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We review the papers on the Jordan{Wigner transformation in two dimensions to 
omment on

a possibility of examining the statisti
al me
hani
s properties of two{dimensional spin{
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models.
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isotropi
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I. INTRODUCTORY REMARKS

A mapping of the spin{

1

2

operators onto Fermi opera-

tors by means of the Jordan{Wigner transformation was

used by Lieb, S
hultz and Mattis [1℄ to introdu
e the ex-

a
tly solvable one{dimensional spin{

1

2

XY model. Later

the famous Onsager's solution for the two{dimensional

Ising model was reprodu
ed by using the Jordan{Wigner

transformation for the transfer matrix of that model [2℄.

The Jordan{Wigner transformation is the essential 
on-

stituent of the studies of the statisti
al me
hani
s prop-

erties of quantum spin 
hains [3℄. Mu
h e�ort has been

devoted to generalize the fermionization pro
edure for

two [4{14℄ and three [15,16℄ dimensions. In the present

paper we review the Jordan{Wigner transformation in

two dimensions as well as some existing appli
ations of

this mapping for the spin system theory.

We shall 
onsider a spin model 
onsisting of N =

N

x

N

y

(N

x

! 1, N

y

! 1) spins

1

2

on a square lat-

ti
e of the size L

x

L

y

(L

x

! 1, L

y

! 1) governed by

the Heisenberg Hamiltonian

H =

X

hi;ji

Js
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� s
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+
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hs
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: (1)

Here hi; ji denote all di�erent nearest neighbouring sites

at the square latti
e, J is the ex
hange intera
tion be-

tween the neighbouring sites, h is the external �eld. The

isotropi
 Heisenberg intera
tion 
onsists of the isotropi


XY part and the Ising part
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where we have introdu
ed the spin raising and lowering

operators s

�

= s

x

� is

y

and s

z

= s

+

s

�

�

1

2

. It is impor-

tant to note that the operators s

+

, s

�

obey the Fermi


ommutation rules at the same site

�

s

�

i

; s

+

i

	

= 1;

�
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s
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i
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= 0 (3)

and the Bose 
ommutation rules at di�erent sites i 6= j

h

s

�

i

; s

+

j
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h

s

+

i

; s

+
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i
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s

�

i

; s

�
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= 0: (4)

The aim of the Jordan{Wigner tri
k is to transform the

spin variables into pure fermion variables.

We start the paper by giving a short reminder of

the Jordan{Wigner transformation in one dimension

(Se
tion II). Then we dis
uss the extensions for two

dimensions suggested by M. Azzouz [8℄ (Se
tion III),

Y. R. Wang [5℄ (Se
tion IV), and E. Fradkin [4℄ (Se
tion

V). The mean{�eld{like treatment of the Jordan{Wigner

fermions for the isotropi
XY model is dis
ussed in detail

in Se
tion VI. The 
onsideration of a model with Ising

term in fermioni
 language is given separately in Se
-

tion VII. Finally, we summarize some of the results ob-

tained using this approximate approa
h and 
omment on

49



O. DERZHKO

a 
omparison with the results derived using other meth-

ods (Se
tion VIII).

II. THE JORDAN{WIGNER

TRANSFORMATION IN ONE DIMENSION

With the help of the Jordan{Wigner transformation

we introdu
e instead of the operators s

+

, s

�

satisfying

(3), (4) the operators 


+

, 
 satisfying the Fermi 
om-

mutation rules (both at the same and di�erent sites)

in terms of whi
h the Hamiltonian of the isotropi
 XY


hain is a bilinear form and the Ising intera
tion yields

the produ
ts of four Fermi operators. Expli
itly the

Jordan{Wigner transformation reads
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+
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: (5)

The signs in the exponents and the order of the multipli-

ers (�rst and se
ond lines in (5)) are not important. To

get the operator 


n

(


+

n

) we must multiply s

�

n

(s

+

n

) by

the exponent 
ontaining a sum of n

j

at all the previous

sites 0 � j � n� 1 as 
an be seen from (5) and is shown

symboli
ally in Fig. 1.

0 1 2 3 n-1 n n+1

Fig. 1. Towards the Jordan{Wigner transformation in one dimension.

To demonstrate how transformation (5) works we need

the following equations for Fermi operators
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whi
h 
an be easily obtained sin
e
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From (6) one �nds that
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if n 6= l, but
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Besides,

e
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= 1: (9)

Let us show that the 
ommutation rules for the spin

raising and lowering operators s

+

, s

�

(5) are given by

(3), (4) if 


+

, 
 are Fermi operators. At the same site we

�nd

s

�

n
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= 0; (10)

and as a result Eq. (3) be
omes evident. At di�erent sites

n and n +m (without any loss of generality m > 0) we

have

s

�

n
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; (11)

et
. whi
h immediately yields Eq. (4).

Let us write down the transformed Hamiltonian. Be-

sides s

+

j

s

�

j

= 


+

j




j

(10) we have

s

+

j

s

�

j+1

= 


+

j

e

i�


+

j




j




j+1

= 


+

j




j+1

;
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s
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; (12)

and as a result the one{dimensional spin{

1

2

Heisenberg

Hamiltonian (1), (2) be
omes

H =

X
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It is 
lear now to what extent the Jordan{Wigner

transformation simpli�es further statisti
al me
hani
s


al
ulations. A nontrivial in spin language isotropi
 XY


hain transforms into tight{binding spinless fermions and

further rigorous treatment be
omes possible. For the

anisotropi
 XY 
hain the operators 


+

j




+

j+1

, 


j




j+1

enter

Eq. (13) besides, and therefore the Bogolyubov transfor-

mation is required in addition. The Ising term leads to an

intera
tion between the Jordan{Wigner fermions, how-

ever, the low{energy properties may be analysed using

the bosonization te
hniques [3℄. While interesting only

in the low{energy physi
s of s >

1

2

spin 
hains one may

represent the spin{s operators as a sum of 2s spin{

1

2

op-

erators and then, making use of the Jordan{Wigner rep-

resentation for the latter operators, pro
eed in fermioni


language.

