ZKVPHAJT OIBMYHUX JOCJIOXKEHD
T. 2, Ne 1 (1998) c. 128-135

JOURNAL OF PHYSICAL STUDIES
v. 2, No 1 (1998) p. 128-135

STATIC SUSCEPTIBILITIES
OF NONUNIFORM AND RANDOM ISING CHAINS

O. Derzhko, O. Zaburannyi
Institute for Condensed Matter Physics of the National Academy of Sciences of Ukraine
1 Swvientsitskii Str., Lviv, UA-290011, Ukraine
Tel: (0822)427439, faz: (0822)761978, e-mail: derzhko@icmp.lviv.ua
ITvan Franko Lviv State University, Chair of Theoretical Physics
12 Drahomanov Str., Lviv, UA-290005, Ukraine
(Received June 4, 1997)

We have derived exact results for the initial static susceptibilities of nonuniform spin—% Ising
chains. The results obtained permit one to study the random-bond Ising chain. The influence
of several types of disorder on the temperature dependence of the initial static susceptibilities is

discussed.
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I. INTRODUCTORY REMARKS

The model formulated by Ising in 1925 [1] is still widely
used in condensed matter theory as a laboratory for per-
forming statistical mechanics calculations without mak-
ing any approximations. Such exact results provide an
intuition that is important in more realistic cases and
permits one to test approximate approaches as well as
allows one to suggest new approximations.

The present paper deals with the initial (zero—field)
static susceptibilities of nonuniform and random spin-
Ising chains. The spin model considered is governed by
the Hamiltonian

= Z JnSpSpi1- (1)

Here (and throughout the paper) the summation is per-
formed over N lattice sites, .J,, is the exchange coupling
between the n and n+1 sites, and s” is a half of the Pauli
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ten down explicitly. We shall use both cyclic and open
boundary conditions depending on calculational conve-
nience. For deriving the static susceptibilities we shall
switch on a small field hy, @ = z,y, z, so that the total
Hamiltonian will be

matrix . The boundary conditions are not writ-
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H =H,+ H,, Hazhazs;';. (2)

Since susceptibility measurements are one of the basic
experimental techniques in the study of magnetic com-
pounds, the importance of having accurate results for the
initial static susceptibilities is clear.

Let us at first recall some well-known results. In the
case of the uniform Ising model in a longitudinal field
(Jn = J, a = z) the Helmholtz free energy per site
f(T, h;) may be found with the help of the transfer ma-
trix method [2]. Differentiating this expression twice with
respect to h, one gets the longitudinal static susceptibil-
ity
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Xzx = TART 2k T (3)
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In the case of the uniform Ising model in a transverse
field (J, = J, @ = z) one may use the method developed
by Lieb, Schultz and Mattis [3,4]. After Jordan—Wigner
transformation the spin Hamiltonian exhibits a bilinear
Fermi—form that can be diagonalized, and which in turn
yields immediately the Helmholtz free energy per site
f(T, h,). After differentiating f(T, h,) twice with respect
to h, one gets the transverse static susceptibility
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We should also mention here the related study of the
zero—temperature susceptibilities of the Ising chain in a
transverse field obtained on the basis of a rigorous nu-
merical approach for the calculation of dynamic spin cor-
relation functions [5,6].

Since the 60s there has been considerable interest in
disordered versions of the Ising chain, but the results
achieved are not so impressive as for the nonrandom case.
In ref. [7] the Ising chain with random exchange energy in
a longitudinal field was considered. Assuming that each
exchange interaction was an independent random vari-
able having a probability density function with a narrow
width, Fan and McCoy were able to study the influence
of the randomness on the longitudinal static susceptibil-
ity. The ground—state transverse static susceptibility for
the random-bond Ising chain was examined by Barouch
and McCoy [8]. Zaitsev studied the transverse static sus-
ceptibility for the random—bond Ising chain for various
types of disorder [9]. Thermodynamics and spin correla-
tions of a model of solid solution based on Ising chain
were considered in ref. [10]. Some results for the lon-
gitudinal and transverse initial static susceptibilities of
the random Ising chain in a transverse field are collected
in ref. [11]. Thermodynamic and dynamic properties of a
random Ising chain in a transverse field for arbitrary dis-
order may be also examined numerically [12]. We should
also mention here the related problem of the calculation
of the spin correlation functions for random Ising chains

(see, for example, ref. [13]).

