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Purpose. of this article is advanced quantitative studying results of a pollution dynamics for variations hydroecolog-
ical systems, namely, the sulphates concentrations dynamics for a number of the Small Carpathians river’s watersheds
in the Eastern Slovakia. Methodology. We have used methods and algorithms of the chaos theory (chaos-geometric
approach) and dynamical systems theory in the advanced versions. Results. New more exact data on chaotic behaviour
of the sulphates concentration time series in the watersheds of the Small Carpathians are presented. The required time
delay and embedding dimension have been computed by the methods of autocorrelation function and average mutual
information. Besides, the advanced versions of the correlation dimension method and algorithm of false nearest neigh-
bours were used. The Fourier spectrum of the concentration of sulphates in the water catchment area Vydrica (C.Most)
for the period 1991 - 1993 is listed. Here we present new advanced data on the correlation dimension (d,), embedding
dimension (dg), Kaplan-Yorke dimension (dr), average limit of predictability (Pruy.,) and parameter K for the sulphates
concentrations in in the watersheds of the Small Carpathians. Originality. For the first time the chaos theory was used
to forecast sulphates and other contaminators concentration time series by the methods of autocorrelation function and
average mutual information, correlation dimension method and algorithm of false nearest neighbours. Practical value.
The results themselves present a high ecological value for contaminaotrs concentration forecast. Moreover, developed
approach on studying dynamics of variations of the sulphates concentrations in the river’s water reservoirs using the
non-linear prediction approaches and a chaos theory methods can be used to similar calculations for different water
bodies.
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Jlana pooTa poJOBXKY€E KUTBKICHI JOCHTIDKEHHS JUHAMIKH 3a0pyIHEHHS Pi3HHUX TiJPOEKOJOTIYHUX CHUCTEM, 30K-
peMa, JacoBiil TMHAMIL 3MiHM KOHIEHTpawii cynbdatiB y psai BonoAutiB pivok Mammux Kapnar y Cxinniit CoBaudn-
Hi. Pi3Hi MeToau 1 anroputMu Teopii Xaocy (Xaoc-reOMEeTpUYHOTO IMiIX0.Ty) 1 Teopii AMHAMIYHUX CHCTEM BHKOPHCTaHi y
HaOIbII ocKoHaNMMX Bepcifx. IIpencraieHi HOBI OiIbII TOYHI JaHi, IO XapaKTePU3YIOTh XaOTHYHY MOBEAIHKY 4a-
COBUX PAIB KOHILICHTPAIiH Cyb(haTiB At paLy BooaiiB pidok Manux Kapmat. ¥V monepennix podorax (aus. [1]) mms
BiJTHOBJICHHS BiZIIOBIJHOTO aTTPaKTOpa, IMONEPEIHHO OOYUCIIOBAIMCS Yac 3aTPUMKH (YacoOBHH Jar) i po3MipHOCTI
Brianenns. llykani mapamerpn Oynn BH3HAa4YeHI 3 BUKOPHUCTAHHSAM METOJIB aBTOKOpEIHIiitHOI (QyHKIIT Ta cepeaHpoi
B3aeMHOi iHpopMartii. Kpim Toro, Oynu 3acrocoBaHi OiNbII TOCKOHAMI BEpCii METOMY KOpENAIiitHOI po3MipHOCTI 1 ai-
TOPUTMY ITOMIJIKOBHX HaHOMIK4nX cyciniB. TyT HaBeneHi HOBI OUIBII TOUHI pe3yNIbTATH 11O KOPENAMiiHii po3MipHOC-
1i (d,), po3mipuocri Bianenns (dg), posmiprocti Kamman-Hopxka (dp), cepenniit Mexi mepen6auysanocTi (Pryy,,) i ma-
pametpy xaocy K i koHIeHTpaii cynsgariB Ais psiLy BOIOILTIB.

KoarouoBi ciioBa: rizpoekosioriuHi AMHaMidHI CHCTEMH, BUBUCHHS Ta MPOTHO3YBaHHS, HITPATH 1 CyJIb()aTH KOHICH-
Tpaii, Bogoainmm Manux Kapmat, Metoau Teopii xaocy

