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We review the papers on the Jordan—Wigner transformation in two dimensions to comment on

a possibility of examining the statistical mechanics properties of two—dimensional spinfé models.

We discuss in some detail the two—dimensional spinfé isotropic XY and Heisenberg models.
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I. INTRODUCTORY REMARKS

A mapping of the spinf% operators onto Fermi opera-
tors by means of the Jordan—-Wigner transformation was
used by Lieb, Schultz and Mattis [1] to introduce the ex-
actly solvable one—dimensional spinf% XY model. Later
the famous Onsager’s solution for the two—dimensional
Ising model was reproduced by using the Jordan—Wigner
transformation for the transfer matrix of that model [2].
The Jordan—Wigner transformation is the essential con-
stituent of the studies of the statistical mechanics prop-
erties of quantum spin chains [3]. Much effort has been
devoted to generalize the fermionization procedure for
two [4-14] and three [15,16] dimensions. In the present
paper we review the Jordan—Wigner transformation in
two dimensions as well as some existing applications of
this mapping for the spin system theory.

We shall consider a spin model consisting of N =
NzNy (Ng — o0, Ny — 00) spins % on a square lat-
tice of the size Ly Ly (Ly — o0, Ly — o0) governed by
the Heisenberg Hamiltonian

H :ZJSi'Sj-i'ZhSiZ
{i.3) i
=D T (sigesivrgtsigosij)
i=0 j=0

+ 30> hsi;. (1)

i=0 j=0

Here (i,j) denote all different nearest neighbouring sites
at the square lattice, J is the exchange interaction be-
tween the neighbouring sites, A is the external field. The
isotropic Heisenberg interaction consists of the isotropic

XY part and the Ising part

Si-8j = (sixij + S?S.Zi/) + si 8§

1
5 (5
1 1
+ (s;fsi‘ — 5) <5;r5.— — 5) , (2)

where we have introduced the spin raising and lowering
operators s* = s” +is¥ and 57 = sts~ — % It is impor-
tant to note that the operators st, s~ obey the Fermi
commutation rules at the same site

sios =1 {shsfy={s0s7 =0 ()

and the Bose commutation rules at different sites i # j
{si_,sj"} = {5{",5}'} = {si_,sj_} =0. (4)

The aim of the Jordan—Wigner trick is to transform the
spin variables into pure fermion variables.

We start the paper by giving a short reminder of
the Jordan—Wigner transformation in one dimension
(Section II). Then we discuss the extensions for two
dimensions suggested by M. Azzouz [8] (Section IIT),
Y. R. Wang [5] (Section IV), and E. Fradkin [4] (Section
V). The mean—field—like treatment of the Jordan—-Wigner
fermions for the isotropic XY model is discussed in detail
in Section VI. The consideration of a model with Ising
term in fermionic language is given separately in Sec-
tion VII. Finally, we summarize some of the results ob-
tained using this approximate approach and comment on
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a comparison with the results derived using other meth-

ods (Section VIII).

II. THE JORDAN-WIGNER
TRANSFORMATION IN ONE DIMENSION

With the help of the Jordan—Wigner transformation
we introduce instead of the operators s, s~ satisfying
(3), (4) the operators ¢T, ¢ satisfying the Fermi com-
mutation rules (both at the same and different sites)
in terms of which the Hamiltonian of the 1sotropic XY
chain is a bilinear form and the Ising interaction yields
the products of four Fermi operators. Explicitly the
Jordan—Wigner transformation reads

[ ]
[ ]
[ ]

p

+ _ _

ef =el%rst o, —e s,

+ _ oy .+ - la

st —e et 5T —elYme,,
n—1

_ . . — ot

ap = E nj, n;=cfej. (5)

7=0

The signs in the exponents and the order of the multipli-
ers (first and second lines in (5)) are not important. To
get the operator ¢, (c}) we must multiply s, (s;) by
the exponent containing a sum of n; at all the previous
sites 0 < j < n—1 as can be seen from (5) and is shown
symbolically in Fig. 1.

n-1 n n+1

Fig. 1. Towards the Jordan—Wigner transformation in one dimension.

To demonstrate how transformation (5) works we need
the following equations for Fermi operators

S S
+ Ireie; A+ lmelcy + +
. 3 fu— . 3 P .
C] € C] , € C] C] s
. iﬂ'c"’cj' _ . iﬂ'c"’c]' .
c]e 3 = —C], [ 7 C] = C], (6)

which can be easily obtained since

imete; _ R ST
e JJ_1—|—17rcjc]—|—5(1ﬂ') e+

=1- c}"cj + e”c}"cj =1- QCjCj.

From (6) one finds that

S S
elﬂ'cncncl — Clelﬂ'cncn’
1met 1met
elﬂ'cncnc+ — C+elﬂ'cncn (7)
l l ’
if n £ 1, but
-4 -4
elﬂ'cl cy e = _Clelﬂ'cl cl’
S S
elﬂ'cl cy Cl+ — _Cl-l—elﬂ'cl cl. (8)
Besides,
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eZiﬂ'cl'"cl - 1. (9)

Let us show that the commutation rules for the spin
raising and lowering operators sT, s~ (5) are given by
(3), (4) if ¢T, ¢ are Fermi operators. At the same site we
find

lay, —lay,

cpe e +

3t

+
s Cy = cpc

S

34
34
[l

=cpe, =0, (10)

+ot — -
cyer =0, s;s

and as a result Eq. (3) becomes evident. At different sites
n and n 4+ m (without any loss of generality m > 0) we
have

75t = ene T e
=c, C;ll—_l_meiﬂ' l":“'nm_l cl+cl ’
5n+m 5; = C;IL—+mei7T ;L:-an_l cl+cl Cn
= _C;Il—-l-mcneiﬂ— f;nm_lc;*'cl’ (11)

etc. which immediately yields Eq. (4).