III. THE JORDAN{WIGNER

TRANSFORMATION IN TWO DIMENSIONS

(M. AZZOUZ, 1993)

Consider the spin model (1) on a square latti
e

(Fig. 2). Two 
oordinates i and j are taken at the x

and y axes, respe
tively, to spe
ify a given site.

M. Azzouz de�ned [8℄ the extended Jordan{Wigner

transformation as
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x

y

i-1,j+1

i-1,j

i-1,j-1

i-1,j-2

i,j+1

i,j

i,j-1

i,j-2

Fig. 2. Towards the Jordan{Wigner transformation in two

dimensions [8℄.

(
ompare with Eqs. (5)). The signs in the exponents in

(14) (and the order of the multipliers in the �rst and

se
ond lines in (14)) are not important. Let us show

that the introdu
ed transformation (14) enables one to


onstru
t a fermion representation for two{dimensional

spin{

1

2

models.

We start with the 
ommutation rules. At the same site

one has
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and the Fermi type 
ommutation rules remain un-


hanged. To illustrate how transformation (14) works in

the 
ase of di�erent sites let us 
onsider, for example,

two sites q; p and q; p+m, m > 0. Then, similarly to Eq.

(11) one �nds

s

�

q;p

s

+

q;p+m

= 


q;p

e

i�

P

p+m�1

f=p

n

q;f




+

q;p+m

= 


q;p




+

q;p+m

e

i�

P

p+m�1

f=p

n

q;f

;

s

+

q;p+m

s

�

q;p

= 


+

q;p+m

e

i�

P

p+m�1

f=p

n

q;f




q;p

= �


+

q;p+m




q;p

e

i�

P

p+m�1

f=p

n

q;f

(16)

(we have used an analogue of Eqs. (7), (8) in two dimen-

sions) and hen
e the operators s

�

q;p

and s

+

q;p+m


ommute

if the operators 


q;p

and 


+

q;p+m

anti
ommute. Following

the same reasoning one 
an 
he
k the rest of 
ommuta-
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tion rules.

Consider further the transformed spin Hamiltonian.

Let us treat somewhat more general nearest neighbour

intera
tions than those in Eq. (1). Namely, we assume

di�erent values of intera
tion in di�erent dire
tions on

a square latti
e as shown in Fig. 3. (Evidently, we 
an

perform the fermionization presented below for a 
om-

pletely nonuniformmodel 
hara
terized by a set of inter-

site intera
tions f: : : ; J

i;j;i+1;j

; : : : ; : : : ; J

i;j;i;j+1

; : : :g.) If

J = J

0

= J

?

= J

0

?

one fa
es the uniform square lat-

ti
e. To examine the e�e
ts of inter
hain intera
tions

in quasi{one{dimensional systems one may 
onsider the


ase J

?

; J

0

?

� J; J

0

(with J not equal to J

0

if the

dimerised 
hain is 
onsidered). If J

0

?

� J; J

0

; J

?

one has

a model of intera
ting two{leg ladders. In the limiting


ase of J

0

?

= 0 (the nonintera
ting two{leg ladders) the

model may be redu
ed to a one{dimensional system with

intera
tions extending over the nearest sites.

We begin with the isotropi
 XY intera
tion (see

Fig. 4).

i,j+1

i-1,j i,j i+1,j

i,j-1

J⊥

J' J

J⊥'

Fig. 3. Nearest neighbour intera
tions on a square latti
e.

i,j i+1,j

i,j+1

i,j

Fig. 4. Towards the fermionization of H

XY

.
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Inserting (14) into (1), (2) one �nds
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(to get the last equality we have used an analogue of Eq. (6) in two dimensions). After introdu
ing the notations
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the Hamiltonian (17) be
omes as follows
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Eq. (19) 
an be viewed as the Hamiltonian of a two{dimensional tight{binding{like spinless fermions with the hopping

amplitudes

�
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e

�i

~

�

i;i+1

(j)

(20)

in the x dire
tion and

�

1

2

J

i;j;i;j+1

(21)

in the y dire
tion. Those hoppings depend in a 
ompli
ated way on a 
on�guration of the `intermediate' sites. Their


omplexity explains how the isotropi
 XY model be
omes diÆ
ult to examine in two dimensions in 
omparison with

an obvious analysis in one dimension.
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There are no diÆ
ulties in rewriting the Ising intera
tion in fermioni
 language
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and the intera
tion with an external �eld
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Formulas (19), (22), (23) realize the fermioni
 representation of the spin{

1

2

isotropi
 Heisenberg model on a square

latti
e (1), (2).

IV. THE JORDAN{WIGNER

TRANSFORMATION IN TWO DIMENSIONS

(Y. R. WANG, 1991)

Let us turn ba
k to the Jordan{Wigner transforma-

tion in one dimension (5) using this 
ase as a guideline

and de�ne a parti
le{annihilation operator as

d

i

= e

�i�

i

s

�

i

;

�

i

=

X

j(6=i)

B

ij

n

j

; (24)

where B

ij

is the 
{number matrix element, n

j

= d

+

j

d

j

. A

parti
le{
reation operator is given by

d

+

i

= s

+

i

e

i�

i

= e

i�

i

s

+

i

; (25)

whereas the inverse to Eqs. (24), (25) formulas read

s

�

i

= e

i�

i

d

i

= d

i

e

i�

i

; (26)

s

+

i

= e

�i�

i

d

+

i

= d

+

i

e

�i�

i

: (27)

We want the introdu
ed operators d

+

, d to obey the

Fermi type 
ommutation rules. They are indeed the

Fermi operators at the same site due to Eq. (3). Con-

sider further two di�erent sites i 6= j. Assuming that d

+

,

d are Fermi operators one �nds

h

s

+

i

; s

�

j

i

= e

�i�

i

d

+

i

e

i�

j

d

j

� e

i�

j

d

j

e

�i�

i

d

+

i

(28)

= e

�in

j

B

ij

d

+

i

e

in

i

B

ji

d

j

� e

in

i

B

ji

d

j

e

�in

j

B

ij

d

+

i

:

Sin
e

e

�in

j

B

ij

= 1 +

�

e

�iB

ij

� 1

�

n

j

;

e

in

i

B

ji

= 1 +

�

e

iB

ji

� 1

�

n

i

one 
an easily pro
eed in the 
al
ulation of the r.h.s. of

Eq. (28) �nally arriving at

h

s

+

i

; s

�

j

i

=

�

1 + e

�iB

ij

e

iB

ji

�

d

+

i

d

j

: (29)

The result equals 0 (as is the 
ase for the 
ommutator of

the operators s

+

and s

�

atta
hed to di�erent sites) if

e

iB

ij

= �e

iB

ji

: (30)

Thus we assume that B

ij

's in (24), (25), (26), (27) satisfy

relation (30) that yields the spin 
ommutation relations

for s

+

, s (3), (4) if d

+

, d are the Fermi operators.

