êîåôiöi¹íòè bj(ν), j = 1, . . . , n,
ðiâíÿííÿ (4), ïîäàþ÷è ¨õ ó âèãëÿäi

bj(ν) = ν̃j b̃j(ν).

Îñêiëüêè êîåôiöi¹íòè bj(ν) ëiíiéíî çàëå-
æàòü âiä ïàðàìåòðiâ an−j,s, ÿêi ó ðiâíÿííi (1)

¹ êîåôiöi¹íòàìè ïðè Bs∂
n−ju

∂tn−j
, |s| ≤ j, òî i

âåëè÷èíè b̃j(ν) òàêîæ ëiíiéíî çàëåæàòü âiä
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an−j,s i ðiâíîìiðíî îáìåæåíi çà ν, j i as0,s.
Òîäi äëÿ b̃j(ν) ìîæíà çàïèñàòè íåðiâíiñòü

|b̃j(ν)| ≤ max
|s|≤j

|an−j,s|
1

ν̃j

j∑
|s|=0

|νs| ≤

≤ A

j∑
σ=0

1

ν̃j−σ

∑
|s|=σ

p∏
l=1

(
|νl|
ν̃

)sl
≤

≤A
j∑

σ=0

ν̃σ−j
∑
|s|=σ

1=A

j∑
σ=0

ν̃σ−jCσ
σ+p−1≤AC

j
p+j.

×èñëà λ1 = λ1(ν), . . . , λn = λn(ν) ¹ êîðå-
íÿìè ìíîãî÷ëåíà

Pν(λ) =
n∏
j=1

(λ− λj(ν)) = λn +
n∑
j=1

b̃j(ν)λ
n−j.

Äëÿ íèõ âèêîíóþòüñÿ òàêi íåðiâíîñòi [13]:

|λj(ν)| ≤ 1 + max{|b̃1(ν)|, . . . , |b̃n(ν)|} <
< A1 = 1 + Cn

p+nA. (6)

×èñëà γj(ν) = ν̃λj(ν) ¹ êîðåíÿìè õàðàêòå-
ðèñòè÷íîãî ðiâíÿííÿ

γn + b1(ν)γ
n−1 + . . .+ bn(ν) = 0

äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ (4).
Ïîçíà÷èìî ÷åðåç N∆ ìíîæèíó òèõ âåêòî-

ðiâ ν ∈ N , ïðè ÿêèõ ìíîãî÷ëåí Pν(λ) ìà¹
êðàòíi êîðåíi, à âiäïîâiäíó ìíîæèíó âåêòî-
ðiâ k�÷åðåç K∆. Ó âèïàäêó ðiçíèõ êîðåíiâ
λ1(ν), . . . , λn(ν), òîáòî ν ∈ N\N∆, çàãàëüíèé
ðîçâ'ÿçîê ðiâíÿííÿ (4) ìà¹ âèãëÿä

uk(t) =
n∑
l=1

Ckle
ν̃kλl(νk)t, k ∈ K \K∆, (7)

äå Ckl �äîâiëüíi êîìïëåêñíi ñòàëi.
ßêùî uk(t) ¹ ðîçâ'ÿçêîì çàäà÷i (4), (5), òî

C̃kl = (µ− eν̃kλl(νk)T )Ckl, l = 1, . . . , n,

óòâîðþþòü ðîçâ'ÿçîê ñèñòåìè ëiíiéíèõ àë-

ãåáðè÷íèõ ðiâíÿíü
1 1 . . . 1

λ1(νk) λ2(νk) . . . λn(νk)
λ21(νk) λ22(νk) . . . λ2n(νk)
. . . . . . . . . . . .

λn−1
1 (νk) λn−1

2 (νk) . . . λn−1
n (νk)

×

×


C̃k1
C̃k2
C̃k3
. . .

C̃kn

 =


φ0k

φ1k/ν̃k
φ2k/ν̃

2
k

. . .
φn−1,k/ν̃

n−1
k

 (8)

ç íåâèðîäæåíîþ ìàòðèöåþ Âàíäåðìîíäà(
λα−1
j (νk)

)n
j,α=1

i íàâïàêè, ÿêùî ÷èñëà C̃k1,

C̃k2, . . . , C̃kn óòâîðþþòü ðîçâ'ÿçîê ñèñòåìè
ëiíiéíèõ àëãåáðà¨÷íèõ ðiâíÿíü (8), òî ôóíê-
öiÿ uk(t), ùî âèçíà÷à¹òüñÿ ôîðìóëîþ (7), â
ÿêié Ckl = C̃kl/(µ − eν̃kλl(νk)T ), ¹ ðîçâ'ÿçêîì
çàäà÷i (4), (5).

Ðîçâ'ÿçóþ÷è ñèñòåìó (8) çà ïðàâèëîì
Êðàìåðà, îäåðæó¹ìî

C̃kl =
n−1∑
j=0

∆jl(νk)

∆(νk)
ν̃−jk φjk, l = 1, . . . , n,

äå∆(ν) =
∏

1≤r<q≤n
(λq(ν)−λr(ν)) ̸= 0� âèçíà-

÷íèê Âàíäåðìîíäà, à ∆jl(ν)�éîãî âiäïîâiä-
íi àëãåáðè÷íi äîïîâíåííÿ.

Äëÿ òîãî, ùîá äëÿ êîæíîãî ν ∈ N\N∆ çà-
äà÷à (4), (5) ìàëà ¹äèíèé êëàñè÷íèé ðîçâ'ÿ-
çîê íåîáõiäíî i äîñòàòíüî, ùîá âèêîíóâàëàñü
óìîâà

µ /∈ {eν̃λ1(ν)T , . . . , eν̃λn(ν)T}.

Ç öi¹¨ óìîâè âèïëèâà¹, ùî

lnµ ̸= ν̃λl(ν)T + i2πm,

àáî λl(ν) ̸= lnµ− i2πm

ν̃T
, äëÿ äîâiëüíèõ

ν ∈ N \ N∆, m ∈ Z i l = 1, . . . , n.
Ó ïðîòèëåæíîìó âèïàäêó, êîëè

µ= eν̃λl(ν)T äëÿ äåÿêèõ k òà l, iñíó¹ òàêå ÷è-
ñëî m ∈ Z, ùî êîðiíü λl(ν) âèçíà÷à¹òüñÿ çà
ôîðìóëîþ

λl(ν) =
lnµ− i2πm

ν̃T
.
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Òîìó âèêîíó¹òüñÿ ðiâíiñòü

(lnµ− i2πm)n

T nν̃n
+

n∑
j=1

b̃j(ν)
(lnµ− i2πm)n−j

T nν̃n
=0

÷è åêâiâàëåíòíà ¨é ðiâíiñòü ïðè ν ∈ N

(lnµ−i2πm)n+
n∑
j=1

b̃j(ν)T
j(lnµ−i2πm)n−j=0.