Let us write down the transformed Hamiltonian. Be-

des stem — oo

sides sis; =cley (10) we have
+—_+i7rcj'cj" _ Lt
sisiy=cje Cit1 = ¢} ¢,
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- + .. i?TC+C' + _ Lt
5; 841 = Cj€ 7 G = —¢ciy, (12)

and as a result the one-dimensional spinf% Heisenberg
Hamiltonian (1), (2) becomes

H= Z( C Cj+1 — Cjc}l—+1)

1 1
RACERHICEEEES))

+ Z]:h <cjc] - %) : (13)

It is clear now to what extent the Jordan—Wigner
transformation simplifies further statistical mechanics
calculations. A nontrivial in spin language isotropic XY
chain transforms into tight—binding spinless fermions and
further rigorous treatment becomes possible. For the
anisotropic XY chain the operators cjch, cjcj41 enter
Eq. (13) besides, and therefore the Bogolyubov transfor-
mation is required in addition. The Ising term leads to an
interaction between the Jordan—Wigner fermions, how-
ever, the low—energy properties may be analysed using
the bosonization techniques [3]. While interesting only
in the low—energy physics of s > % spin chains one may
represent the spin—s operators as a sum of 2s spinf% op-
erators and then, making use of the Jordan—Wigner rep-
resentation for the latter operators, proceed in fermionic
language.

III. THE JORDAN-WIGNER
TRANSFORMATION IN TWO DIMENSIONS
(M. AZZOUZ, 1993)

Consider the spin model (1) on a square lattice
(Fig. 2). Two coordinates i and j are taken at the x
and y axes, respectively, to specify a given site.

M. Azzouz defined [8] the extended Jordan—Wigner
transformation as

s .= cmelo‘” = elo‘”cZ

1,J Ve

+ + —locu_ —locu +
Sij = Ci4° € Cigs

i—1 oo
@i =T an,ﬂrznz,f ;
d=0 =0
Na = cf ;Ca g (14)

i-1j+1 ij+1
i1 ij
i-1-1 ij-1
y
i-1j-2 ij-2

Fig. 2. Towards the Jordan—Wigner transformation in two
dimensions [8].

(compare with Egs. (5)). The signs in the exponents in
(14) (and the order of the multipliers in the first and
second lines in (14)) are not important. Let us show
that the introduced transformation (14) enables one to
construct a fermion representation for two—dimensional
spinf% models.

We start with the commutation rules. At the same site
one has

- ¢t — io‘q,p _iO‘q,p + +

apSqp = Cap® € €0 = CapCqp

+ -

a,p5¢,0 = Cq,pCap>

ot st — ot ot —

Sqp%ap = CapCap SqpSqp = CarCap; (15)

and the Fermi type commutation rules remain un-
changed. To illustrate how transformation (14) works in
the case of different sites let us consider, for example,
two sites ¢, p and ¢, p+m, m > 0. Then, similarly to Eq.
(11) one finds

1 pt+m
- -t — lﬂ—Ef:p

Ng,f +
SqpSq,p+m = Cqp€

Cq,p+m

1 p+m 1n
—c ct LD a.f
q,p q,p+m )

+ 17TEp+m tn nafe
a,p

+ - _
Sqp+mSqp = Cqp+m® 7

p+m 1
_C:]I—,p-l-m Cq,pe R o (16)

(we have used an analogue of Eqgs. (7), (8) in two dimen-

+
sions) and hence the operators 54p and sy ., commute

if the operators Cqp and cq »4+m anticommute. Following
the same reasoning one can check the rest of commuta-
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tion rules.

Consider further the transformed spin Hamiltonian.
Let us treat somewhat more general nearest neighbour
interactions than those in Eq. (1). Namely, we assume
different values of interaction in different directions on
a square lattice as shown in Fig. 3. (Evidently, we can
perform the fermionization presented below for a com-
pletely nonuniform model characterized by a set of inter-

tice. To examine the effects of interchain interactions
in quasi—one—dimensional systems one may consider the
case Jy, J, <« J, J' (with J not equal to J' if the
dimerised chain is considered). If J| <« J, J', J, one has
a model of interacting two-leg ladders. In the limiting
case of J| = 0 (the noninteracting two—leg ladders) the
model may be reduced to a one—dimensional system with
interactions extending over the nearest sites.

site interactions {..., J; jiuit1j, -5, i jij41,...p) If
J = J' = Jg = J| one faces the uniform square lat-
i-1,j J

We begin with the isotropic XY interaction (see
Fig. 4).
ij+1
JD
ij J i+1,
%
ij-1

Fig. 3. Nearest neighbour interactions on a square lattice.

i+1

Fig. 4. Towards the fermionization of Hxy.
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Inserting (14) into (1), (2) one finds

Hyxy =

|
,“E'{g
[M]¢

-
I
=)

.
I
=)

(Jijiisr,y (57 i z+1 4T s iSit1 ]) + Ji i1 <5i_,j52-'l,—j+1 + 5;j55j+1))