Y. R. Wang suggested [5℄ the following 
hoi
e for B

ij

.

Consider two 
omplex numbers

�

i

= i

x

+ ii

y

(31)

and

�

j

= j

x

+ ij

y

; (32)

whi
h 
orrespond to the sites i = i

x

n

x

+ i

y

n

y

and

j = j

x

n

x

+ j

y

n

y

, respe
tively. Here n

x

and n

y

are the

unit ve
tors dire
ted along x and y axes, respe
tively.

Assume that

B

ij

= arg (�

j

� �

i

) : (33)
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Evidently

e

iB

ji

= e

iarg(�

i

��

j

)

= e

i(arg(�

j

��

i

)��)

= �e

iB

ij

; (34)

that is the required 
ondition (30). Sin
e �

i

� �

j

=

j�

i

� �

j

je

iarg(�

i

��

j

)

Eq. (33) 
an be rewritten in the form

B

ij

= Imln (�

j

� �

i

) ; (35)

and hen
e the introdu
ed transformations (24), (25),

(26), (27) 
ontain

�

i

=

X

j(6=i)

Im ln (�

j

� �

i

)n

j

: (36)

It is worth noting that the transformation of M. Az-

zouz (14) 
an also be written as Eqs. (26), (27) with

B

ij

= � (�(i

x

� j

x

) (1� Æ

i

x

;j

x

)

+ Æ

i

x

;j

x

�(i

y

� j

y

)

�

1� Æ

i

y

;j

y

��

(37)

where �(x) is the step fun
tion, and a ne
essary 
ondi-

tion for having spin to fermion mapping (30) ful�lled.

The advantage of the 
hoi
e of Y. R. Wang (36) be-


omes 
lear when one tries to introdu
e an approximate

treatment of the transformed Hamiltonian. After insert-

ing (26), (27) into (1), (2) one �nds

H =

X

hi;ji

�

1

2

J

i;j

�

d

+

i

e

i(�

j

��

i

)

d

j

+ d

i

e

i(�

i

��

j

)

d

+

j

�

+ J

i;j

�

d

+

i

d

i

�

1

2

��

d

+

j

d

j

�

1

2

��

+

X

i

h

�

d

+

i

d

i

�

1

2

�

: (38)

Note that

�

j

� �

i

=

Z

j

i

dr �A(r) (39)

where A(r) = r

r

�

r

and hen
e

A(r) =

�

�r

x

0

�

X

r

0

(6=r)

n

r

0

Imln

�

r

0

x

� r

x

+ i

�

r

0

y

� r

y

��

1

A

n

x

+

�

�r

y

0

�

X

r

0

(6=r)

n

r

0

Imln

�

r

0

x

� r

x

+ i

�

r

0

y

� r

y

��

1

A

n

y

=

X

r

0

(6=r)

n

r

0

�

r

0

y

� r

y

�

n

x

� (r

0

x

� r

x

)n

y

(r

0

� r)

2

= �

X

r

0

(6=r)

n

r

0

n

z

� (r

0

� r)

(r

0

� r)

2

: (40)

The 
ru
ial approximation to pro
eed is to make a


hange in (40)

n

r

! hn

r

i = hs

z

r

i+

1

2

!

1

2

: (41)

Here the angular bra
kets denote the thermodynami-


al 
anoni
al average with the Hamiltonian (1). Thus,

we have postulated the mean{�eld des
ription of the

phase fa
tors in (38). A similar treatment was adopted in

Refs. [17,18℄. Apparently, assuming further in (41) that

hs

z

r

i = 0 one should suppose that h = 0 (although in

Refs. [10,11℄ the uniform magneti
 �eld was in
luded

into the Hamiltonian). In prin
iple Eq. (41) simpli�es

the problem drasti
ally sin
e one fa
es a tight{binding

spinless fermions on a square latti
e. However, in pra
-

ti
e it is hard to pro
eed be
ause of nonuniformity of

that model.

The Hamiltonian (38), (39), (40), (41) des
ribes the

(
harged) spinless fermions moving in a plane in an ex-

ternal uniform (
lassi
al) magneti
 �eld whi
h is perpen-

di
ular to the plane. Due to (41) hn

r

0

i 
an be taken out

from the summation and in the 
ontinuum limit the ve
-

tor potential of the �eld A(r) 
an be written [7℄ in the

following form

A(r) = �hn

r

0

i

X

r

0

(6=r)

n

z

� (r

0

� r)

(r

0

� r)

2

= �hn

r

0

i

1

S

0

Z

L

x

2

�

L

x

2

dr

0

x

Z

L

y

2

�

L

y

2

dr

0

y

n

z

� (r

0

� r)

(r

0

� r)

2

= : : : = hn

r

0

i

�

S

0

n

z

� r; (42)

where S

0

is the area of the elementary plaquette in the

plane (see Fig. 5) and L

x

= L

y

= L ! 1. The 
orre-

sponding magneti
 �eld H(r) immediately follows from

Eq. (42)

H(r) = rotA(r) = hn

r

0

i

�

S

0

�

�

�

�

�

�

n

x

n

y

n

z

�

�x

�

�y

�

�z

�r

y

r

x

0

�

�

�

�

�

�

= hn

r

0

i

2�

S

0

n

z

; (43)

so that A(r) =

1

2

H(r)� r. The 
ux per elementary pla-

quette equals
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Fig. 5. Fermions in the magneti
 �eld, whi
h appears within the mean{�eld treatment of the phase fa
tors in the Hamiltonian

(38).