PROBLEM STATEMENT. Our paper concerns re- for the sulphates in the same system. Many studies in
sults of the research into dynamics of variations hydroe- various fields of science have appeared, where chaos
cological (sulphates concentrations in the Small Carpa- theory was applied to a great number of dynamical
thians river’s watersheds in the Earthen Slovakia) sys- systems [1-14]. The studies concerning non-linear be-
tems in the definite region by using the non-linear pre- haviour in the time series of atmospheric constituent
diction approaches and the recurrence plots method. concentrations are sparse, and their outcomes are am-
Earlier the same program has been in details performed biguous In ref. [5] there is an analysis of the NO,, CO,
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O; concentrations time series and is not received an
evidence of chaos. Also, it was shown that O; concen-
trations in Cincinnati (Ohio) and Istanbul are evidently
chaotic, and non-linear approach provides satisfactory
results [6]. In refs. [2, 10,12] there is an analysis of the
NO,, CO, Os concentrations time series in the Gdansk
and Trieste region and it has been definitely received an
evidence of chaos. More over it has been given a short-
range forecast of atmospheric pollutants using non-
linear prediction method. These studies show that chaos
theory methodology can be applied and the short-range
forecast by the non-linear prediction method can be
satisfactory. It opens very attractive perspectives using
the same methods in studying dynamics of pollution of
other ecological and hydrological systems. In this work
we study the pollutions dynamics of the hydrological
systems, in particular, variations of the sulphates con-
centrations in the river’s water reservoirs in the Earthen
Slovakia by using the non-linear prediction approaches
and chaos theory method (in versions) [2,9-14]. A cha-
otic behaviour in the sulphates concentration time series
in the watersheds of the Small Carpathians is investigat-
ed».

EXPERIMENTAL PART AND RESULTS OB-
TAINED. As the initial data we use the results of empir-
ical observations made on six watersheds (fig.1.)in the
region of the Small Carpathians, carried out by co-
workers of the Institute of Hydrology of the Slovak
Academy of Sciences [2]. Fig.2 shows the temporal
changes in the concentrations of sulphates in the catch-

ment areas. In fig. 3 we list the Fourier spectrum of the
concentration of sulphates in the water catchment area
Vydrica (C.Most)for the period 1991 - 1993. The X-axis
- frequency, the axis Y — energy. The Fourier spectrum
looks the same as in the case of a random process, so
there exists the possibility of using methods of chaos
theory and subsequent short-term prediction method for
nonlinear pollutant concentrations.

Let us consider scalar measurements s(n)=s(fy+
nAt) = s(n), where t, is a start time, At is time step, and n
is number of the measurements. In a general case, s(n) is
any time series (f.e. atmospheric pollutants concentra-
tion).

As processes resulting in a chaotic behaviour are
fundamentally multivariate, one needs to reconstruct
phase space using as well as possible information con-
tained in s(n). Such reconstruction results in set of d-
dimensional vectors y(n) replacing scalar measure-
ments. The main idea is that direct use of lagged varia-
bles s(n+t), where T is some integer to be defined, re-
sults in a coordinate system where a structure of orbits
in phase space can be captured.

Using a collection of time lags to create a vector in d
dimensions,

y(n)=[s(n),s(n + 1),s(n + 21),..,s(n +(d-1)7)],

the required coordinates are provided. In a nonlinear
system, s(n + jt) are some unknown nonlinear combina-
tion of the actual physical variables. The dimension d is
the embedding dimension, d.

1. Vydrica: Cerveny Most.
2.Vydrica: Spariska

3. Blatina: Pezinok

4.Gidra: Pila—pod dedinou

5. Gidra: Pila

6. Parna: Horne Oresany

7. Hlbocky potok: Smolenice
8. Trnavka: Bukova

3
z

! 10 KM,

Bratislava

Figure 1 — Scheme of the f observation points in the Small Carpathians (Slovakia) [2].

The choice of proper time lag is important for the
subsequent reconstruction of phase space. If T is cho-
sen too small, then the coordinates s(n+ 1),
s(n +( +1)t) are so close to each other in numerical
value that they cannot be distinguished from each oth-
er. If T is too large, then s(ntjt), s(nt+(j+1)t) are com-
pletely independent of each other in a statistical sense.
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If © is too small or too large, then the correlation di-
mension of attractor can be under-or overestimated.
One needs to choose some intermediate position be-
tween above cases.