I
,“E'{g
[M]¢

-
I
=)

.
I
=)

RS GRS L1 0 DT PSS DA R T gt DI i)
(JZ,J;Z+1,J (Cme (=7, = )z+1]+c o' in (252 f=0 )Cz+1,]

imn itn
+ Jijii g (Ci,je el tee ”Cm+1))

i _i oo i1 oo i1
= 522 INHESN (_Ci,je W(Efzj+ln%f+zf:0nl+l)f) Z-I—l] —|—C e (Ef:]+1 nl)f+Ef:Dnl+1)f)ci+17j)
i=0 j=0
C R + .
+ Jijiii+1 <_Ch]ci,j+1 + Ci,jcz,ﬁl)) (17)

(to get the last equality we have used an analogue of Eq. (6) in two dimensions). After introducing the notations

Giiv1(j) =7 anf+znz+1f ;

$iini(j) =7 Z ”zf+2”z+1f ;

f=j+1
@i i+1(i) = Ty (18)

the Hamiltonian (17) becomes as follows

1 (o] (o] _. )
Hxy =35 ZZ ( it (Ci,je Wrnllet | 4 cf e”” il )Ci+1,j)
i=0 j=0

+
S

L el (1) + oo (i)
NERES! (Cme ¢ 41t ¢ e Ci,j+1

1 (o) (o)

i=0 j=

o

+ Jigii g (=gl + Cffjczyj+1))~ (19)

Eq. (19) can be viewed as the Hamiltonian of a two—dimensional tight—binding-like spinless fermions with the hopping
amplitudes

1 T
qE5Jm';z’+1,jej“¢””+l(‘7) (20)

in the z direction and
1
Fg g+t (21)
in the y direction. Those hoppings depend in a complicated way on a configuration of the ‘intermediate’ sites. Their

complexity explains how the isotropic XY model becomes difficult to examine in two dimensions in comparison with
an obvious analysis in one dimension.
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There are no difficulties in rewriting the Ising interaction in fermionic language

(o] (o] 1
_ T S Y
Hy =33 (JZJ;ZHJ <5i,j5i,j - 2) <5i+1,j5i+1,j -
i=0 j=0

(o] (o] 1

_ + +

=> (Ji,j;z'+1,j (Ci,jczyj - 5) (Ci+1,jcz'+1,j -3
L

1=0 j=

and the interaction with an external field

(o] (o] 1
Hp=3% > h <Sffj5i_,j - 5)

i=0 j=0

SRS 1

i=0 j=0

1 1 _ 1
) + Ji g g+ <Sffj5i,j - 5) (5;Tj+15i,j+1 - 5))
+ 1 + 1
tigige |\ Gicis = 5 ) | Gincige = 5 (22)

(23)

Formulas (19), (22), (23) realize the fermionic representation of the spinf% isotropic Heisenberg model on a square

lattice (1), (2).

IV. THE JORDAN-WIGNER
TRANSFORMATION IN TWO DIMENSIONS
(Y. R. WANG, 1991)

Let us turn back to the Jordan—Wigner transforma-
tion in one dimension (5) using this case as a guideline
and define a particle—annihilation operator as

ey —
dy = e s,

o= Y Binj, (24)
j(#1)

where Bjj is the c-number matrix element, nj = dJT"dj. A
particle—creation operator is given by

iOéi +

d+:5i+e1°“:e s,

i

(25)
whereas the inverse to Eqgs. (24), (25) formulas read

- _ dos g g de
sy =eMdy = djer ™,

(26)

st = eloagh = gfe—ion, (27)

We want the introduced operators dt, d to obey the
Fermi type commutation rules. They are indeed the
Fermi operators at the same site due to Eq. (3). Con-
sider further two different sites i # j. Assuming that d,
d are Fermi operators one finds

{5‘4— 5._} _ e—loc;di-l—elocjdj _ elocjdje—loc;di-l—

P05 (28)

— e—lnjBijdi-I-elniBjidj _ elniB‘iidje_ln‘iBi‘idi-l_.

54

Since

e 1miB =1 4 (e_lB‘j - 1) nj,

ei”‘Bji =1+ (eiBj‘ — 1) ng

one can easily proceed in the calculation of the r.h.s. of
Eq. (28) finally arriving at

[si‘", SJ_} = (1 + e_iB‘jeiBﬁ) di" dj. (29)

The result equals 0 (as is the case for the commutator of
the operators sT and s~ attached to different sites) if

JE—Y (30)

Thus we assume that By;’s in (24), (25), (26), (27) satisty
relation (30) that yields the spin commutation relations
for sT, s (3), (4) if d¥, d are the Fermi operators.

Y. R. Wang suggested [5] the following choice for Bjj.
Consider two complex numbers

T =i + 1ty (31)
and

75 = Jo + idy, (32)
which correspond to the sites i = iyn, + 4yn, and

J = Jjene + jyny, respectively. Here n, and n, are the
unit vectors directed along = and y axes, respectively.
Assume that

Bij = arg (r; — 7). (33)
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Evidently

iBji — eiarg(-r;—-rj) — ei(arg(-rj—-r;):tn) —

—elBu(34)

€

that is the required condition (30). Since i, — 75 =

|m— Tj|eiarg(7‘_”) Eq. (33) can be rewritten in the form
Bjj=Imln (5 — n), (35)

and hence the introduced transformations (24), (25),
(26), (27) contain

o = Z Imln (5 — 1) n. (36)

It is worth noting that the transformation of M. Az-
zouz (14) can also be written as Eqgs. (26), (27) with

+ 0i,,5. 00y — Jy) (1—3i,4,)) (37)

where O(z) is the step function, and a necessary condi-
tion for having spin to fermion mapping (30) fulfilled.