�

0

= H(r) � S

0

n

z

= 2�hn

r

0

i = �: (44)

The ve
tor potential A(r) (42) shown s
hemati
ally in

Fig. 5 is not 
onvenient to be 
on
erned with. Be
ause of

the gauge invarian
e one may perform a gauge transfor-

mation introdu
ing a new ve
tor potential

~

A(r) whi
h

yields the same 
ux per elementary plaquette �

0

= �.

Namely, assume that

~

A(r) is su
h that

�

i+1;j

� �

i;j

=

Z

i+1;j

i;j

dr �

~

A(r) = �; (45)

whereas

�

i+1;j+1

� �

i+1;j

= �

i;j+1

� �

i+1;j+1

= �

i;j

� �

i;j+1

= 0 (46)

(see Fig. 6). From Eqs. (45), (46) one �nds that

I

dr �

~

A(r) = �; (47)

and on the other hand

I

dr �

~

A(r) =

Z

dS � rot

~

A(r)

=

Z

dS �H(r) = �

0

; (48)

and hen
e the 
ux per elementary plaquette �

0

remains

equal to �.

Let us turn ba
k to the Hamiltonian (38). Only now

we are in the position to pro
eed with the statisti
al me-


hani
s analysis. Within the frames of the introdu
ed

mean{�eld treatment of the phase fa
tors (45), (46) the

Hamiltonian (38) 
an be rewritten as

H =

X

hi;ji

1

2

J

i;j

�

d

+

i

d

j

� d

i

d

+

j

�

+H

Z

+H

f

; (49)

where even for initially uniform latti
e J = J

0

= J

?

=

J

0

?

in the HamiltonianH

XY

one has

J

i;j;i+1;j

= �J; J

i;j;i;j+1

= J;

J

i+1;j;i+2;j

= J; J

i+1;j;i+1;j+1

= J (50)

et
. (see Fig. 6).

i,j+1 i+1,j+1

i,j i+1,j

Fig. 6. Towards Eqs. (45), (46) and Eqs. (49), (50).

As 
an be seen from Eqs. (49), (50) the isotropi
 XY

model 
an be examined now without making any other

additional approximations sin
e it 
orresponds to a

model of tight{binding spinless fermions on a bipartite
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square latti
e (see Se
tion VI). Conversely, the Heisen-

berg model requires further approximations to pro
eed

be
ause of the intera
tion between spinless fermions (see

Se
tion VII).

V. THE JORDAN{WIGNER

TRANSFORMATION IN TWO DIMENSIONS

(E. FRADKIN, 1989)

The Fermi{Bose 
orresponden
e in two dimen-

sions, i.e., the Jordan{Wigner transformation for two{

dimensional spin{

1

2

systems on a latti
e, was dis
ussed

even earlier [4℄, however, without appli
ations to the the-

ory of 
on
rete spin models. Consider a system of spinless

fermions, i.e., a matter �eld, a(r) on the sites of a square

latti
e (Fig. 7)

0

r+ny

r r+nx

nx

ny

Fig. 7. Towards the Hamiltonian (51).

and gauge �eld A

x

(r), A

y

(r) on the links of the latti
e

(Fig. 7). The Hamiltonian of the system is

H = t

X

r

�

a

+

(r)e

iA

x

(r)

a(r+ n

x

)

+ a

+

(r)e

iA

y

(r)

a(r+ n

y

) + h.
.

�

(51)

with the 
onstraint

a

+

(r)a(r) = � (A

y

(r+ n

x

)� A

y

(r)

� A

x

(r+ n

y

) +A

x

(r)) ; (52)

where � is the parameter whi
h will be de�ned later.

E. Fradkin showed [4℄ that the gauge �eld 
an be elim-

inated at the expense of a 
hange in the 
ommutation

relations of the matter �eld. Namely, introdu
ing [4℄ the

Jordan{Wigner operators ~a(r), ~a

+

(r) whi
h obey

~a(r

0

)~a

+

(r) = Æ

r

0

;r

� e

i

2�

~a

+

(r)~a(r

0

) (53)

with

1

2�

= � the Hamiltonian (51) is

H = t

X

r

�

~a

+

(r)~a(r+ n

x

)

+ ~a

+

(r)~a(r+ n

y

) + h.
.

�

: (54)

Eq. (54) is easily re
ognized as the Hamiltonian of the

spin{

1

2

isotropi
 XY model on a square latti
e with ex-


hange intera
tion between the nearest sites J = 2t and

the 
orresponden
es

s

+

r

= ~a

+

(r); s

�

r

= ~a(r); s

z

r

= ~a

+

(r)~a(r)�

1

2

:

Further dis
ussions on the extension of the Jordan{

Wigner transformation to three{ or more{dimensional


ases 
an be found in Ref. [15℄.

VI. 2D S =

1

2

ISOTROPIC XY MODEL

Let us show how the two{dimensional Jordan{Wigner

transformation with the mean{�eld treatment of the

phase fa
tors 
an be used in the theory of spin mod-

els. As a result we 
ome to an approximate approa
h for

a study of 2D quantum spin models.

We begin with the 2D isotropi
 XY model (H

Z

=

H

f

= 0) 
onsidering for 
on
reteness the 
ase of J = J

0

,

J

?

= J

0

?

. In a

ordan
e with (49), (50) we start from

H

XY

=

1

2

1

X

i=0

1

X

j=0

�

J (�1)

i+j

�

d

+

i;j

d

i+1;j

� d

i;j

d

+

i+1;j

�

+ J

?

�

d

+

i;j

d

i;j+1

� d

i;j

d

+

i;j+1

�

�

=

1

2

J

�

: : :� a

+

i;j

b

i+1;j

+ a

i;j

b

+

i+1;j

+ b

+

i+1;j

a

i+2;j

� b

i+1;j

a

+

i+2;j

+ : : :

�

+

1

2

J

?

�

: : :+ a

+

i;j

b

i;j+1

� a

i;j

b

+

i;j+1

+ b

+

i+1;j

a

i+1;j+1

� b

i+1;j

a

+

i+1;j+1

+ : : :

�

; (55)

where, to emphasize a bipartite 
hara
ter of the square latti
e that appeared, we have introdu
ed notations a

i;j

= d

i;j

,
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b

i+1;j

= d

i+1;j

et
..