(9)
Ó âèïàäêó êðàòíèõ êîðåíiâ çàãàëüíèé

ðîçâ'ÿçîê ðiâíÿííÿ (4) òàêîæ áóäå ìàòè âèã-
ëÿä (7), àëå çàìiñòü êîåôiöi¹íòiâ Ckl áó-
äóòü ìíîãî÷ëåíè Ckl(t) ñòåïåíÿ íà îäèíèöþ
ìåíøîãî âiä êðàòíîñòi êîðåíÿ λl(ν). Òîìó
ðîçâ'ÿçíiñòü íà ìíîæèíi Z×N ðiâíÿííÿ (9) ¹
óìîâîþ íå ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2)
ó ïðîñòîði HN n

q (Dp) i äëÿ öüîãî âèïàäêó.
Ñôîðìóëþ¹ìî òåîðåìó ïðî ¹äèíiñòü

ðîçâ'ÿçêó çàäà÷i (1), (2) ó ïðîñòîði
HN n

q (Dp).
Òåîðåìà 1. Äëÿ ¹äèíîñòi ðîçâ'ÿçêó çà-

äà÷i (1), (2) ó ïðîñòîði HN n
q (Dp) íåîáõiä-

íî i äîñòàòíüî, ùîá ðiâíÿííÿ (9) íå ìàëî
ðîçâ'ÿçêiâ íà ìíîæèíi Z×N .
Äîâåäåííÿ. Íåîáõiäíiñòü. Íåõàé îäíî-

ðiäíà çàäà÷à (1), (2) ó ïðîñòîði WN ′ ìà¹ íå
áiëüøå îäíîãî ðîçâ'ÿçêó. ßêùî iñíó¹ ðîçâ'ÿ-
çîê çàäà÷i (1), (2), òîäi âñi ôóíêöi¨ uk(t) çíà-
õîäÿòüñÿ îäíîçíà÷íî, òîáòî îäíîðiäíà çàäà-
÷à (4), (5) ó ïðîñòîði Cn[0, T ] äëÿ âñiõ k ∈ Zp
ìà¹ ¹äèíèé ðîçâ'ÿçîê. Îòæå,

∆ ·
n∏
l=1

(µ− eν̃λl(ν)T ) ̸= 0

ïðè ν ∈ N \ N∆, òîáòî µ ̸= eν̃λl(ν)T ïðè
l = 1, . . . , n. Òàêèì ÷èíîì, ðiâíÿííÿ (9) íå
ìà¹ ðîçâ'ÿçêiâ íà ìíîæèíi Z×N . Àíàëîãi÷-
íi íåðiâíîñòi îòðèìó¹ìî ïðè ν ∈ N∆.

Äîñòàòíiñòü. Äîâåäåìî ìåòîäîì âiä
ñóïðîòèâíîãî. Íåõàé ïàðà (m∗, νk∗) ¹
ðîçâ'ÿçêîì ðiâíÿííÿ (9) íà ìíîæèíi Z×N .

Òîäi, ââàæàþ÷è λ1(νk∗) =
lnµ− i2πm∗

ν̃k∗T
, äå

νk∗ = (νk∗1, . . . , νk∗p), îäíîðiäíà çàäà÷à (4),
(5) ìà¹ ðîçâ'ÿçîê eν̃k∗λ1(νk∗ )T = e(lnµ−i2πm

∗)t/T .
Îòæå, çâiäñè âèïëèâà¹, ùî çàäà÷à (1), (2)
ó ïðîñòîði WN ′ ìà¹ íå¹äèíèé ðîçâ'ÿçîê,

îñêiëüêè ôóíêöi¨

u∗(t, z) = C0z
νk∗e(lnµ−i2πm

∗)t/T ,

äå C0 �äîâiëüíà êîìïëåêñíà ñòàëà, ¹
ðîçâ'ÿçêàìè âiäïîâiäíî¨ îäíîðiäíî¨ çàäà÷i.

Òåîðåìó äîâåäåíî.
Â óìîâàõ òåîðåìè 1 äëÿ äîâiëüíîãî

k ∈ Zp ðîçâ'ÿçîê uk(t) çàäà÷i (4), (5) iñíó¹,
ïðè k ∈ Zp \K∆ ìà¹ òàêèé âèãëÿä:

uk(t) =
n∑
l=1

n−1∑
j=0

∆jl(νk)

∆(νk)

eν̃kλl(νk)t

µ− eν̃kλl(νk)T
ν̃−jk φjk,

(10)
i îöiíþ¹òüñÿ ðàçîì çi ñâî¨ìè ïîõiäíèìè ïî-
ðÿäêó r = 0, 1, . . . , n

|u(r)k (t)|2 ≤ n3 1

|∆(νk)|2
max
j,l

|∆jl(νk)|2×

×|λl(νk)|2rmax
1<l<n

∣∣∣∣ eν̃kλl(νk)t

µ−eν̃kλl(νk)T

∣∣∣∣2n−1∑
j=0

|ν̃r−jk φjk|2.

Íà îñíîâi ôîðìóë (3) i (10) îòðèìà¹ìî
ôîðìàëüíå çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i (1),
(2) ç ïðîñòîðó HN n

q (Dp) ó âèãëÿäi ðÿäó

u(t, z) =
∑
k∈K∆

uk(t)z
νk+

+
∑

k∈Zp\K∆

n∑
l=1

n−1∑
j=0

∆jl(νk)

∆(νk)

eν̃kλl(νk)t

µ−eν̃kλl(νk)T
ν̃−jk φjkz

νk

(11)

Îñêiëüêè ∆jl(ν)� âèçíà÷íèêè ïîðÿäêó
n − 1, ùî ìàþòü îáìåæåíi åëåìåíòè, ÿêi ¹
ñòåïåíÿìè ÷èñåë λ1(ν), . . . , λn(ν), òî ç íåðiâ-
íîñòi (6) äëÿ äîâiëüíèõ ν ∈ Rp ìà¹ìî îöiíêó

|∆jl(ν)| < (n− 1)!A
n(n−1)/2
1 . (12)

Ñôîðìóëþ¹ìî i äîâåäåìî òåîðåìó iñíó-
âàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2)
ó ïðîñòîði HN n

q (Dp).
Òåîðåìà 2. Íåõàé çàäà÷à (1), (2) ìà¹

¹äèíèé ðîçâ'ÿçîê ó ïðîñòîði WN ′, òîáòî
ñïðàâäæóþòüñÿ óìîâè òåîðåìè 1, òà äëÿ
äåÿêèõ äiéñíèõ ÷èñåë η1, η2 äëÿ âñiõ (êðiì
ñêií÷åííîãî ÷èñëà) âåêòîðiâ ν ∈ N âèêî-
íóþòüñÿ íåðiâíîñòi

|∆(ν)| ≥ ν̃−η1 , (13)
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∣∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣∣ ≤ ν̃η2 , l = 1, . . . , n. (14)