The advantage of the choice of Y. R. Wang (36) be-
comes clear when one tries to introduce an approximate
treatment of the transformed Hamiltonian. After insert-

ing (26), (27) into (1), (2) one finds

HZ(

1 1
L dtd = = td. — =
+ th] (di dl 2) (dj dJ 2))

+ Zh (d;’di - %) : (38)

(d+ ias=os) g 4 dre <°<-—%>d+)

Note that
J
a5 — o = / dr- A(r) (39)
where A(r) = Vya, and hence

a ! : !

A(r) = e Z nyImln (rx —rp 41 (ry — ry)) n,
7 \r(#r)

0 Ll (' Ly

—1—% an/mn(rx—rx—l—l(ry—ry)) ny

v (7r)

r —ry) n, — (rl, —ry)n,
Z ! ; 2
r'(#r) (I‘ o I‘)
n, x (r' —r)
=— Z Nyt — )2 (40)
v (7e) (v —r

The crucial approximation to proceed is to make a

change in (40)

—_

1
z - = —. 41
SEEESY (41)

ny = {ny) =
Here the angular brackets denote the thermodynami-
cal canonical average with the Hamiltonian (1). Thus,
we have postulated the mean—field description of the
phase factors in (38). A similar treatment was adopted in
Refs. [17,18]. Apparently, assuming further in (41) that
(sz) = 0 one should suppose that ~ = 0 (although in
Refs. [10,11] the uniform magnetic field was included
into the Hamiltonian). In principle Eq. (41) simplifies
the problem drastically since one faces a tight-binding
spinless fermions on a square lattice. However, in prac-
tice it 1s hard to proceed because of nonuniformity of
that model.

The Hamiltonian (38), (39), (40), (41) describes the
(charged) spinless fermions moving in a plane in an ex-
ternal uniform (classical) magnetic field which is perpen-
dicular to the plane. Due to (41) {(n,s) can be taken out
from the summation and in the continuum limit the vec-
tor potential of the field A(r) can be written [7] in the
following form

Alr)=—(np) 3 22 2Y)

v/ (#r) (I‘/ - I,)Z
1 [ &1 n, x (¥ —r)
= — Ny ) — d?“lx/ d !
< >SO / L —LTy Yy (I‘/ I‘)2
=...= <nr/>510nz xr, (12)

where Sy is the area of the elementary plaquette in the
plane (see Fig. 5) and L, = L, = L — oo. The corre-
sponding magnetic field H(r) immediately follows from
Eq. (42)

o | me o my on
8 o8 @
H(r) = rotA(r) = <nr/>S— 3 By b7
Ol —p, 7z O

2

oz, 43
on (13)

= (1)

so that A(r) = %H(I‘) x r. The flux per elementary pla-
quette equals
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Fig. 5. Fermions in the magnetic field, which appears within the mean—field treatment of the phase factors in the Hamiltonian

(38).

$y = H(r) - Son, = 2m{ny) = . (44)

The vector potential A(r) (42) shown schematically in
Fig. 5 is not convenient to be concerned with. Because of
the gauge invariance one may perform a gauge transfor-
mation introducing a new vector potential A(r) which
yields the same flux per elementary plaquette ®q = 7.
Namely, assume that A(r) is such that

i+1,7 -
asg—asg= [ de Ak =n (45)
2,7

whereas

Qitlj+1 — Fitlg = Gig4l T Fitlj+l

=aij—aijy1 =0 (46)
(see Fig. 6). From Eqgs. (45), (46) one finds that
?fdr CA(r) =, (47)
and on the other hand
?{dr CA(r) = /dS -TotA(r)

_ /dS CH(r) = &, (48)

and hence the flux per elementary plaquette ®3 remains
equal to .

Let us turn back to the Hamiltonian (38). Only now
we are in the position to proceed with the statistical me-
chanics analysis. Within the frames of the introduced
mean-—field treatment of the phase factors (45), (46) the
Hamiltonian (38) can be rewritten as

56

1
H=3" 2k (drds — dd} ) + Hy + Hy, (49)
where even for initially uniform lattice J = J' = J; =
J' in the Hamiltonian Hxy one has
Jigivrg = =4, Jijije =,
Jivrrjive; =4 Jivrgivri=J (50)

etc. (see Fig. 6).

ij+1 i+1j+1

i i+1]

Fig. 6. Towards Eqgs. (45), (46) and Egs. (49), (50).

As can be seen from Egs. (49), (50) the isotropic XY
model can be examined now without making any other
additional approximations since 1t corresponds to a
model of tight-binding spinless fermions on a bipartite
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square lattice (see Section VI). Conversely, the Heisen-
berg model requires further approximations to proceed
because of the interaction between spinless fermions (see

Section VII).

V. THE JORDAN-WIGNER
TRANSFORMATION IN TWO DIMENSIONS
(E. FRADKIN, 1989)

The Fermi—Bose correspondence in two dimen-
sions, i.e., the Jordan—Wigner transformation for two—
dimensional spinf% systems on a lattice, was discussed
even earlier [4], however, without applications to the the-
ory of concrete spin models. Consider a system of spinless
fermions, i.e., a matter field, a(r) on the sites of a square
lattice (Fig. 7)

r+n

/

Fig. 7. Towards the Hamiltonian (51).