Notwithstanding the fa
t that we have an approximate theory, it 
ontains the exa
t result in the 1D limit if one

puts in Eq. (55) either J

?

= 0 or J = 0 
oming to a system of nonintera
ting 
hains extended in either horizontal

or verti
al dire
tion, respe
tively. In the latter 
ase Eq. (55) 
orresponds to a system of nonintera
ting 
hains ea
h

with the XY part of the Hamiltonian (13)

H

XY

(i) =

1

X

j=0

1

2

J

?

�

d

+

i;j

d

i;j+1

� d

i;j

d

+

i;j+1

�

: (56)

In the former 
ase one gets a system of nonintera
ting 
hains ea
h with the Hamiltonian

H

XY

(j) = (�1)

j

1

X

i=0

1

2

J (�1)

i

�

d

+

i;j

d

i+1;j

� d

i;j

d

+

i+1;j

�

(57)

and to re
over the 1D limit expli
itly the transformation

d

+

i;j

= e

i� 

i

f

+

i

; d

i+1;j

= e

�i� 

i+1

f

i+1

; : : : ;  

0

= 0;  

i+1

=  

i

+ i (58)

(e.g., d

+

0;j

= f

+

0

, d

+

1;j

= �f

+

1

, d

+

2;j

= �f

+

2

, d

+

3;j

= f

+

3

et
.) should be performed.

After the Fourier transformation

d

i;j

=

1

p

N

x

N

y

X

k

x

;k

y

e

i(k

x

i+k

y

j)

d

k

x

;k

y

(59)

et
. or in short

d

i

=

1

p

N

X

k

e

ik�i

d

k

; d

+

i

=

1

p

N

X

k

e

�ik�i

d

+

k

; d

k

=

1

p

N

X

i

e

�ik�i

d

i

; d

+

k

=

1

p

N

X

i

e

ik�i

d

+

i

;

k

x

=

2�

N

x

n

x

; n

x

= �

N

x

2

;�

N

x

2

+ 1; : : : ;

N

x

2

� 1; k

y

=

2�

N

y

n

y

; n

y

= �

N

y

2

;�

N

y

2

+ 1; : : : ;

N

y

2

� 1;

�

d

k

1

; d

+

k

2

	

= Æ

k

1

;k

2

; fd

k

1

; d

k

2

g =

�

d

+

k

1

; d

+

k

2

	

= 0 (60)

(N

x

, N

y

are even), the Hamiltonian (55) be
omes

H

XY

=

1

2

X

k

�

iJ sin k

x

�

b

+

k

a

k

� a

+

k

b

k

�

+ J

?


os k

y

�

b

+

k

b

k

� a

+

k

a

k

��

=

1

2

X

k

jE

k

j

�


os 


k

�

b

+

k

b

k

� a

+

k

a

k

�

+ i sin 


k

�

b

+

k

a

k

� a

+

k

b

k

��

(61)

where we have used the notations

b

+

k

= d

+

k

x

;k

y

; a

k

= d

k

x

��;k

y

��

; : : : ; E

k

= J

?


os k

y

+ iJ sin k

x

= jE

k

je

i


k

;

jE

k

j =

q

J

2

?


os

2

k

y

+ J

2

sin

2

k

x

; 
os 


k

=

J

?


os k

y

jE

k

j

sin 


k

=

J sin k

x

jE

k

j

: (62)

The Hamiltonian (61) 
an be rewritten as

H

XY

=

X

k

0

jE

k

j

�


os 


k

�

b

+

k

b

k

� a

+

k

a

k

�

+ i sin 


k

�

b

+

k

a

k

� a

+

k

b

k

��

(63)
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kx

ky

-π π

-π

π
a

kx

ky

-π π

-π

π
b

Fig. 8. The region in whi
h k varies in the sum in Eq. (61) (see Eq. (60)) (a) and in Eq. (63) (b).

where the prime denotes that k varies in the region shown in Fig. 8b.

At last one introdu
es the operators

�

k

= 
os




k

2

b

k

+ i sin




k

2

a

k

; �

k

= sin




k

2

b

k

� i 
os




k

2

a

k

;

�

�

k

1

; �

+

k

2

	

= Æ

k

1

;k

2

;

�

�

k

1

; �

+

k

2

	

= Æ

k

1

;k

2

;

�

�

k

1

; �

+

k

2

	

=

�

�

k

1

; �

+

k

2

	

= 0; (64)

et
. to get from Eq. (63) the �nal form of the 2D spin{

1

2

isotropi
 XY model Hamiltonian in fermioni
 language

within approximation (41)

H

XY

=

X

k

0

�

k

�

�

+

k

�

k

� �

+

k

�

k

�

;

�

k

= jE

k

j =

q

J

2

sin

2

k

x

+ J

2

?


os

2

k

y

� 0: (65)

It is easy now to 
al
ulate the thermodynami
 fun
tions of the spin model whi
h 
orrespond to Eq. (65). For

example, the ground state energy per site is

E

0

N

= �

Z

�

��

dk

x

2�

Z

��jk

x

j

��+jk

x

j

dk

y

2�

q

J

2

sin

2

k

x

+ J

2

?


os

2

k

y

= �

1

2

Z

�

��

dk

x

2�

Z

�

��

dk

y

2�

q

J

2

sin

2

k

x

+ J

2

?


os

2

k

y

: (66)

In 1D limit (J

?

= 0 or J = 0) Eq. (66) be
omes

E

0

N

= �

1

2

Z

�

��

dk

x

2�

jJ sin k

x

j = �

1

2

Z

�

��

dk

y

2�

jJ

?


os k

y

j = �

jJ j

�

(67)

that is a well{known exa
t result.