ßêùî φ0 ∈ HNψ(Sp), φ1 ∈ HNψ−1(Sp), . . . ,
φn−1 ∈ HNψ−n+1(Sp), äå ψ = q + η1 + η2,
òî iñíó¹ ¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2) ç
ïðîñòîðó HN n

q (Dp), ÿêèé íåïåðåðâíî çàëå-
æèòü âiä ôóíêöié φ0, φ1, . . . , φn−1.
Äîâåäåííÿ. Ç óìîâ òåîðåìè âèïëèâà¹,

ùî äëÿ âñiõ ν ∈ N âèêîíó¹òüñÿ îöiíêà∣∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣∣ ≤ C1ν̃
η2

äëÿ êîæíîãî l = 1, . . . , n, äå C1 �äîäàòíÿ
ñòàëà, i äëÿ âñiõ ν ∈ N \ N∆ ñïðàâäæó¹òüñÿ
íåðiâíiñòü (13). Òîäi äëÿ âñiõ âåêòîðiâ ç ìíî-
æèíè N \ N∆ äëÿ êîæíîãî r = 0, 1, . . . , n
ñïðàâåäëèâi íåðiâíîñòi

|u(r)k (t)|2 ≤ C2|ν̃k|2η1+2η2

n−1∑
j=0

|ν̃r−jk φjk|2, (15)

äå C2 = n3A
n(n−1)+2r
1

(
(n − 1)!

)2
, t ∈ [0, T ].

Íåðiâíîñòi (15) îòðèìàíî íà îñíîâi îöiíîê
(12)� (14).

Îñêiëüêè çà óìîâîþ òåîðåìè ïðîòèëåæíà
äî (13) îöiíêà |∆(ν)| < ν̃−η1 âèêîíó¹òüñÿ äëÿ
ñêií÷åííîãî ÷èñëà âåêòîðiâ ν, òî ìíîæèíà
K∆, ÿê ¨¨ ïiäìíîæèíà, òàêîæ ¹ ñêií÷åííîþ.
Òîìó ç îöiíêè (15) îäåðæèìî íåðiâíiñòü

∥u∥2HNn
q (Dp)≤C3

n−1∑
j=0

∥φj∥2HNψ−j(Sp),

äå C3 > 0� âåëè÷èíà, ÿêà çàëåæèòü âiä êîå-
ôiöi¹íòiâ ðiâíÿííÿ (1). Ç îòðèìàíî¨ íåðiâ-
íîñòi âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

Òåîðåìó äîâåäåíî.
Ðîçãëÿíåìî óìîâè, ïðè ÿêèõ âèêîíó¹òüñÿ

íåðiâíiñòü (13). Äëÿ öüîãî ïîäàìî ëiâó ÷àñ-

òèíó Lu = L
( ∂
∂t
, B
)
u ðiâíÿííÿ (1) ó âèãëÿäi

Lu = a0,n,0,...,0B
n
1 u+ . . .+ a0,0,...,nB

n
pu+ L1u

i âèâ÷àòèìåìî íåðiâíiñòü (13) ó çàëåæíîñòi
âiä âåêòîðà (a0,n,0,...,0, . . . , a0,0,...,n) ∈ Op

A.
Òåîðåìà 3. Äëÿ ìàéæå âñiõ (ñòîñîâ-

íî ìiðè Ëåáåãà â ïðîñòîði R2p) âåêòîðiâ

(a0,n,0,...,0, . . ., a0,0,...,n) ç ìíîæèíè Op
A íåðiâ-

íiñòü (13) âèêîíó¹òüñÿ ïðè

η1 > (n− 1)θ/2

äëÿ âñiõ (êðiì ñêií÷åííîãî ÷èñëà) âåêòîðiâ
ν ∈ N .
Äîâåäåííÿ. Âåëè÷èíà

∆2(ν) =
∏

1≤r<q≤n

(λq(ν)− λr(ν))
2

¹ äèñêðèìiíàíòîì D(ν) ïîëiíîìà Pν(λ),
ÿêèé âèçíà÷à¹òüñÿ çà êîåôiöi¹íòàìè öüîãî
ïîëiíîìà [3]:

D(ν) = (−1)n(n−1)/2

∣∣∣∣(V1V2
)∣∣∣∣, (16)

äå

(
V1
V2

)
�êâàäðàòíà ìàòðèöÿ, ÿêà ñêëà-

äà¹òüñÿ ç áëîêiâ V1=
(
v1i−j(ν)

)
i V2=

(
v2i−j(ν)

)
ç n− 1 i n ðÿäêàìè âiäïîâiäíî, äå

v1i−j(ν) =

{
b̃i−j(ν), j ≤ i ≤ j + n;
0, i < j, i > j + n

,

v2i−j(ν) =

{
(n−i+j)b̃i−j(ν), j ≤ i ≤ j+n;
0, i<j, i>j+n.

Äîâåäåìî, ùî äëÿ ìàéæå âñiõ âåêòîðiâ
(a0,n,0,...,0, . . . , a0,0,...,n), ÿêi íàëåæàòü äî ìíî-
æèíèOp

A ⊂ R2p, çà äîñèòü âåëèêèõ ν̃ ñïðàâä-
æó¹òüñÿ îöiíêà:

|ReD(νk)| ≥ ν̃−2η1 . (17)

Ïîçíà÷èìî ÷åðåç EN ìíîæèíó âåêòîðiâ
(a0,n,0,...,0, . . . , a0,0,...,n), äëÿ ÿêèõ ïðîòèëåæíà
äî (17) íåðiâíiñòü

|ReD(ν)| < ν̃−2η1 (18)

âèêîíó¹òüñÿ äëÿ áåçëi÷i âåêòîðiâ çi ñïåêò-
ðó N , à ÷åðåç ENν �ìíîæèíó òèõ âåêòî-
ðiâ (a0,n,0,...,0, . . ., a0,0,...,n), äëÿ ÿêèõ íåðiâ-
íiñòü (18) ïðàâèëüíà ïðè ôiêñîâàíî-
ìó ν = (ν1, . . . , νp) ∈ N . Íå ïîðóøóþ÷è çà-
ãàëüíîñòi ââàæàòèìåìî, ùî |ν1| = max

1≤i≤p
|νi|.

Êîåôiöi¹íò a0,n,0,...,0 ïîçíà÷èìî ÷åðåç
α = α1 + iα2, äå α1 �äiéñíà, à α2 �óÿâíà
÷àñòèíè α. Iç (16) âèäíî, ùî

D(ν) = (−1)n(n−1)nnb̃n−1
n (ν) + Fν =

= (−1)n(n−1)nn
(ν1
ν̃
α+. . .