_1
—
+
>

and gauge field A, (r), Ay(r) on the links of the lattice
(Fig. 7). The Hamiltonian of the system is

H:tzr:(a'l'

+ a+(r)ei‘4y(r)a(r—|—ny) —|—h.c.) (51)

A (r)a(r +n,)

1)t (df;d

1
_ + + +
57 (- ai jbiprj + aibiyy ;j+ b7y jaige; —
1J ( +p. . . bt . .
T oL G T 001 = @07 5y Oy it 41—

i+1,7 — d; ]dz+1 ]) +J1 (d d; i,j+1 —

with the constraint

at(r)a(r) = 0 (Ay(r +ng) — Ay(r)

— Ap(r+mny) + A (r)), (52)

where @ is the parameter which will be defined later.
E. Fradkin showed [4] that the gauge field can be elim-
inated at the expense of a change in the commutation
relations of the matter field. Namely, introducing [4] the
Jordan—Wigner operators a(r), @*(r) which obey

a(r)at(rv) = dprp — e%fﬁ(r)d(r') (53)

with 21—9 = 7 the Hamiltonian (51) is

_tZ

+ El"'(r)d(r—l—ny) —|—h.c.) . (54)

r+ nx)

Eq. (54) is easily recognized as the Hamiltonian of the
spinf% isotropic XY model on a square lattice with ex-
change interaction between the nearest sites J = 2¢ and

the correspondences

st =at(r), sy =a(r), si=at(r)alr)-

Further discussions on the extension of the Jordan—
Wigner transformation to three— or more—dimensional
cases can be found in Ref. [15].

VL. 2D S =1 ISOTROPIC XY MODEL

Let us show how the two—dimensional Jordan—Wigner
transformation with the mean—field treatment of the
phase factors can be used in the theory of spin mod-
els. As a result we come to an approximate approach for
a study of 2D quantum spin models.

We begin with the 2D isotropic XY model (Hz =
H = 0) considering for concreteness the case of J = .J/,
Ji = J| . In accordance with (49), (50) we start from

di ;1))

+
biy1jafys;+ )

bi+17ja;»"+1yj+1 + .. ) , (55)

where, to emphasize a bipartite character of the square lattice that appeared, we have introduced notations a; ; = d; ;,
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bi+1,j = di+1,j etc..

Notwithstanding the fact that we have an approximate theory, it contains the exact result in the 1D limit if one
puts in Eq. (55) either J; = 0 or J = 0 coming to a system of noninteracting chains extended in either horizontal
or vertical direction, respectively. In the latter case Eq. (55) corresponds to a system of noninteracting chains each

with the XY part of the Hamiltonian (13)
1
Hxy (i 225 dij1 — d,ydu+1)
In the former case one gets a system of noninteracting chains each with the Hamiltonian

(dfidigrj — dijdify ;)

l\DI»—k

Hxy (j Z

and to recover the 1D limit explicitly the transformation
df, =™Vt digy =T TV o = 0, = U i

(e.g., d;j = fr dfj =—fi d;j =—f d;j = fi etc.) should be performed.

After the Fourler transformation

di . k ci+kyd) d
J = \/N—]Vy Z ke ky

ke ky

etc. or in short

2 Ny
k’x = —Trnx’ nx‘ = —

Ne

N, 2m N,
1 -z v
+ 2 2

N,
=L ky = ny, oy = - Ty

gy

T
{dk1adk2} =0k ko iy, dio} = {d+ d+ } =0

(Ng, Ny are even), the Hamiltonian (55) becomes

Hyy = %Z (i sin ko (b ax — af b)) + J1 cos ky (b by — af ax))
k
1 ..
= 52 | Ex| (cos*yk (bli'bk — ali'ak) + isin Yk (b"' ax — ap bk))
k

where we have used the notations

b = d,;"mky, ax = dp tr pybrs oo, Ex = JLcosky +1iJsink, = |Ex|e',
. J k ) Jsink
|Ek|:\/JJ2_coszky—|—stm2k’x, cos g = JLCOS Ry smfyk:&
| Ex| | Ex|

The Hamiltonian (61) can be rewritten as

Hxy = Z/|Ek| (cos*yk (bli'bk — ali'ak) + isin vk (b+ak —ay bk))
k
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+1

dl — elk.ldk, -I— _ —lk~1d-|—’ dk — e—lk~1di’ d+ — elk~1di-|—’
T @ e S -
Ne
2

g oo

(56)

(57)
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=
=i

Fig. 8. The region in which k varies in the sum in Eq. (61) (see Eq. (60)) (a) and in Eq. (63) (b).

where the prime denotes that k varies in the region shown in Fig. 8b.
At last one introduces the operators

k .. k . k . k
K = Cos lbk + 1sin lak, bk = sin lbk —1co8 lak,

2 2 2 2
{ok,of } =0k (B B8} = 0 ke {0, B = {8k of ) =0, (64)

etc. to get from Eq. (63) the final form of the 2D spinf% isotropic XY model Hamiltonian in fermionic language
within approximation (41)

Hxy = Z/Ak (onf e — By Bie)

k

Ak = | il = /7 sin ko + J2 cos? k, > 0. (65)