Recently, Idogaki, Rikitoku and Tucker [14] calcu-
lated exactly the initial transverse static susceptibility of
nonuniform and random Ising chains by a method based
on the use of the Callen-Suzuki identity. In addition,
they studied the random chain having two types of ex-
change bonds. The goal of the present paper is twofold.
First, we shall present what, in our opininon, is a more
simple derivation of the initial transverse static suscep-
tibility of a nonuniform Ising chain, and consider in ad-
dition the other components of the susceptibility tensor
(Section II). Secondly, we shall proceed to study ran-
dom Ising chains, considering in particular, some other
types of disorder (Section IIT). The exact calculations
presented are important for understanding the influence
of disorder on the temperature dependence of the initial
static susceptibilities of Ising chains.

II. INITIAL STATIC SUSCEPTIBILITIES OF A
NONUNIFORM ISING CHAIN

We consider the system described by the Hamil-
tonian (2) which exhibits the magnetization mg =
+ >, < 87 >. We are interested in the evaluation of

the static susceptibility xgn = %%. It is generally known
that

11 ! ‘
- - = B _ B
oo = kTNnZ;[/O d7'<sn< kT>sf;> <sf ><sf,‘>] (5)
(see for instance ref. [15]). Here the thermal average is defined as < (...) >= Tr [e_% (.. )] /Tre~#7 | and s2(t) =
etH s0e=H Tn particular, from eq. (5) it follows that
sz—il (<sist>— < st >< st >) (6)
n=p n P ’
kT N o
and
X2z = — kTN [/ dr < s% < >sz>—<s >< s, > (7)

As we are focusing attention on the initial susceptibilities, when h, = 0, the thermal average is performed with the

Hamiltonian Hp (1); such an average will be denoted as < (..

since < s >p= 0 (see below).

The next step is to do the integral in eq. (7). Using the identity e*

J

which since cos (As®) = cos 3,

.) >o. Then the expressions for x,, and x., simplify

s = cosh 3 + 2sinh 4 5%, one finds that

s7(t) = cos [t (Jj—1sf 1 + Jjs§y)] 85 +sin [t (Jjis]  + Jjsty)] st (8)

sin (As®) = 2sin 5%, becomes
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tJ;— tJ; tJ;— tJ;
s3(t) = (cos ]Tl cos 7] — 4sin ]Tl sin 7]5§13§+1> s
tJ;— tJ; tJ; tJ;
+2 (sm 32 L cos 7]53971 + cos ]2 Lsin 733”;“) sy, 9)

The integration in eq. (7) then yields the desired result

In—1—Jn In—14+Jn
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Y coshwziT—l_}_coshm;iT—l < st s >0
Jnfl - Jn Jnfl + Jn n=t

(cosh gtz 1 cosh Zstie g
i (10)
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One now faces the problem of calculating the product of several spin operators for a nonuniform Ising chain.

However the operators s¥ and s* rotate the spin, whereas s® does not. Therefore, < s;, >o= 0, < sj,s; >0=
16np, < Sp_18nSha18, >o0= Lonp < SE_yST. >0, < ST _18h8, >o0= 16pp < 82_ysT >q, < ShShi15, >o0=
50np < 55851 >o0. In addition, the zero-field thermal average of a product of several operators s is [16]

1 JIn Jn+1 Jp
76 >o= ~ h =2 ) (- tanh 22t : 11
< spsp >0= < tan 4kT> < tan 4kT> < 4kT> , n<p (11)

From eq. (11) one concludes that for T' # 0 < sy s, >0— 0 as 7 = oo and hence < 57 >= 0.
Finally, making use of eq. (11), it follows after straightforward calculations that the initial static susceptibilities
(6) and (10) of the nonuniform Ising chain may be rewritten in the form

Int1 Jp—1
= — h ... | —tanh 12
Xoa Z 2 ( 4kT> < tan 4kT> ( tan 4kT> (12)
n p>n
JIn JIn In—1+Jn
o= Z tanh 4,16T N tanh =75
= 2N n 11— Jnfl + Jn
In—1t+Jn In—1—Jn
h Jn tanh 4]27,1—, _ tanh 4]27,1—, (13)
4kT 4kT In—1+ Jn Jn-1—Jn '

The result for x., (13) coincides with the result obtained by Idogaki, Rikitoku and Tucker [14] using a different
approach.