)n−1

+Fν , ν̃ ̸= 1,
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çâiäêè

ReD(ν)=(−1)n(n−1)nn(Re b̃n(ν))
n−1+F1ν=

= (−1)n(n−1)nn
(ν1
ν̃

)n−1

αn−1
1 + F̃1ν ,

äå Fν ìiñòèòü ñòåïåíi b̃n(ν̃) ìåíøi çà n − 1,
F1ν ìiñòèòü ñòåïåíi Re b̃n(ν̃) ìåíøi çà n − 1,
à F̃1ν ìiñòèòü ñòåïåíi α1 ìåíøi çà n−1. Çíà-
éäåìî ìiðó measEN 1

ν ìíîæèíè EN 1
ν⊂ENν ,

äëÿ ÿêî¨ ôiêñîâàíèìè ¹ âñi, êðiì α1, äié-
ñíi òà óÿâíi ÷àñòèíè êîìïîíåíò âåêòîðà
(a0,n,0,...,0, . . . , a0,0,...,n). Îñêiëüêè âèêîíó¹òüñÿ
íåðiâíiñòü:∣∣∣∣∂n−1ReD(ν)

∂αn−1
1

∣∣∣∣ = nn(n− 1)!
( |ν1|
ν̃

)n(n−1)

≥ C4,

äå C4 = nn(n− 1)!(p+ 1)−
n(n−1)

2 , òî çà ëåìîþ
ç [1] ñïðàâäæó¹òüñÿ îöiíêà

measEN 1
ν ≤ min

{
2
√
A2 − α2

2,

C5(n)
( 1

C4

ν̃−2η1
) 1
n−1

}
,

äå C5(n)=2n [8]. Iíòåãðóþ÷è îñòàííþ îöiíêó
â îáëàñòi [−A,A]×Op−1

A , îòðèìà¹ìî

measENν ≤ C6ν̃
− 2η1
n−1 , C6 = C6(n, p) > 0.

Äàíà îöiíêà ñïðàâäæó¹òüñÿ äëÿ âñiõ åëåìåí-
òiâ ν ∈ N . Îñêiëüêè

measEN ≤
∑
ν∈N

measENν ≤

≤ C6

∑
ν∈N

ν̃−
2η1
n−1 = C6ζN

( 2η1
n− 1

)
i

2η1
n− 1

>θ, òî measEN ≤C6ζN (θ) < ∞. Îò-

æå, çãiäíî ç ëåìîþ Áîðåëÿ-Êàíòåëëi [12] ìi-
ðà ìíîæèíè EN äîðiâíþ¹ íóëåâi.

ßêùî âåêòîð (a0,n,0,...,0, . . . , a0,0,...,n) ̸∈ EN ,
òî ç ôîðìóëè (17) i íåðiâíîñòi

|D(ν)| ≥ |ReD(ν)|

îòðèìà¹ìî, ùî îöiíêà (13) ïðè

η1 > (n− 1)θ/2

âèêîíó¹òüñÿ äëÿ âñiõ âåêòîðiâ ν ∈ N (êðiì
ñêií÷åííîãî ¨õ ÷èñëà, ÿêå çàëåæèòü âiä âåê-
òîðà êîåôiöi¹íòiâ as0,s).

Òåîðåìó äîâåäåíî.
Ðîçãëÿíåìî óìîâè âèêîíàííÿ íåðiâíîñòi

(14), äëÿ ÷îãî ñêîðèñòà¹ìîñÿ ìåòîäèêîþ ç
[7]. Ïîçíà÷èìî

ρν(λ(ν), t) =
eν̃λt

µ− eν̃λT
,

òîäi äðîáè ç (14) äîðiâíþâàòèìóòü
ρν(λl(ν), t), äå l = 1, . . . , n. Ïîñëiäîâ-
íiñòü çíàìåííèêiâ ôóíêöi¨ ρν(λl(ν), t) ìîæå
ìàòè çáiæíi äî íóëÿ ïiäïîñëiäîâíîñòi, òîáòî
ìiñòèòè ìàëi çíàìåííèêè. Äëÿ îöiíþâàííÿ
âåëè÷èíè ρν(λl(ν), t), ÿê ôóíêöi¨ ν, ïîáó-
äó¹ìî âèíÿòêîâi ìíîæèíè ìàëî¨ ìiðè íà
êîìïëåêñíié ïëîùèíi äëÿ ïàðàìåòðà µ,
âèêîðèñòàííÿ ÿêèõ ¹ âàðiàíòîì ìåòðè÷íîãî
ïiäõîäó äî îöiíþâàííÿ ìàëèõ çíàìåííèêiâ
[11].

Âèáåðåìî äîäàòíi ÷èñëà η2 òà χν ç óìîâ

η2 > θ/2, χ2
ν32nT

2ζN (2η2) = π.

Íåõàé ε < 1 i, äîäàòêîâî,
√
ε < ln 2/(2χνT )

ÿêùî n = 1; òîäi äëÿ n > 1 âèêîíó¹òüñÿ
íàñòóïíà íåðiâíiñòü:

ln 2/(2χνT ) = ln 2
√
8nζN (2η2)/π ≥

≥
√

8n/π/2 =
√

2n/π > 1,

òîáòî òàêîæ
√
ε < ln 2/(2χνT ).

Ïîçíà÷èìî χ1ν=
√
εχν ν̃

−η2 , µlν(λ)=eν̃λl(ν)T , i
µν(λ)=e

ν̃λT . Âðàõîâóþ÷è äàíi ïîçíà÷åííÿ,
îòðèìà¹ìî, ùî

ρν(λ(ν), t) =
eν̃λt

µ− µν(λ)
.

Âèáåðåìî ìíîæèíè VNl(ν) äëÿ òèõ
l = 1, . . . , n òà ν ∈ N , ùî çàäîâîëüíÿþòü
óìîâó |µlν(λ)|<2M çà íàñòóïíîþ ôîðìóëîþ:

VNl(ν) =
{
λ ∈ C : |Re (λ− λl(ν))| <

χ1ν

2
,

|Im (λ− λl(ν))| <
χ1ν

2

}
.

Êîæíà ìíîæèíà VNl(ν)�öå êâàäðàò
(ðèñ. 1) çi ñòîðîíîþ χ1ν , öåíòðîì λl(ν) i âåð-
øèíàìèM−−,M−+,M++,M+− ó êîìïëåêñ-
íié ïëîùèíi çìiííî¨ λ. Òî÷êè M−−, M−+,
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M++, M+− çîáðàæàþòü êîìïëåêñíi ÷èñëà
λl(ν) − (1 + i)χ1ν/2, λl(ν) − (1 − i)χ1ν/2,
λl(ν) + (1 + i)χ1ν/2, λl(ν) + (1 − i)χ1ν/2 âiä-
ïîâiäíî.
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−
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Îá'¹äíà¹ìî âèíÿòêîâi ìíîæèíè VNl,1(ν) â
îäíó âèíÿòêîâó ìíîæèíó

VNε =
∪
ν∈N ;

|µlν(λ)|≤2M

n∪
l=1

VNl,1(ν) (19)

i çíàéäåìî îöiíêó ¨¨ ìiðè:

measVNε =
∑
ν∈N ;

|µlν(λ)|≤2M

n∑
l=1

measVNl,1(ν) ≤

≤ 32(TM)2
∑
ν∈N

χ2
1ν .