It is easy now to calculate the thermodynamic functions of the spin model which correspond to Eq. (65). For
example, the ground state energy per site is

m—|ke|
/ / dhy \/J251n k. —|—J2 cos ky_——/

rtlke] 27

/ \/stm ky + J3 cos? ky. (66)

In 1D limit (JL =0 or J = 0) Eq. (66) becomes

Bo dk, dk, )]
N__Q/_W 2/_77 27T|JJ_cosk| - (67)

that is a well-known exact result.
It is remarkable to note that the Hamiltonian (65) (and hence the ground state energy per site (66)) arises also
for the 2D spinf% Heisenberg model and is known as the uniform fluz ((ny) = %) solution [5].
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VIL 2D S =  HEISENBERG MODEL

In the remainder of the paper we consider the 2D spin—
1

5 isotropic Heisenberg model (1), (2) treating the phase

factors which appear after making use of the 2D Jordan—
Wigner transformation within the frames of the mean—
field approximation (41). The Heisenberg model besides
the Hxy term (55) includes the Hyz term which contains

1 1 1
+d.dtd. — Zdrd. — ZdFd. 4+ =
A dydf dj — Sdifds — Sdfdi+ o (68)

Thus, the Jordan-Wigner spinless fermions interact and
further approximations are required. The first term in

68) can be changed by

g
di-l_did;_dj — di-l_di<d;_dj> + <di+di>d;_dj

— {df di){d" dy) + df dj(dadf)
+ (df dy)did — (dff dy)(dsd)
= di di(ng) + d dj(ns)
= () {ng) - f d gel®
— did;—Ajyieiej’i + AiyjAjyiei(ei’j-l—ej’i), (69)

where we have introduced the notation

(did) = Ay je®i = —(df ds). (70)

In accordance with (69) there may be four ways of treat-
ing the Ising interaction, i.e. assuming either

Aiy=0, m=(5) = (n) — 5 =0 (71)

or
Aij#0, m=0 (72)

or
Aij=0, m#0 (73)

or
Aij#0, m#0. (74)

The first possibility (71) yielding the uniform flur so-
lution was considered in the previous Section (Egs. (65),

(66)).
Let us consider the second possibility (72). In such a
case the Ising term becomes

Hy =" iy (Agelsdi ds
(i)

— Ajyiewj’idid;_ + AiyjAjyiel(ei’H_ej’i)) , (75)
where to get the in—phase flur solution one puts

Ajjiit1,; = Dig1 i = i1 jiit2,)
= Aita ity = @,

efiditg = eWitriig = _1

efitviitzs = elfitasitng = 1
Aj jrii41 = Dijtsig = Aig1 jrit1,541

= Aip1 41541, = b

Wit — glistiis — GMWitigitist

— ei€,+1,j+1;l+1;j =1 (76)

(see Fig. 9) and the parameters @ and P are calculated
self-consistently (see Eqgs. (80), (81) below). Now the
Heisenberg model Hamiltonian only slightly differs from
that of the XY model (55) becoming

Q
ij+1 i+1j+1
P P
ij -Q i+1,

Fig. 9. Towards the in—phase flux solution for the Heisen-
berg model; the values of A; ;¢'%4 are attached to the bonds.

1
H=5J (1+2Q) (- = afibigrj + ai bl j + bl joiva = big1 j@fs; + )
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1
+570 (L+2P) (. 4 af jbi jur — ai by + by jaigrjon — bigajafyy ji+ ) + NJQ*+ NJLP?. (77)
Acting along the line described in Section VI one finds that

H= Z’Ak (off o — Bt Bi) + NJQ* + NJ L P?,
k

At = /72 (14 20)% sin by + J2 (14 2P)% cos” k, > 0. (78)

The ground state energy per site is given by

EO_ 1 ﬂ—dkx ﬂ—dk’y 9 2 . 9 2 2 2 2 2
W__i/_ﬂ 5 /_nﬁ\/J (1+2Q) sin“ky + J{ (14+2P) cos? ky + JQ* + JL P~ (79)

=0,1.e.,

z|®

where parameters ) and P are determined from the conditions %% =0 and %

2)on 2T 2T \/J2(1+2Q)2sin2 ki + J3 (14 2P)° cos? ky

and

p_l/”%/”% Ju cos® ky (1 +2P) (81)
2 o 2T Sox 2T [ (14 2Q) sin’ ke 4 J2 (14 2P)? cos? k,

Treating the Ising term (69) within assumptions (73) or (74) one assumes the Néel order with the sublattice
magnetizations m and —m

1 1
(nij) = (Rig1j41) = ... =m+ 7 (Rij+1) = (Rig15) = ...=—m+ 3 (82)

(see Fig. 10). (The given assumption, by the way, apparently contradicts the mean—field approximation (41) for the
phase factors; this inconsistency, however, to our best knowledge has not yet been discussed.) Therefore, case (73),
i.e., the uniform flux with the Néel order, is called the Néel fluz solution and case (74), i.e., the in—flux with the Néel
order, is called the in—phase Néel flur solution. In the latter case the Hamiltonian reads

-m m

ij+1 i+1j+1
m -m

] i+1

Fig. 10. The Néel order for the Heisenberg model; the values of magnetization (s{) are attached to the sites.
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1
H=g5J (1+20) (= bipaj + ai bl j + bl joigay = biv1jafia  + )

1
+ 5 JL (L4 2P) (o af i = ai bl g+ b jaig jn = bigr oy g+ )

2
+ J ( .= ma;»':jaiyj + mb;:_lyjbi“yj + mb;:_lyjbi“yj — ma;l—+2,jai+2,j + .. )
+ J1 ( .= majy'jaiyj + mb;l,—j+1bi,j+1 + mb;l—+1,jbi+1,j — ma;"+1yj+1ai+17j+1 + .. )
+ NJQ*+ NJL PP+ N (J+ Ji)m? (83)

Performing the Fourier transformation (60) one gets

1
H= S (@ +J)ym+id (14 2Q)sink,) bfax + (2 (J + J1) m —iJ (1+ 2Q) sin k,) ¢ by
k

+ Ji (1 +2P)cosky (bfbx — af ax)) + NJQ? + NJLP? + N (J + J ) m?