First approach is to compute the linear autocorrela-
tion function C;(d) and to look for that time lag where
C.(9) first passes through 0. This gives a good hint of
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choice for 7 at that s(n+jt) and s(n+(j +1)t) are linearly
independent. It’s better to use approach with a nonline-
ar concept of independence, e.g. an average mutual
information. The mutual information / of two meas-

average mutual information between any value a; from
system A4 and b, from B is the average over all possible
measurements of yz(a;, by). In ref. [4] it is suggested,
as a prescription, that it is necessary to choose that t

urements a; and by is symmetric and non-negative, and where the first minimum of [I(t) occurs
equals to O if only the systems are independent. The
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Figure 2 — The temporal changes in the concentrations of sulphates in some catchment of the Small Carpathians
(Slovakia) [2].
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Figure 3 — The Fourier spectrum of the concentration of sulphates in the water catchment area Vydrica (C.Most)
for the period 1991 - 1993

Table 1 — Time lag (1), correlation dimension (d,), embedding dimension (dg), Kaplan-Yorke dimension (dr), aver-
age limit of predictability (Pry,,) and parameter K for the sulphates concentrations in the watersheds of the Small Car-

pathians
River (Site) T d> dg dr Proax K
Vydrica (C.Most) 15 5,63 6 5,73 11 0,69
Vydrica (Spariska) 14 4,89 5 4,41 10 0,82
Blatina (Pezinok) 20 4,73 5 4,52 11 0,74
Gidra (Main) 17 5,47 6 5,68 11 0,81
Gidra (Pila) 14 5,69 6 5,79 12 0,69
Pama (Majdan) 16 4,68 5 4,13 10 0,72
Hlbocsky (Smolenice) 18 4,06 5 4,53 9 0,81
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The goal of the embedding dimension determination
is to reconstruct a Euclidean space R large enough so
that the set of points d; can be unfolded without ambi-
guity. The embedding dimension, dg, must be greater, or
at least equal, than a dimension of attractor, dy, i.c.
dr > dy. In other words, we can choose a fortiori large

dimension dg, e.g. 10 or 15, since the previous anal-
ysis provides us prospects that the dynamics of our
system is probably chaotic. of the widely used tech-
niques to investigate the signatures of chaos in a time
series. The analysis uses the correlation integral, C(r), to
distinguish between chaotic and stochastic systems.
According to [8], it is computed the correlation integral
C(r). If the time series is characterized by an attractor,
then the correlation integral C(r) is related to the radius
ras

d = 1im1%2C")
i logr

>

where d is correlation exponent. If the correlation
exponent attains saturation with an increase in the em-
bedding dimension, then the system is generally consid-
ered to exhibit chaotic dynamics. The saturation value
of correlation exponent is defined as the correlation
dimension (d,) of the attractor (see details in refs. [2,8]).

The correlation dimension of attractor (da) is de-
fined as the value of the correlation dimension at which
it is not affected by increasing the embedding dimension
Before we discuss the results of a reconstruction of the
attractor dimension by the method of the correlation
dimension, we also check a similar result by the algo-
rithm (version [2] of the false nearest neighboring
points). The dimension of the attractor in this case was
defined as the embedding dimension, in which the num-
ber of false nearest neighboring points was less than 3%

First of all, it’s important to define how predictable
is a chaotic system? The predictability can be estimated
by the Kolmogorov entropy, which is proportional to a
sum of the positive Lyapunov’s exponents. The spec-
trum of Lyapunov’s exponents is one of dynamical
invariants for non-linear system with chaotic behaviour.
The limited predictability of the chaos is quantified by
the local and global Lyapunov’s exponents, which can
be determined from measurements. The Lyapunov’s
exponents are related to the eigenvalues of the linear-
ized dynamics across the attractor. Negative values
show stable behaviour while positive values show local
unstable behaviour. For chaotic systems, being both
stable and unstable, Lyapunov’s exponents indicate the
complexity of the dynamics. The largest positive value
determines some average prediction limit. Since the
Lyapunov’s exponents are defined as asymptotic aver-
age rates, they are independent of the initial conditions,
and hence the choice of trajectory, and they do comprise
an invariant measure of the attractor. An estimate of this
measure is a sum of the positive Lyapunov’s exponents.
The estimate of the attractor dimension is provided by
the conjecture d; and the Lyapunov’s exponents are
taken in descending order. The dimension d; gives val-
ues close to the dimension estimates discussed earlier
and is preferable when estimating high dimensions. To
compute Lyapunov’s exponents, we use a method with
linear fitted map [1,2], although the maps with higher

order polynomials can be used too. The sum of positive
Lyapunov’s exponents determines the Kolmogorov
entropy, which is inversely proportional to the limit of
predictability (Pryax)-