Âðàõîâóþ÷è ïîçíà÷åííÿ χ1ν òà χν , îòðèìó¹-
ìî íåðiâíiñòü

measVNε ≤ 32nT 2ζN (2η2)χ
2
νεM

2 =

= επM2 = ε measOM . (20)

Ïàðàìåòð µ ââàæàòèìåìî åëåìåíòîì
ìíîæèíè OM \ VNε. Âðàõîâóþ÷è ôîðìóëó
(20), äëÿ ìiðè ìíîæèíè OM \VNε çàïèøåìî
íàñòóïíó îöiíêó:

meas (OM \ VNε) ≥ (1− ε)measOM .

Òåîðåìà 4. ßêùî η2 > θ/2, òî äëÿ âñiõ
µ ∈ OM \ VNε ôóíêöiÿ ρν(λ(ν), t) â îáëàñòi
VNl(ν)× [0, T ] ìà¹ îöiíêó çâåðõó

|ρν(λ(ν), t)| ≤
τ√
ε
ν̃η2 , (21)

äå τ = 8max{2, 1/|µ|}
√
2πnζN (2η2).

Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî âèïà-
äîê |µlν(λ)| ≥ 2M . Ó êîæíîìó êâàäðàòi
VNl(ν) âèêîíóþòüñÿ íåðiâíîñòi

|µlν(λ)|e−χ1νT/2 ≤ |µν(λ)| ≤ |µlν(λ)|eχ1νT/2,

äå e2χ1νT=e2
√
εχνT ν̃−η2<eν̃

−η2 ln 2=2ν̃
−η2≤2, òîäi

3M/2 < 23/4M ≤ 2−1/4|µlν(λ)| ≤
≤ |µν(λ)| ≤ 21/4|µlν(λ)|.

Äàëi îòðèìó¹ìî

|ρν(λ(ν), t)| =
∣∣∣ eν̃λ(ν)T t

T

µ− µν(λ)

∣∣∣ = |µν(λ)|
t
T

|µ− µν(λ)|
=

=
|µν(λ)|

t
T

|µν(λ)||µ/µν(λ)− 1|
=

|µν(λ)|
t
T
−1

|µ/µν(λ)− 1|
≤

≤ 3max
{
1,

1

|µν(λ)|

}
≤ max

{
3,

3

|µν(λ)|

}
<

< max
{
3,

2

M

}
,

à òàêîæ, âðàõîâóþ÷è, ùî
ν̃η2√
ε
> 1,

|ρν(λ(ν), t)| <
ν̃η2√
ε
max

{
3,

2

M

}
. (22)

Ðîçãëÿíåìî âèïàäîê |µlν(λ)|<2M , òî-
äi äëÿ µν(λ) ìà¹ìî òðè ìîæëèâîñòi:

|µν(λ)|≤
|µ|
2
, |µν(λ)|≥2|µ| i |µ|

2
<|µν(λ)|<2|µ|.

Íåõàé |µν(λ)|≤
|µ|
2
, òîäi |µ− µν(λ)|≥

|µ|
2

i

|ρν(λ(ν), t)| =
|µν(λ)|

t
T

|µ− µν(λ)|
≤ |µν(λ)|

t
T

|µ|/2
=

=
2|µν(λ)|

t
T

|µ|
≤ 2

|µ|
max{1, |µν(λ)|} ≤

≤ 2

|µ|
max

{
1,

|µ|
2

}
= max

{
1,

2

|µ|

}
,

à òàêîæ

|ρν(λ(ν), t)| ≤
ν̃η2√
ε
max

{
1,

2

|µ|

}
. (23)

Íåõàé |µν(λ)| ≥ 2|µ|, òîäi

|µ− µν(λ)| = |µν(λ)|
∣∣∣ µ

µν(λ)
− 1
∣∣∣ ≥ |µν(λ)|

2
;

|ρν(λ(ν), t)| =
|µν(λ)|

t
T

|µ− µν(λ)|
≤ |µν(λ)|

t
T

|µν(λ)|/2
=

= 2|µν(λ)|
t
T
−1 = 2|µν(λ)|

t−T
T ≤

≤ 2max
{
1,

1

|µν(λ)|

}
= max

{
2,

2

|µν(λ)|

}
≤

≤ max
{
2,

2

2|µ|

}
= max

{
2,

1

|µ|

}
,
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à îòæå,

|ρν(λ(ν), t)| ≤
ν̃η2√
ε
max

{
2,

1

|µ|

}
. (24)

Ðîçãëÿíåìî âèïàäîê
|µ|
2
<|µν(λ)|<2|µ|.

Çíàìåííèê |µ − µν(λ)| íå ìåíøèé, íiæ
min |z1 − z2|, äå z1 i z2 íàëåæàòü ãðàíèöÿì
îáëàñòåé VNl,1(ν) i VNl,2(ν) âiäïîâiäíî. Äà-
íèé ìiíiìóì äîñÿãà¹òüñÿ ó âèïàäêó, ÿêùî
z2 = eν̃(λl(ν)−(i+1)χ1ν/2)T , à z1 �ïðîåêöiÿ z2 íà
ïðîìiíü z = arg λl(ν)− χ1νT i äîðiâíþ¹

|µlν(λ)|e−χ1νT/2 sin(χ1νT/2).

Îñêiëüêè ñïðàâäæóþòüñÿ íàñòóïíi îöiíêè

χ1νT/2 < ln 2/4 < 1/4 < π/4

i sinx > 2
√
2x/π ïðè x ∈ [0, π/4], òî

sinχ1νT/2 ≥ 2
√
2χ1νT/2π =

√
2χ1νT/π.

Òîìó ç |µlν(λ)|≥|µν(λ)|e−χ1νT/2 îòðèìà¹ìî

|µ− µν(λ)| ≥ |µlν(λ)|e−χ1νT/2 sin(χ1νT/2) ≥
≥ |µν(λ)|e−χ1νT

√
2χ1νT/π > |µ|χ1νT/2π,

çâiäêè âèïëèâà¹

|ρν(λ(ν), t)|=
|µν(λ)|

t
T

|µ− µν(λ)|
≤max{1, |µν(λ)|}

|µ− µν(λ)|
<

<
max{1, 2|µ|}
|µ− µν(λ)|

≤ 2πmax{1, 2|µ|}
|µ|χ1νT

≤

≤ 2π

χ1νT
max

{ 1

|µ|
, 2
}
=

2π√
εχν ν̃−η2T

×

×max
{
2,

1

|µ|

}
=

2πν̃η2√
εχνT

max
{
2,

1

|µ|

}
≤

≤ ν̃η2√
ε
8
√
2nπζN (2η2)max

{
2,

1

|µ|

}
. (25)

Ïðàâi ÷àñòèíè ó ôîðìóëàõ (22)�(25) îöi-

íþþòüñÿ ÷èñëîì
τ ν̃η2√
ε
. Òàêèì ÷èíîì, íåðiâ-

íiñòü (21) âèêîíó¹òüñÿ ïðè η2 > θ/2 äëÿ âñiõ
µ ∈ OM \ VNε.