= ((2(J +J1) m+1iJ (1+ 2Q)sin k,) bf ay
k

+ (2(J 4+ JL)m —1J (14 2Q) sink,) af by +J1 (1 + 2P) cos ky (b bx — ajf ax))

+ NJQ* + NJLP?*+ N (J+ J)m?, (84)

where bli' = d,;" 5 @k = dik 7 g, +x, etc.. Introducing the operators
xHvy

ax = akeiék, EL{'{' = ai'{'e_iék, b = bx, 1311' = bi'{';
2(J+ J)m+iJ (14 2Q)sink, = \/4 (J+ J1)?m2 + J2 (1 + 2Q)? sin? k, e¥1%% (85)

and then the operators

Wi 5 . Wk o . Wk Wi
K = COoS Tbk + sin 7ak, bk = sin Tbk — oS 7ak;

Jo (14 2P)cosk, VAW +J0)7 m? 4 72 (14 2Q)" sin’ k,
. sinwy = ’
| B | Ex|

COSWgK =

Bl = \/4(J + 1% m? 4 72 (14 2Q) sin k, + J2 (14 2P)° cos? k, (86)
one gets the final form of the Heisenberg Hamiltonian in fermionic language

H=> "Ax (of ox — B Bi) + NJQ> + NJLP? + N (J + JL) m® (87)
k

with Ax = |Ex| > 0 defined by Eq. (86).
The ground state energy per site which follows from (87) reads

Ey 1 [T dk, [T dky 2 9 2 . 2 2 2 a2
W__i/_ﬂ 5 /_Wﬁ\/ll(J—l—JJ_) m2 4+ J2 (142Q) sin” k, + J (14 2P)" cos? ky

+JQ*+ JL P 4 (J+ JL)m?, (88)
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where the values of the introduced parameters are determined by minimizing % (88) with respect to @, P and m

Jsin? k, (14 2Q)

1 [ dk
@= 5/ 2 2 2 2 ’ (89)
(27)° 47+ T0)? m? 4 2 (14 2Q) sin ks + J2 (1+ 2P) cos? k,
_1/ dk Jy cos?ky (14 2P) (90)
_ 1 ! ,
20 QM) Ja (T4 TP m 4 T2 (14 2Q) sin’ ke + T2 (1 4+ 2P) cos? ky
dk 2(J +.J1)m o)

2m :/ 3 .
(27)7 4T+ J1)7 m 4 T2 (14 2Q)% sin by + T3 (1 4+ 2P)° cos? k,

The Néel flux solution (see Eq. (73)) is given by Egs.
(83), (87), (86), (88), (91) in which P and @ are equal

to zero.

VIII. THE 2D S = { HEISENBERG MODEL:
A COMPARISON OF SOME RESULTS

In the final Section we want to list out some problems
of the two—dimensional spin models theory which were
attacked with the exploiting of the 2D Jordan—Wigner
transformation.

The 2D antiferromagnetic Heisenberg model with J =
J' = J, = J| (without external field) was considered
in Refs. [5,7,6]. The main results obtained concern the
ground state energy [5,7], the specific heat [7] and the
Raman spectrum [6,7]. A comparison with some experi-
mental data for LasCuQO4 was given.

In Ref. [8] the effects of the interchain interaction on
the one-dimensional spinf% antiferromagnetic Heisen-
berg model were examined. For this purpose the Heisen-
berg model with J = J', J, = J| was considered and
the in—phase Néel flux solution was analysed at zero tem-
perature. The author found that the one—dimensional
limit is singular, i.e. the staggered magnetization m # 0
(2m = 0.513) when Ji — 40 (although we know
from exact results that for the antiferromagnetic chain
m = 0). In the other limiting case J = J the theory
based on the fermionization procedure yields 2m = 0.778
(the spin wave result is 2m = 0.6; more accurate calcu-
lations predict m = 0.3074 (see Ref. [19])). The result
of Ref. [8] stays somewhat separately in the estimate of
the value of JTJ- at which the staggered magnetization

appears. Different theories predict JTJ- from 0 to 0.2 (for

details see Ref. [19]). Ref. [8] predicts JTJ- = 0, moreover
2m jumps from zero to 0.513 for any infinitesimally small
Jo

The antiferromagnetic Heisenberg model on a ladder

within the frames of the in—phase Néel phase solution
(the ground state energy, the singlet—triplet energy gap)
was discussed in Ref. [9]. The effects of the interladder
interaction and magnetic field on the susceptibility at
nonzero temperatures were studied in Ref. [11].