It is remarkable to note that the Hamiltonian (65) (and hen
e the ground state energy per site (66)) arises also

for the 2D spin{

1

2

Heisenberg model and is known as the uniform 
ux (hn

r

i =

1

2

) solution [5℄.
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VII. 2D S =

1

2

HEISENBERG MODEL

In the remainder of the paper we 
onsider the 2D spin{

1

2

isotropi
 Heisenberg model (1), (2) treating the phase

fa
tors whi
h appear after making use of the 2D Jordan{

Wigner transformation within the frames of the mean{

�eld approximation (41). The Heisenberg model besides

the H

XY

term (55) in
ludes the H

Z

term whi
h 
ontains

d

+

i

d

i

d

+

j

d

j

�

1

2

d

+

i

d

i

�

1

2

d

+

j

d

j

+

1

4

: (68)

Thus, the Jordan{Wigner spinless fermions intera
t and

further approximations are required. The �rst term in

(68) 
an be 
hanged by

d

+

i

d

i

d

+

j

d

j

! d

+

i

d

i

hd

+

j

d

j

i+ hd

+

i

d

i

id

+

j

d

j

� hd

+

i

d

i

ihd

+

j

d

j

i + d

+

i

d

j

hd

i

d

+

j

i

+ hd

+

i

d

j

id

i

d

+

j

� hd

+

i

d

j

ihd

i

d

+

j

i

= d

+

i

d

i

hn

j

i+ d

+

j

d

j

hn

i

i

� hn

i

ihn

j

i+ d

+

i

d

j

�

i;j

e

i�

i;j

� d

i

d

+

j

�

j;i

e

i�

j;i

+�

i;j

�

j;i

e

i(�

i;j

+�

j;i

)

; (69)

where we have introdu
ed the notation

hd

i

d

+

j

i = �

i;j

e

i�

i;j

= �hd

+

j

d

i

i: (70)

In a

ordan
e with (69) there may be four ways of treat-

ing the Ising intera
tion, i.e. assuming either

�

i;j

= 0; m = hs

z

j

i = hn

j

i �

1

2

= 0 (71)

or

�

i;j

6= 0; m = 0 (72)

or

�

i;j

= 0; m 6= 0 (73)

or

�

i;j

6= 0; m 6= 0: (74)

The �rst possibility (71) yielding the uniform 
ux so-

lution was 
onsidered in the previous Se
tion (Eqs. (65),

(66)).

Let us 
onsider the se
ond possibility (72). In su
h a


ase the Ising term be
omes

H

Z

=

X

hi;ji

J

i;j

�

�

i;j

e

i�

i;j

d

+

i

d

j

� �

j;i

e

i�

j;i

d

i

d

+

j

+�

i;j

�

j;i

e

i(�

i;j

+�

j;i

)

�

; (75)

where to get the in{phase 
ux solution one puts

�

i;j;i+1;j

= �

i+1;j;i;j

= �

i+1;j;i+2;j

= �

i+2;j;i+1;j

= Q;

e

i�

i;j;i+1;j

= e

i�

i+1;j;i;j

= �1;

e

i�

i+1;j;i+2;j

= e

i�

i+2;j;i+1;j

= 1;

�

i;j;i;j+1

= �

i;j+1;i;j

= �

i+1;j;i+1;j+1

= �

i+1;j+1;i+1;j

= P;

e

i�

i;j;i;j+1

= e

i�

i;j+1;i;j

= e

i�

i+1;j;i+1;j+1

= e

i�

i+1;j+1;i+1;j

= 1 (76)

(see Fig. 9) and the parameters Q and P are 
al
ulated

self{
onsistently (see Eqs. (80), (81) below). Now the

Heisenberg model Hamiltonian only slightly di�ers from

that of the XY model (55) be
oming

i,j+1 i+1,j+1

i,j i+1,j

Q

P P

-Q

Fig. 9. Towards the in{phase 
ux solution for the Heisen-

berg model; the values of �

i;j

e

i�

i;j

are atta
hed to the bonds.

H =

1

2

J (1 + 2Q)

�

: : :� a

+

i;j

b

i+1;j

+ a

i;j

b

+

i+1;j

+ b

+

i+1;j

a

i+2;j

� b

i+1;j

a

+

i+2;j

+ : : :

�
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+

1

2

J

?

(1 + 2P )

�

: : :+ a

+

i;j

b

i;j+1

� a

i;j

b

+

i;j+1

+ b

+

i+1;j

a

i+1;j+1

� b

i+1;j

a

+

i+1;j+1

+ : : :

�

+ NJQ

2

+ NJ

?

P

2

: (77)

A
ting along the line des
ribed in Se
tion VI one �nds that

H =

X

k

0

�

k

�

�

+

k

�

k

� �

+

k

�

k

�

+ NJQ

2

+ NJ

?

P

2

;

�

k

=

q

J

2

(1 + 2Q)

2

sin

2

k

x

+ J

2

?

(1 + 2P )

2


os

2

k

y

� 0: (78)

The ground state energy per site is given by

E

0

N

= �

1

2

Z

�

��

dk

x

2�

Z

�

��

dk

y

2�

q

J

2

(1 + 2Q)

2

sin

2

k

x

+ J

2

?

(1 + 2P )

2


os

2

k

y

+ JQ

2

+ J

?

P

2

; (79)

where parameters Q and P are determined from the 
onditions

�

�Q

E

0

N

= 0 and

�

�P

E

0

N

= 0, i.e.,

Q =

1

2

Z

�

��

dk

x

2�

Z

�

��

dk

y

2�

J sin

2

k

x

(1 + 2Q)

q

J

2

(1 + 2Q)

2

sin

2

k

x

+ J

2

?

(1 + 2P )

2


os

2

k

y

(80)

and

P =

1

2

Z

�

��

dk

x

2�

Z

�

��

dk

y

2�

J

?


os

2

k

y

(1 + 2P )

q

J

2

(1 + 2Q)

2

sin

2

k

x

+ J

2

?