Òåîðåìó äîâåäåíî.
Îñêiëüêè λl(ν) ∈ VNl(ν) i∣∣∣∣ eν̃λl(ν)t

µ− eν̃λl(ν)T

∣∣∣∣ = |ρν(λl(ν), t)|,

òî (14) âèêîíó¹òüñÿ äëÿ âñiõ µ ∈ OM \ VNε.
Ñôîðìóëþ¹ìî çàãàëüíó òåîðåìó iñíóâàí-

íÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (1), (2) ó
ïðîñòîði HN n

q (Dp).
Òåîðåìà 5. Íåõàé âèêîíóþòüñÿ óìî-

âè òåîðåìè 1, µ ∈ OM\VNε, äå ìíîæè-
íà VNε çàäà¹òüñÿ ðiâíiñòþ (19). Òîäi ó ðà-
çi φ0 ∈ HNψ(Sp), φ1 ∈ HNψ−1(Sp), . . . ,
φn−1 ∈ HNψ−n+1(Sp), äå ψ > q + nθ/2, i äëÿ
ìàéæå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R2p)
âåêòîðiâ (a0,n,0,...,0, . . . , a0,0,...,n) ∈ Op

A iñíó¹
¹äèíèé ðîçâ'ÿçîê çàäà÷i (1), (2) ç ïðîñòî-
ðóHN n

q (Dp), ÿêèé íåïåðåðâíî çàëåæèòü âiä
ïðàâèõ ÷àñòèí óìîâ (2).
Äîâåäåííÿ. Ç òåîðåìè 1 âèïëèâà¹

iñíóâàííÿ ôóíêöié uk äëÿ âñiõ âåêòîðiâ
k ∈ Zp. Çà òåîðåìîþ 3 äëÿ ìàéæå âñiõ
(ñòîñîâíî ìiðè Ëåáåãà â R2p) âåêòîðiâ
(a0,n,0,...,0, . . . , a0,0,...,n) ç ìíîæèíè Op

A âèêî-
íó¹òüñÿ îöiíêà (13) äëÿ η1 > (n−1)θ/2. Çãiä-
íî ç òåîðåìîþ 4 äëÿ äîâiëüíîãî µ ∈ OM\VNε

âèêîíó¹òüñÿ îöiíêà (14) äëÿ η2 > θ/2. Òà-
êèì ÷èíîì, ç òåîðåìè 2 âèïëèâà¹ ÿê iñíó-
âàííÿ ðîçâ'ÿçêó çàäà÷i (1), (2) ç ïðîñòî-
ðó HN n

q (Dp), òàê i éîãî íåïåðåðâíà
çàëåæíiñòü âiä ôóíêöié φ0 ∈ HNψ(Sp),
φ1 ∈ HNψ−1(Sp), . . . , φn−1 ∈ HNψ−n+1(Sp)
äëÿ ψ > q + nθ/2.

Òåîðåìó äîâåäåíî.
4. Äîñëiäæåííÿ çàäà÷i äëÿ íåîä-

íîðiäíîãî ðiâíÿííÿ. Ïîáóäîâà ôóíê-
öi¨ Ãðiíà. Ðîçãëÿíåìî çàäà÷ó ç îäíîðiä-
íèìè äâîòî÷êîâèìè íåëîêàëüíèìè óìîâà-
ìè (2) äëÿ íåîäíîðiäíîãî äèôåðåíöiàëüíî-
îïåðàòîðíîãî ðiâíÿííÿ çi ñòàëèìè êîåôi-
öi¹íòàìè

L
( ∂
∂t
, B
)
u =

∑
s0+|s|≤n

as0,sB
s∂

s0u

∂ts0
= f, (26)

Mmu = µ
∂mu

∂tm

∣∣∣∣
t=0

− ∂mu

∂tm

∣∣∣∣
t=T

= 0, (27)

äå m = 0, 1, . . . , n − 1, s = (s1, . . . , sp)∈Zp+,
|s|=s1 + . . .+ sp, as0,s∈C, an,0=1, u=u(t, z)�
øóêàíà ôóíêöiÿ, à f=f(t, z)� çàäàíà
ôóíêöiÿ. Äîñëiäèìî ïèòàííÿ îäíîçíà÷íî¨
ðîçâ'ÿçíîñòi äàíî¨ çàäà÷i ó êëàñi ôóíêöié çi
ñïåêòðîì N .
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Îçíà÷åííÿ. Ïiä ðîçâ'ÿçêîì çàäà÷i (26),
(27) áóäåìî ðîçóìiòè ôóíêöiþ u = u(t, z) iç
çíà÷åííÿìè u(t, ·) ó ïðîñòîði WN ′ äëÿ êîæ-
íîãî t ∈ [0, T ], ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ
(26) i óìîâè (27) òà íàëåæèòü äî ïðîñòîðó
HN n

q (Dp).
Ðîçâ'ÿçîê çàäà÷i (26), (27) øóêà¹ìî ó âèã-

ëÿäi ðÿäó (3), äå êîåôiöi¹íòè uk(t)�íåâiäî-
ìi ôóíêöi¨, ÿêi òðåáà âèçíà÷èòè.

Ôóíêöiÿ uk = uk(t) ç ôîðìóëè (3) äëÿ
êîæíîãî k ∈ Zp ¹ êëàñè÷íèì ðîçâ'ÿçêîì
âiäïîâiäíî¨ çàäà÷i äëÿ çâè÷àéíîãî äèôåðåí-
öiàëüíîãî ðiâíÿííÿ

u
(n)
k +

n∑
j=1

bj(νk)u
(n−j)
k = fk(t), (28)

µu
(m)
k

∣∣
t=0

− u
(m)
k

∣∣
t=T

= 0, (29)

äå m = 0, 1, . . . , n− 1, êîåôiöi¹íòè

bj(ν)=

j∑
|s|=0

an−j,sν
s=

j∑
|s|=0

an−j,s1,...,spν
s1
1 . . . νspp ,

à ôóíêöi¨ fk(t) ¹ êîåôiöi¹íòàìè Ôóð'¹ ôóíê-
öi¨ f(t, z).

Ðîçâ'ÿçîê çàäà÷i (28), (29) äëÿ âñiõ k ∈ Zp
ìîæíà ïðåäñòàâèòè ó âèãëÿäi

uk(t) =

∫ T

0

Gk(t, τ)fk(τ)dτ, (30)

äå Gk(t, τ)�ôóíêöiÿ Ãðiíà çàäà÷i (4), (29).
Ôóíêöiÿ Ãðiíà Gk(t, τ) iñíó¹ òîäi i òiëü-

êè òîäi, êîëè çàäà÷à (4), (29) ìà¹ ëèøå òðè-
âiàëüíèé ðîçâ'ÿçîê, òîáòî âèêîíó¹òüñÿ

µ− eν̃λj(ν)T ̸= 0.