Ho+Hg Ho+H

Note that Tr [e* kT sz] =0, a =y, z and therefore x., = Xxy» = 0. The calculation of Tr [e* RT sg], a=2x,y

also yields 0 (after fermionization one must average a product of odd numbers of linear combinations of Fermi
operators in terms of which the Hamiltonian has diagonal quadratic form) and hence x,. = xy-. = 0. Making use of

the transformation s*' = —s%, s¥' = 5%, s*' = s¥ one concludes that x,, = X:» and xzy = X2y = 0.
It is worthwhile to note that x.. (13) does not depend on the sign of the intersite coupling, whereas x,, (12) does.
For example, according to eq. (12) one obtains [16] for the regular chain J; = J, =...=J
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__ b 1+£Z(N_ )t hi ’
Xow = =40 N < a BT
J __J
__ 1 1— 2 tanh @I _ _e 2kT (14)

which agrees with (3). Thus one immediately finds that for J < 0 (ferromagnetic coupling) xz — 00 as T — 0,
whereas for J > 0 (antiferromagnetic coupling) x> — 0 as T' — 0. Similarly for the case of the regular alternating—
bond chain Jy = Js = ... = Ji, Jo =Jy = ... = Jo, eq. (12) yields

__ 15
Xea 4kT 1 — tanh -ZL tanh 22 (1)

J J: J J
1 (1 _ tanh zp7 4 tanh 375 — 2tanhﬁtanhﬁ> .
kT kT

As can be seen from eq. (15) and figs. 1-4 (the dashed curves) for Jyi, J» < 0 Xz, diverges with T — 0, whereas for
J1<0,J >0, J >0,Jo<0, Ji,Js>0 xze does not diverge with 7" — 0.

- XX
1,5 -
1,0
0,5 -
PR I R SRR R
0,0 0,3 0,6 09 T
Fig. 1. The temperature dependence of the ran- Fig. 3. The same as in fig. 1 for J; = 1, Jo = —0.3.

dom-averaged initial longitudinal static susceptibility for the
disorder given by (18) with J; = —1, Jo = -0.3; 1 — c =1,
2 — ¢ = 0.5, 3 — regular alternating-bond chain, 4 — ¢ =0,
5 — Ji1 = J» = 0 (ideal paramagnetic).

A R R R
0,0 0,3 0,6 09 T

Fig. 2. The same as in fig. 1 for J; = -1, Jo = 0.3. Fig. 4. The same as in fig. 1 for J; =1, Jo = 0.3.
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III. INITIAL STATIC SUSCEPTIBILITIES OF A RANDOM ISING CHAIN

We now specialize the theory of nonuniform chain to a study of random chain (1) assuming the exchange couplings
to be random variables evenly distributed with the probability density p(.J,). The random averaged susceptibilities

are given by

Xez = 4kT

1
__M<1_

(in the first equality we have made use of the fact that —

Ly Zer-a(-

J
2tanh T
J
1 + tanh kT

tanh -7z

.
J
h———
tan 4kT>

) (16)

1 is the same for all sites p), and

= _1 tanh J}lk:;,h L tanh J}lk*:;,h
2 2 A T+ Jo
Ji J, tanh L2 Ji J, tanh =2
tanh —-L tanh 2 o KT tanh —-L tanh —2— oo AT ) | 17
+ (an kT AT T+ J AN kT AT T — ), (17)

Here the random average is defined by the relation
(...) = ...[dJuwp(Jn)... (...) . Besides the probabil-
ity distribution

+ (1= 0)0(Jn = J2), (18)

for which Y, was examined in ref. [14] we shall consider
the Gaussian distribution

1 _ (Un-J9)?
p(Jn) = me 207 (19)

and the Lorentzian distribution

1 r

P = T = A T

(20)
centred at Jy with the strength of disorder controlled by
o? and T, respectively.