(1 + 2P )

2


os

2

k

y

: (81)

Treating the Ising term (69) within assumptions (73) or (74) one assumes the N�eel order with the sublatti
e

magnetizations m and �m

hn

i;j

i = hn

i+1;j+1

i = : : : = m +

1

2

; hn

i;j+1

i = hn

i+1;j

i = : : : = �m +

1

2

(82)

(see Fig. 10). (The given assumption, by the way, apparently 
ontradi
ts the mean{�eld approximation (41) for the

phase fa
tors; this in
onsisten
y, however, to our best knowledge has not yet been dis
ussed.) Therefore, 
ase (73),

i.e., the uniform 
ux with the N�eel order, is 
alled the N�eel 
ux solution and 
ase (74), i.e., the in{
ux with the N�eel

order, is 
alled the in{phase N�eel 
ux solution. In the latter 
ase the Hamiltonian reads

i,j+1 i+1,j+1

i,j i+1,j

-m m

m -m

Fig. 10. The N�eel order for the Heisenberg model; the values of magnetization hs

z

i

i are atta
hed to the sites.
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H =

1

2

J (1 + 2Q)

�

: : :� a

+

i;j

b

i+1;j

+ a

i;j

b

+

i+1;j

+ b

+

i+1;j

a

i+2;j

� b

i+1;j

a

+

i+2;j

+ : : :

�

+

1

2

J

?

(1 + 2P )

�

: : :+ a

+

i;j

b

i;j+1

� a

i;j

b

+

i;j+1

+ b

+

i+1;j

a

i+1;j+1

� b

i+1;j

a

+

i+1;j+1

+ : : :

�

+ J

�

: : :�ma

+

i;j

a

i;j

+mb

+

i+1;j

b

i+1;j

+mb

+

i+1;j

b

i+1;j

�ma

+

i+2;j

a

i+2;j

+ : : :

�

+ J

?

�

: : :�ma

+

i;j

a

i;j

+mb

+

i;j+1

b

i;j+1

+mb

+

i+1;j

b

i+1;j

�ma

+

i+1;j+1

a

i+1;j+1

+ : : :

�

+ NJQ

2

+NJ

?

P

2

+ N (J + J

?

)m

2

: (83)

Performing the Fourier transformation (60) one gets

H =

1

2

X

k

�

(2 (J + J

?

)m + iJ (1 + 2Q) sin k

x

) b

+

k

a

k

+(2 (J + J

?

)m� iJ (1 + 2Q) sin k

x

) a

+

k

b

k

+ J

?

(1 + 2P ) 
os k

y

�

b

+

k

b

k

� a

+

k

a

k

��

+ NJQ

2

+ NJ

?

P

2

+ N (J + J

?

)m

2

=

X

k

0

�

(2 (J + J

?

)m + iJ (1 + 2Q) sin k

x

) b

+

k

a

k

+ (2 (J + J

?

)m� iJ (1 + 2Q) sin k

x

) a

+

k

b

k

+J

?

(1 + 2P ) 
os k

y

�

b

+

k

b

k

� a

+

k

a

k

��

+ NJQ

2

+NJ

?

P

2

+ N (J + J

?

)m

2

; (84)

where b

+

k

= d

+

k

x

;k

y

, a

k

= d

k

x

��;k

y

��

, et
.. Introdu
ing the operators

~a

k

= a

k

e

iÆ

k

; ~a

+

k

= a

+

k

e

�iÆ

k

;

~

b

k

= b

k

;

~

b

+

k

= b

+

k

;

2 (J + J

?

)m � iJ (1 + 2Q) sin k

x

=

q

4 (J + J

?

)

2

m

2

+ J

2

(1 + 2Q)

2

sin

2

k

x

e

�iÆ

k

(85)

and then the operators

�

k

= 
os

!

k

2

~

b

k

+ sin

!

k

2

~a

k

; �

k

= sin

!

k

2

~

b

k

� 
os

!

k

2

~a

k

;


os!

k

=

J

?

(1 + 2P ) 
os k

y

jE

k

j

; sin!

k

=

q

4 (J + J

?

)

2

m

2

+ J

2

(1 + 2Q)

2

sin

2

k

x

jE

k

j

;

jE

k

j =

q

4 (J + J

?

)

2

m

2

+ J

2

(1 + 2Q)

2

sin

2

k

x

+ J

2

?

(1 + 2P )

2


os

2

k

y

(86)

one gets the �nal form of the Heisenberg Hamiltonian in fermioni
 language

H =

X

k

0

�

k

�

�

+

k

�

k

� �

+

k

�

k

�

+ NJQ

2

+ NJ

?

P

2

+N (J + J

?

)m

2

(87)

with �

k

= jE

k

j � 0 de�ned by Eq. (86).

The ground state energy per site whi
h follows from (87) reads

E

0

N

= �

1

2

Z

�

��

dk

x

2�

Z

�

��

dk

y

2�

q

4 (J + J

?

)

2

m

2

+ J

2

(1 + 2Q)

2

sin

2

k

x

+ J

2

?

(1 + 2P )

2


os

2

k

y

+ JQ

2

+ J

?

P

2

+ (J + J

?

)m

2

; (88)
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where the values of the introdu
ed parameters are determined by minimizing

E

0

N

(88) with respe
t to Q, P and m

Q =

1

2

Z

dk

(2�)

2

J sin

2

k

x

(1 + 2Q)

q

4 (J + J

?

)

2

m

2

+ J

2

(1 + 2Q)

2

sin

2

k

x

+ J

2

?

(1 + 2P )

2


os

2

k

y

; (89)

P =

1

2

Z

dk

(2�)

2

J

?


os

2

k

y

(1 + 2P )

q

4 (J + J

?

)

2

m

2

+ J

2

(1 + 2Q)

2

sin

2

k

x

+ J

2

?

(1 + 2P )

2


os

2

k

y

; (90)

2m =

Z

dk

(2�)

2

2 (J + J

?

)m

q

4 (J + J

?

)

2

m

2

+ J

2

(1 + 2Q)

2

sin

2

k

x

+ J

2

?

(1 + 2P )

2


os

2

k

y

: (91)

The N�eel 
ux solution (see Eq. (73)) is given by Eqs.

(83), (87), (86), (88), (91) in whi
h P and Q are equal

to zero.

VIII. THE 2D S =

1

2

HEISENBERG MODEL:

A COMPARISON OF SOME RESULTS

In the �nal Se
tion we want to list out some problems

of the two{dimensional spin models theory whi
h were

atta
ked with the exploiting of the 2D Jordan{Wigner

transformation.

The 2D antiferromagneti
 Heisenberg model with J =

J

0

= J

?

= J

0

?