Â óìîâàõ òåîðåìè 1 çàäà÷à (26), (27) ìîæå
ìàòè íå áiëüøå îäíîãî ðîçâ'ÿçêó.

Íà îñíîâi ôîðìóë (3), (30) îäåðæè-
ìî ôîðìàëüíå çîáðàæåííÿ ðîçâ'ÿçêó çàäà÷i
(26), (27) ó âèãëÿäi ðÿäó

u(t, z) =
∑
k∈Zp

zνk
∫ T

0

Gk(t, τ)fk(τ)dτ. (31)

Äëÿ âñiõ k ∈ Zp \K∆ ó êâàäðàòi

KT = {(t, τ) ∈ R2
+ : 0 ≤ t ≤ T, 0 ≤ τ ≤ T}

ôóíêöi¨ Gk(t, τ) âèçíà÷àþòüñÿ ôîðìóëîþ

Gk(t, τ) = gk(t, τ) +
1

2ν̃n−1
k

×

×
n∑
j=1

eν̃kλj(νk)(t−τ)(µ+ eν̃kλj(νk)T )
n∏
q=1
q ̸=j

(λj(νk)− λq(νk))(µ− eν̃kλj(νk)T )
,

(32)

äå

gk(t, τ)=
sgn (t− τ)

2ν̃n−1
k

n∑
j=1

eν̃kλj(νk)(t−τ)

n∏
q=1
q ̸=j

(λj(νk)− λq(νk))
.

(33)
Ïåðåïèøåìî ôîðìóëó (32) ó âèãëÿäi

Gk(t, τ) =
1

2ν̃n−1
k

n∑
j=1

eν̃kλj(νk)(t−τ)

n∏
q=1
q ̸=j

(λj(νk)− λq(νk))
×

×

(
sgn (t− τ) +

µ+ eν̃kλj(νk)T

µ− eν̃kλj(νk)T

)
.

Ïîçíà÷èìî ∆j(ν) =
∏

1≤r<q≤n
q,r ̸=j

(λq(ν) − λr(ν)),

òîäi ôóíêöiÿ Ãðiíà çàïèøåòüñÿ ó âèãëÿäi

Gk(t, τ) =
1

∆ ν̃n−1
k

×

×


µ

n∑
j=1

∆j(νk) ρν(λj(νk), t−τ), t>τ ;

n∑
j=1

∆j(νk) ρν(λj(νk), t+T−τ), t<τ .

Çíàéäåìî ïîõiäíó ïî t ïîðÿäêó r ôóíêöi¨
Ãðiíà, r = 0, 1, . . . , n− 1,

∂rGk(t, τ)

∂tr
=
ν̃r−n+1
k

∆
×

×


µ

n∑
j=1

∆j(νk)λ
r
j(νk)ρν(λj(νk), t−τ), t>τ ;

n∑
j=1

∆j(νk)λ
r
j(νk)ρν(λj(νk), t+T−τ), t<τ .

Îñêiëüêè ∆j(ν)� âèçíà÷íèêè ∆j,n−1(ν) ïî-
ðÿäêó n − 1, ùî ìàþòü îáìåæåíi åëåìåí-
òè, ÿêi ¹ ñòåïåíÿìè ÷èñåë λ1(ν), . . . , λn(ν), òî
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äëÿ äîâiëüíèõ ν ∈ Rp ìà¹ìî

∆j(ν) ≤ (n− 1)!A
(n−1)(n−2)/2
1 . (34)

Âðàõîâóþ÷è íåðiâíîñòi (6) òà (34) îòðèìà¹-
ìî íàñòóïíi îöiíêè:∣∣∣∣∣∂rGk(t, τ)

∂tr

∣∣∣∣∣ ≤ C7ν̃
r−n+1
k

∆
×

×


M

n∑
j=1

ρν(λj(νk), t− τ), ïðè t > τ ;

n∑
j=1

ρν(λj(νk), t+ T − τ), ïðè t < τ ,

äå C7 = (n− 1)!A
(n−1)(n−2)/2+r
1 .

Iç íåðiâíîñòåé (13), (14) òà òåîðåì
3 i 4 âèïëèâà¹, ùî äëÿ ìàéæå âñiõ
(ñòîñîâíî ìiðè Ëåáåãà â R2p) âåêòîðiâ
(a0,n,0,...,0, . . . , a0,0,...,n)∈Op

A òà ïàðàìåòðà
µ∈OM \ VNε, äå ìíîæèíà VNε çàäà¹òüñÿ
ôîðìóëîþ (19), âèêîíóþòüñÿ íåðiâíîñòi∣∣∣∣∣∂rGk(t, τ)

∂tr

∣∣∣∣∣ ≤ C8ν̃
σ+r+1
k , (35)

äå C8 � ñòàëà i σ > (θ/2− 1)n.
Ç ôîðìóëè (30) òà íåðiâíîñòi (35) äëÿ âñiõ

ν ∈ N \ N∆ òà r = 0, 1, . . . , n − 1 îòðèìà¹ìî
îöiíêè

|u(r)k (t)| ≤ C8ν̃
σ+r
k T max

t
|fk(t)|, (36)

i òåîðåìó iñíóâàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çà-
äà÷i (26), (27) ó ïðîñòîði HN n

q (Dp).
Òåîðåìà 6. Íåõàé µ ∈ OM \ VNε i ôóí-

êöiÿ f ∈ HN 0
q+σ(Dp), äå σ > (θ/2− 1)n, ìíî-

æèíà VNε çàäà¹òüñÿ ðiâíiñòþ (19), òà âè-
êîíóþòüñÿ óìîâè òåîðåìè 1. Òîäi äëÿ ìàé-
æå âñiõ (ñòîñîâíî ìiðè Ëåáåãà â R2p) âåê-
òîðiâ (a0,n,0,...,0, . . . , a0,0,...,n) ∈ Op

A iñíó¹ ¹äè-
íèé ðîçâ'ÿçîê çàäà÷i (26), (27) ç ïðîñòîðó
HN n

q (Dp), ÿêèé íåïåðåðâíî çàëåæèòü âiä
ôóíêöi¨ f(t, z).
Äîâåäåííÿ. Iç íåðiâíîñòi (36) îäåðæèìî

|u(r)k (t)|2 ≤ C̃2ν̃2σ+2r
k T 2max

t
|fk(t)|2, (37)

äëÿ êîæíîãî r = 0, 1, . . . , n− 1 i ν ∈ N \N∆,
òà iç ðiâíÿííÿ (28) � îöiíêó ïîõiäíî¨ n-îãî

ïîðÿäêó ôóíêöi¨ uk(t):

|u(n)k (t)|2≤|fk(t)|2 +
n∑
j=1

|b̃j(νk)|2|u(n−j)k (t)|2≤

≤ |fk(t)|2 + const ν̃2σ+2n
k max

t
|fk(t)|2. (38)

Òîäi ç ôîðìóë (31), (37) i (38) îòðèìà¹ìî
íåðiâíiñòü

∥u∥2HNn
q (Dp) ≤ C9∥f∥2HN 0

q+σ(Dp)
,

äå C9 > 0� âåëè÷èíà, ÿêà íå çàëåæèòü âiä
ôóíêöi¨ f , àëå çàëåæèòü âiä êîåôiöi¹íòiâ
ðiâíÿííÿ (26) òà ïàðàìåòðà µ. Ç îòðèìàíî¨
íåðiâíîñòi âèïëèâà¹ òâåðäæåííÿ òåîðåìè.