The Tables 1 summarizes the results of the numeri-
cal reconstruction of the attractors, as well as average
limit of predictability (Pry.) and the Gottwald-
Melbourne chaos availability parameter K [8] for the
sulphates concentrations in the watersheds of the Small
Carpathians region. We also note that the length and
discrete time series in Table 1 is one night; T and Pry,x
have the corresponding dimensions.As it is indicated,
the sum of the positive Lyapunov’s exponents A; deter-
mines the Kolmogorov entropy, which is inversely pro-
portional to the limit of predictability (Pry.y). Let us
remind since the conversion rate of the sphere into an
ellipsoid along different axes is determined by the A;, it
is clear that the smaller the amount of positive dimen-
sions, the more stable is a dynamic system. Consequent-
ly, it increases the predictability of it. The presence of
the two (from six) positive A; suggests the system
broadens in the line of two axes and converges along
four axes that in the six-dimensional space. Our data
show that the greatest degree of predictability is ob-
served for the time series of sulphates in the watershed
Gidra (Main) (fourteen slots, i.e. seven months), and in
other cases the limit of predictability is slightly less.
Such predictability is quite sufficient for the prediction
of pollution.

CONCLUSIONS. In this paper we present the re-
sults of studying dynamics of variations of the sulphates
concentrations in the river’s water reservoirs in the
Earthen Slovakia using the non-linear prediction ap-
proaches and a chaos theory methods. A chaotic behav-
iour in the sulphates concentration time series in the
watersheds of the Small Carpathians is investigated. To
reconstruct the corresponding attractor, the time delay
and embedding dimension are needed. The former is
determined by the methods of autocorrelation function
and average mutual information, and the latter is calcu-
lated by means of correlation dimension method and
algorithm of false nearest neighbours. It is shown that
low-dimensional chaos exists in the time series under
investigation and quite sufficient predictability is ob-
tained in the forecasting the sulphates pollution concen-
trations dynamics in the watersheds of the Small Carpa-
thians (as example of the hydroecological system).
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Jlannas pabora MpooipKaeT KOJMYECTBEHHBIC HCCIECAOBAHNS TMHAMUKK 3arps3HEHUS Pa3IMdHbIX THIPOIKOJIOTH-
YECKMX CHCTEM, B YACTHOCTH, BPDEMEHHOM JTMHAMHUKH M3MEHEHHS KOHIIEHTPAaLUi Cylb(paToB B PsAE BOIOPA3IEIOB PEK
Mansix Kaprat B Boctounoit CrnoBaknu. PaznudHble METOIBI M aNTrOPUTMBI TEOPUH Xaoca (Xaoc-reOMETPUYECKOro
MIOAX0/1a) ¥ TEOPUH TMHAMHUYECKUX CHCTEM HMCIOJIB30BaHbI B HANOOIIEE COBEPIICHHBIX BepCHsX. lIpencraBieHbl HOBBIE
Ooree TOYHBIC JAHHBIE, XapaKTEPHU3YIOIIE Xa0THIECKOE OBEACHIE BPEMEHHBIX PS0B KOHIICHTPANi CyIb(haToB JUIs
psina BozmopasnenoB pek Manbix Kapmar. B npenpinynmx padotax (cM. [1]) u1a BoccTaHOBICHUS! COOTBETCTBYIOLIETO
aTTPaKTOpa, MPeIBAPUTENHHO BHIUUCISUTICH BpeMs 3aJ€PXKKH (BPEMEHHOW JIar) W pa3MepHOCTH BIOXKEHHUs. VIcKoMBbIe
IapaMeTpsl OTPeIeISUTICH C MCIOIb30BaHNEM METOOB aBTOKOPPEISIMOHHON (DYHKIIMH M CpeJHEeH B3anMHOH MH(Op-
Mmarmu. Kpome Toro, ObutH IpHMEHEHBI O0JIee COBEpUIEHHBIE BEPCHUH METOJIa KOPPEISAIMOHHON Pa3MEpPHOCTH M aJro-
pHUTMa JIOKHBIX OJMKAHIINX coceneid. 31ech IPUBOIATCS HOBBIE O0Jiee TOUHBIC PE3YAbTATHI 10 KOPPEISIIIMOHHON pa3-
mepHocTH (d), pasmeproct Bioxkenus (dg), pasmeproctu Kannan-Hopxka (dp), cpexsemy mpenerny npeacka3yeMoCTH
(Primax) 1 mapamerpy xaoca K it konneHTpanuii cynbhaToB IS psiia BOIOPA3/IesIoB.

KnioueBble ciioBa: THIPOIKOIOTHYECKHE ITUHAMHUYECKHE CHCTEMbl, M3YYCHHS M NPOTHO3MPOBAHMS, HUTPATHl U
cynb(haThl KOHIEHTPALUH, Bogopa3aensl pek Manbix Kapmar, MeTons! Teopun xaoca
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