(without external �eld) was 
onsidered

in Refs. [5,7,6℄. The main results obtained 
on
ern the

ground state energy [5,7℄, the spe
i�
 heat [7℄ and the

Raman spe
trum [6,7℄. A 
omparison with some experi-

mental data for La

2

CuO

4

was given.

In Ref. [8℄ the e�e
ts of the inter
hain intera
tion on

the one{dimensional spin{

1

2

antiferromagneti
 Heisen-

berg model were examined. For this purpose the Heisen-

berg model with J = J

0

, J

?

= J

0

?

was 
onsidered and

the in{phase N�eel 
ux solution was analysed at zero tem-

perature. The author found that the one{dimensional

limit is singular, i.e. the staggered magnetization m 6= 0

(2m = 0:513) when J

?

! +0 (although we know

from exa
t results that for the antiferromagneti
 
hain

m = 0). In the other limiting 
ase J = J

?

the theory

based on the fermionization pro
edure yields 2m = 0:778

(the spin wave result is 2m = 0:6; more a

urate 
al
u-

lations predi
t m = 0:3074 (see Ref. [19℄)). The result

of Ref. [8℄ stays somewhat separately in the estimate of

the value of

J

?

J

at whi
h the staggered magnetization

appears. Di�erent theories predi
t

J

?

J

from 0 to 0:2 (for

details see Ref. [19℄). Ref. [8℄ predi
ts

J

?

J

= 0, moreover

2m jumps from zero to 0:513 for any in�nitesimally small

J

?

J

.

The antiferromagneti
 Heisenberg model on a ladder

within the frames of the in{phase N�eel phase solution

(the ground state energy, the singlet{triplet energy gap)

was dis
ussed in Ref. [9℄. The e�e
ts of the interladder

intera
tion and magneti
 �eld on the sus
eptibility at

nonzero temperatures were studied in Ref. [11℄.

A 
onsideration of the spin{Peierls state under mag-

neti
 �eld was reported in Ref. [10℄. A study of

the stepped spin{Peierls transition for the quasi{one{

dimensional XY and Heisenberg models using the 2D

Jordan{Wigner transformation was reported in Refs.

[12,13℄. The 2D Jordan{Wigner transformation was

applied for a study of the zero temperature spin{

Peierls transition for the quasi{one{dimensionalXY and

Heisenberg systems in Ref. [14℄. In parti
ular, the phase

diagram between the dimerised and uniform states in

the parameter spa
e of inter
hain intera
tion and spin{

latti
e 
oupling was 
onstru
ted.

Many more problems may be 
onsidered within the

frames of the 2D Jordan{Wigner fermionization ap-

proa
h. Probably, the 2D Jordan{Wigner transformation

should be of more use for the 2D spin{

1

2

XY models sin
e

for su
h models no further approximations (ex
ept the

mean{�eld{like treatment of the phase fa
tors) are re-

quired. Besides, a more sophisti
ated treatment of the

phase fa
tors is desirable.
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FERM�ON�ZAC�� �ORDANA{V��NERA DL� DVOVIM�RNIH SP�N{

1

2

SISTEM:

KOROTKI� OGL�D

O. Der�ko

�nstitut f�ziki kondensovanih sistem NAN UkraÝni
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�
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vul. Dragomanova, 12, L~v�v{5, 79005, UkraÝna

Rozgl�nuto sistemu, wo sklada
t~s� z� sp�n�v

1

2

, dekartov� komponenti �kih mo�ut~ zobra�ati matri
�

Paul�, rozm�wenih u vuzlah �ratki i. Sp�nov� operatori na r�znih vuzlah i 6= j komutu�t~. Peretvorenn�

�ordana{V��nera dozvol�
 zobraziti sp�nov� operatori bezsp�novimi ferm�{operatorami, a same:
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 odiniqnimi vektorami vzdov� gorizontal~nogo �

vertikal~nogo napr�mk�v, mo�na vz�ti
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(Azuz, 1993).

Zastosuvann� peretvorenn� �ordana{V��nera do �zotropnoÝ XY model� na kvadratn�� �rat
� privodit~

do model� sil~no zv'�zanih bezsp�novih ferm�on�v z �nte�ralami perenosu, wo m�st�t~ operatori d

+

d. �kwo

� 
 � vza
mod�� �zin�a, to bezsp�nov� ferm�oni vza
mod��t~. Vir�xal~ne nabli�enn� pol�ga
 v nastupn��

zam�n� u fazovih mno�nikah �nte�ral�v perenosu d

+

d! hd

+

di = hs

z

i+

1

2

!

1

2

. Vikoristovu�qi dal� pod�b-

n�st~ do zadaq� pro ruh elektron�v v odnor�dnomu magnetnomu pol�, perpendikul�rnomu do plowini, u �k��

ruha�t~s� elektroni, fazov� mno�niki mo�na vibrati tak, wo matimemo model~ sil~no zv'�zanih bezsp�-

novih ferm�on�v na �rat
� z regul�rno znakozm�nnimi �nte�ralami perenosu (dl� �zotropnoÝ XY model�),

�k� vza
mod��t~ (dl� model� Ga�zenber�a). Takim qinom, rozrahunok termodinam�qnih funk
�� dvovim�rnoÝ

XY model� ne potrebu
 podal~xih nabli�en~, a dl� model� Ga�zenber�a qerez vza
mod�� bezsp�novih fer-

m�on�v potr�bn� dal~x� nabli�enn�. V�domo qotiri sposobi traktuvann� dodank�v, wo opisu�t~ vza
mod��

bezsp�novih ferm�on�v, dl� dvovim�rnoÝ antiferomagnetnoÝ model� Ga�zenber�a (Van�, 1991). Anal�tiqni�

nabli�eni� p�dh�d, wo �runtu
t~s� na ferm�on�za
�Ý �ordana{V��nera u dvovim�rnomu vipadku, bulo za-

stosovano v dosl�d�enn� vlastivoste� sp�n{

1

2

antiferomagnetnoÝ model� Ga�zenber�a na kvadratn�� �rat
�,

na drabinkovih strukturah, u vipadku sp�n{Pa�
rlsovoÝ dimeriza
�Ý (1991 { 1999).
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