Òåîðåìó äîâåäåíî.
5. Âñòàíîâëåííÿ óìîâ îäíîçíà÷íî¨

ðîçâ'ÿçíîñòi çàäà÷i (26), (2). Âèêîðèñòî-
âóþ÷è ðåçóëüòàòè îòðèìàíi ïðè äîñëiäæåííi
çàäà÷ (1), (2) òà (26), (27), ðîçãëÿíåìî ïèòàí-
íÿ îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi ó êëàñi ôóíêöié
çi ñïåêòðîì N çàäà÷i (26), (2):

Lu =
∑

s0+|s|≤n

as0,sB
s∂

s0u

∂ts0
= f,

Mmu = µ
∂mu

∂tm

∣∣∣∣
t=0

− ∂mu

∂tm

∣∣∣∣
t=T

= φm,

äå m = 0, 1, . . . , n − 1, s = (s1, . . . , sp) ∈ Zp+,
|s| = s1 + . . .+ sp, as0,s ∈ C, an,0 = 1, u�øó-
êàíà ôóíêöiÿ, à φ0 = φ0(z), φ1 = φ1(z), . . . ,
φm−1 = φm−1(z), f=f(t, z)� çàäàíi ôóíêöi¨.
Îçíà÷åííÿ. Ïiä ðîçâ'ÿçêîì çàäà÷i (26),

(2) áóäåìî ðîçóìiòè ôóíêöiþ u = u(t, z) iç
çíà÷åííÿìè u(t, ·) ó ïðîñòîði WN ′ äëÿ êîæ-
íîãî t ∈ [0, T ], ÿêà çàäîâîëüíÿ¹ ðiâíÿííÿ
(26) i óìîâè (2) òà íàëåæèòü äî ïðîñòîðó
HN n

q (Dp).
Ðîçâ'ÿçîê çàäà÷i (26), (2) ìîæíà ïðåäñòà-

âèòè ó âèãëÿäi ñóìè

u = v + w, (39)

äå v = v(t, z)�ðîçâ'ÿçîê çàäà÷i (1), (2), à
w = w(t, z)�ðîçâ'ÿçîê çàäà÷i (26), (27), ÿêi
çîáðàæàþòüñÿ ôîðìóëàìè (11), (31).

Ñôîðìóëþ¹ìî i äîâåäåìî òåîðåìó iñíó-
âàííÿ òà ¹äèíîñòi ðîçâ'ÿçêó çàäà÷i (26), (2)
ó ïðîñòîði HN n

q (Dp).
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Òåîðåìà 7. Íåõàé ñïðàâäæóþòüñÿ
óìîâè òåîðåìè 1 òà âèêîíó¹òüñÿ íà-
ñòóïíi âêëþ÷åííÿ: µ∈OM \ VNε òà
f∈HN 0

q+σ(Dp), φ0∈HNψ(Sp), φ1∈HNψ−1(Sp),
. . . , φn−1∈HNψ−n+1(Sp), äå σ > (θ/2 − 1)n,
ψ > q + nθ/2, ìíîæèíà VNε çàäà¹òüñÿ
ðiâíiñòþ (19). Òîäi äëÿ ìàéæå âñiõ
(ñòîñîâíî ìiðè Ëåáåãà â R2p) âåêòîðiâ
(a0,n,0,...,0, . . . , a0,0,...,n)∈Op

A iñíó¹ ¹äèíèé
ðîçâ'ÿçîê çàäà÷i (26), (2) ç ïðîñòîðó
HN n

q (Dp), ÿêèé íåïåðåðâíî çàëåæèòü âiä
ôóíêöié φ0, φ1, . . . , φn−1 i f .
Äîâåäåííÿ. Îñêiëüêè äëÿ ðîçâ'ÿçêó

u(t, z) âèêîíó¹òüñÿ ðiâíiñòü (39), òî

∥u∥2 ≤ ∥v∥2 + ∥w∥2,

òîäi

∥u∥2HNn
q (Dp) ≤ C10

( n−1∑
j=0

∥φj∥2HNψ−j(Sp)+

+ ∥f∥2HN 0
q+σ(Dp)

)
,

äå C10 > 0� âåëè÷èíà, ÿêà íå çàëåæèòü
âiä ôóíêöi¨ f , àëå çàëåæèòü âiä êîåôiöi¹í-
òiâ ðiâíÿííÿ (26) òà ïàðàìåòðà íåëîêàëüíèõ
óìîâ µ, çâiäêè é âèïëèâà¹ òâåðäæåííÿ òåî-
ðåìè.

Òåîðåìó äîâåäåíî.
6. Âèñíîâêè. Ó ðîáîòi äîñëiäæåíî êî-

ðåêòíiñòü êðàéîâèõ çàäà÷ ç íåëîêàëüíè-
ìè îäíîðiäíèìè òà íåîäíîðiäíèìè óìîâàìè
äëÿ äèôåðåíöiàëüíî-îïåðàòîðíèõ ðiâíÿíü ç
÷àñòèííèìè ïîõiäíèìè. Âñòàíîâëåíî óìî-
âè îäíîçíà÷íî¨ ðîçâ'ÿçíîñòi äàíèõ çàäà÷ ó
øêàëi {HN n

q (Dp)}q∈R ïðîñòîðiâ ôóíêöié çi
ñïåêòðîìN , àñèìïòîòèêó ÿêîãî çàäà¹ ÷èñëî
θ > 0.

Ïîáóäîâàíî ôîðìóëè äëÿ ðîçâ'ÿçêiâ ðîçã-
ëÿäóâàíèõ çàäà÷, à òàêîæ ïðîâåäåíî àíà-
ëiç ìàëèõ çíàìåííèêiâ, ÿêèé ãðóíòó¹òüñÿ íà
ìåòðè÷íîìó ïiäõîäi. Íà îñíîâi îòðèìàíèõ
îöiíîê çíèçó ìàëèõ çíàìåííèêiâ âñòàíîâëå-
íî äîñòàòíi óìîâè iñíóâàííÿ ðîçâ'ÿçêiâ çà-
äà÷ ó ïðîñòîði HN n

q (Dp) ç äîâiëüíèì äié-
ñíèì ïàðàìåòðîì q. Âñòàíîâëåíî îáåðíåíó
çàëåæíiñòü ìiæ ãðàíè÷íîþ øâèäêiñòþ çðî-
ñòàííÿ ñïåêòðóN i ãëàäêiñòþ ïðàâèõ ÷àñòèí
f , φ0, φ0, . . . , φn−1.
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