Let us consider at first the longitudinal susceptibility
Xzz (16). Its low—temperature behaviour for nonrandom
case can be derived from the second equality in (14) after
taking into account that tanh = 4kT — sgnJ while T' — 0.
As a result Xy, diverges more rapidly than & (% - co)
while T — 0 for J < 0, and does not diverge (7 - 0)
while T — 0 for J > 0 (compare solid curves in figs.

—6). After introducing any small amount of randomness

for which | tanh ;2= |< 1 (for example, disorder (18)
with different signs of J; and Jy or the disorders defined

132

by (19), (20)) the temperature dependence for T — 0
changes drastically (4 - const) and becomes similar to
the ideal paramagnetic (the dotted curves in figs. 2, 3,
and 5, 6). Thus, the introducing of such types of random-
ness leads to qualitative changes in the dependence X
against T'. However, if after the introducing of disorder
| tanh = | still equals to 1 while T — 0 (the disorder
(18) with the same signs of J; and J5) the introducing
of disorder leads to the quantitative changes rather than
to the qualitative ones (the dotted curves in figs. 1, 4).

Fig. 5. The temperature dependence of the random-ave-
raged initial longitudinal static susceptibility for the disorder
glvenby( 9); Jo=-1:1—0>=0,2—0>=023—
o>=054—02=1,5—¢? —5,6—]0—0 = 0 (ideal
paramagnetic); Jo = 1: 7 — 02> =0, 8 — o® = 0.2, 9 —
02=0510 —¢?>=1,11 — 0% =5.
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0,0

Fig. 6. The temperature

r=0210—T=0511—T=1.

0,0 0,3 0,6

1 )
09 T

Fig. 7. The temperature dependence of the ran-
dom-averaged initial transverse static susceptibility for the
disorder given by (18) with J1 =1, o =0.7;1 —c=1,2 —
¢ = 0.7, 3 — regular alternating-bond chain, 4 — ¢ = 0.5, 5
—c=03,6—c=0.

0,0 0,3 0,6 09 T

Fig. 8. The same as in fig. 7 for J, =1, Jo =0.3.

dependence of the ran-
dom-averaged initial longitudinal static susceptibility for the
disorder given by (20); Jo=—-1:1 —TI'=0,2 — ' = 0.02,
3—I'=024—T=055—T=16—Jo=T=0
(ideal paramagnetic); Jo=1: 7—I'=0,8 —I' =0.02, 9 —

0,0 0,3 0,6 09 T

Fig. 9. The same as in fig. 7 for J; =1, J» = 0.1.

A R R R
0,0 0,3 0,6 09 T

Fig. 10. The temperature dependence of the ran-
dom-averaged initial transverse static susceptibility for the
disorder given by (19) with Jo = 1;1— 02 = 0,2 — 0% = 0.1,
3—02=024—0>2=05,5—0>=1,6—0>=2,7—
o =4.

0,0 0,3 0,6 09 T

Fig. 11. The temperature dependence of the ran-
dom-averaged initial transverse static susceptibility for the
disorder given by (20) with Jo =1;1—T=0,2 — T = 0.02,
3—I'=01,4—TI=02,5—I=05,6—T=1.
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Another observation concerns regular alternating—
bond chains and random chains with the disorder given
by (18). As it has been noted already in connection
with eq. (15) xg» diverges as T — 0 for alternating—
bond chain with Ji,J; < 0 and does not diverge if
J < 0, > 0, Jo > 0,J, < 0or Jy,Jo >0
(the dashed curves in figs. 1-4). The random-bond chain
with two types of exchange bonds J; and J that appear
with the same probability may exhibit essentially differ-
ent temperature behaviour of X,,. Namely, for the cases
Jip < 0,Ja >0and J; > 0,Jo < 0 Xz diverges with
T — 0 as + (see eq. (16)) and the dotted curves in figs.
2, 3. However, as can be seen from egs. (15) and (16) for
the cases Ji,Jo < 0, Ji,Jo > 0 the difference between
alternating—bond and random—bond chains is only quan-
titative (the dotted curves in figs. 1, 4).