A consideration of the spin—Peierls state under mag-
netic field was reported in Ref. [10]. A study of
the stepped spin—Peierls transition for the quasi—one—
dimensional XY and Heisenberg models using the 2D
Jordan—Wigner transformation was reported in Refs.
[12,13]. The 2D Jordan-Wigner transformation was
applied for a study of the zero temperature spin—
Peierls transition for the quasi—one—dimensional XY and
Heisenberg systems in Ref. [14]. In particular, the phase
diagram between the dimerised and uniform states in
the parameter space of interchain interaction and spin—
lattice coupling was constructed.

Many more problems may be considered within the
frames of the 2D Jordan—-Wigner fermionization ap-
proach. Probably, the 2D Jordan—Wigner transformation
should be of more use for the 2D spinf% XY models since
for such models no further approximations (except the
mean—field-like treatment of the phase factors) are re-
quired. Besides, a more sophisticated treatment of the
phase factors is desirable.
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®EPMIOHI3AIISA WOPIAHA BITHEPA JIJ15 JJBOBUMIPHUX CIIIH-1 CUCTEM:
KOPOTKWM OIS,

O. Ilep:xkko
Inemumym ¢izuxu xonderncosanux cucmem HAH Vxpaimu
ey.a. Ceenuiuyvroeo, 1, Jlveie—11, 79011, Vpaina
JIveiecoruti naytonaavruti ynisepcumem iment leana @panxa, xadedpa meopemuvror dizuxu
eyn. paeomanosa, 12, JIveie—5, 79005, YVxpaina

. e e 1 . .
PosrusmyTo cucreMy, 1o CKIaqaeThes 31 CIIHIB 7, MeKApTOBl KOMIOHEHTH AKHX MOXKYThb 300paxKaTu MaTpUIl

[Tayni, posmimennx y By3ssax rparku i. CroiHOBI omepaTopu Ha pi3HEUX By3Jsax i # j KomyTytorh. [leperBopentsa

Wopmana—Biraepa mossosige 306pasuTi CIIHOBI omeparopu GesciHoBuMU pepMi—ollepaTopaMu, a caMe:

+ ey b gt oy -
s =e d =de .8

Tyt Bjj € c—uncioBa MaTpHIld, IO 3aI0BOJIBHAE YMOBY

iy iy
=edi =die’”t, ;=

Bijd} dj.
J(#1)

Pt 1

Jaa kBampatHOl IpaTki 3 1 = 1N + iyNy, de Ny 1 Ny € OOUHNYHUMHN BEKTOPAMU B3H0BX TOPM30HTAIBHOIO i

BEPTUKAJIBHOTO HaHp?{MKiB7 MOZKHa B3ATH

Bij =Imln (jo — iz +1(5y — iy))

(Banr, 1991) afo
Bj=nx (@ (lm —]m) (1 —
(Asys, 1993).

5@'3:,]3:) + 5@'3:,]3:@ (ly - Jy) (1 -

5iyvﬂy))
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BacTocyBaHHA IIepeTBopeHH: Vopmana-Birsepa mo isorponsol XY Mmoneni Ha KBamparHiii 'paTii IPHBOIATE
110 MOMEJIi CHJIBHO 3B’s3aHNX Ge3CIiHOBIX (pepMIOHIB 3 iHTErpaIaMU [epeHoCy, 1o MicTaTh omeparopn d T d. ko
XK € 1 B3aeMomia [3uHra, To GescmuoBl dhepMIOHM B3aeMOMIIOTH. BupiimajabHe HabJIMKEHHs HOJAATaE B HACTYITHIHA
saMimi y dpasoBUX MHOKHHKAX iHTerpasis mepenocy d¥d — <d+ dy =(s*)+ % — % Bukopucrosyroun mami momi6-
HICTB 10 337249l PO PyX €JeKTPOHIB B OTHOPIAHOMY MATHETHOMY IOJIi, TEPIeHIUKYIAPHOMY 10 TIJIOIUHE, Y AKii
PYXaAroThCA eJIeKTPOHH, pa30BI MHOKHUKU MOXKHA BUOpATH TaK, [0 MATUMEMO MOJAEb CHJIBLHO 3B a3aHux Gescri-
HOBUX (epMIOHIB Ha I'DATI 3 peryJIsipHO 3HAKO3MIHHUMM iHTer'DajiaMu IepeHocy (muist isorponrol XY moneu),
skl B3aeMomitors (1A Monedi [aftsenbepra). Takum auHOM, pospaxyHOK TepMoarHaMivHNX dyHKIIH ABOBUMIPHOI
XY mopest ve moTpebye momaJibiinx HabAMmKeHb, a qjid Momesl afizsenbepra depes B3aeMomio 6€3CHOBUX dep-
MIOHIB TTOTPIOHI maJibin HabamkeHHd. Bimomo wornpu criocobm TpaKTyBaHHA HOTAHKIB, 1O OMUCYIOTH B3a€MOJIIIO
Gescrinosux ¢hepMioHiB, mrs nBoBEMIpHOI anTH]gepoMarteTrol Momesi [alisenbepra (Bawr, 1991). Anamituanmii
HaGJpKeHnil minxim, mwo IpyHTYeThCA Ha (epMioHizamil Mopmana—BirHepa y DBOBEMIDHOMY BHIAIKY, GYJIO 3a-
CTOCOBAHO B IOC/IMKEHH BIACTUBOCTEH CINH- L amTHdepoMarHeTHol Momesi | aliseHGepra Ha KpaapaTHil rpaTri,

2
Ha OpabMHKOBUX CTPYKTypax, y Bumanky cuin—Ilaftepscosol mumepmsanii (1991 — 1999).