Let us discuss the temperature behaviour of the initial
transverse static susceptibility —xzz (17). For the non-
random case it is finite at all temperatures, equals to %
at T = 0, slightly increases with increase of the temper-
ature and then decreases approaching the temperature
dependence for the ideal paramagnetic at high temper-
atures. The weaker is the exchange interaction between
x spin components the larger is the value of —x,. at
T = 0, the smaller is the temperature at which —x..
exhibits maximum, the smaller are the temperatures at
which —y,. exhibits the behaviour inherent in the ideal
paramagnetic (see the solid curves in figs. 7-11). Figs.
7-9 show the rebuilding of the temperature dependence
of Xz» for disorder (18) from the case J, = 0.7, 0.3, 0.1
to J; = 1 with the increasing of ¢ from 0 to 1. We also
depicted the susceptibilities of the corresponding regular
alternating—bond chains. It can be seen that the model
with randomness exhibits an enhancement of Y at low
temperatures (compare the dotted and the dashed curves
in figs. 7-9), and therefore, one may say that the effective
exchange coupling is weakened by the randomness.

Somewhat different is the influence of the disorders
given by (19) and (20) on the temperature dependence
of X7z (figs. 10, 11). For the Gaussian distribution with
small strength of disorder one observes an enhancement

of =Xz at low temperatures (the curves 2-6 in fig. 10).
A further increasing of the disorder leads to the sup-
pression of low—temperature values of —;, (the curve
7 in fig. 10). In contrast to the Gaussian disorder the
Lorentzian disorder leads to decrease of —X,, almost
at all temperatures (the dotted curves in fig. 11). Such
a behaviour apparently is conditioned by long tails of
Lorentzian distribution (20) that suppose large intersite
couplings yielding a suppression of the initial transverse
static susceptibility.

IV. DISCUSSION

Let us summarize. We presented some exact calcu-
lations for the initial static susceptibilities of the uni-
form and random spin—% Ising chains. Considering sev-
eral types of randomness we found that the disorder may
lead either to quantitative or to qualitative changes in the
temperature dependence of the initial static susceptibili-
ties. In particular, depending on the type of disorder we
observed either a quantitative or a qualitative difference
between the initial longitudinal static susceptibilities of
the regular alternating—bond and random-bond chains
with two types of exchange bonds. We revealed the dif-
ference in the influence of the Gaussian and Lorentzian
disorders on the temperature dependence of the initial
transverse static susceptibility. We hope that the derived
conclusions will be useful for understanding the effects of
disorder on observable properties of the corresponding
quasi—one—dimensional compounds.
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CTATHUYHI COPUMHSATINBOCTI HEOJHOPITHUX I BUIIAJTKOBUX

JIAHITIOXKKIB I3UHIA

0. Hepxxko, O. 3abypanuui
Inemumym gizuru xondencosanur cucmem HAH YVrpainu,
Vrpaina, UA-290011, Jlveis, sya. Ceenyiuvkozo, 1
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Vrpaina, UA-290005, Jlvsis, sya. Apazomanosa, 12

st HEOMHOPLIHOTO CHiH-% JIAHIIOXKKa [3WHT'a 3 raMiJIbTOHITHOM

r T
Hy = E InSnSnt1
n

MU OTPHMAJIH TOYHI BUPA3U /I NOIATKOBHUX (IPH HYIHOBOMY MOJI) CIPUIHATIMBOCTEI:

AT () (i) - ().

n p>n

Xez = 4kT

Jn 11— Jn Jn—l + Jn

Inot o tanh J"Zii;‘j" tanh J"Zii;‘j"
4kT tanh pr I To1—Jn ’

tanh Jn=1—Tn tanh Zo=1tTn
_ _ E : T akT kT
Xyy = Xzz = TON [ +

Xap = 0, a # [. Li pesysnbpraru maOTh 3MOry BUBYATU JIAHIIOXKKH [3MHIa 3 BHIAIKOBUMH OOMIHHHMU
B3aemomiamu J,. Mu posrIany M KighbKa MIbHOCTEH posmomuty iimMosipuoctn p(J,) 1 OOCTIIMIN BIJINB BHE-

CEHOTO 6Ee3JIaIy HA TEeMIEepaTypPHY 3aJI€KHICTHh MOYATKOBIUX CTATUIHUX CIPUITHATINBOCTENH.
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