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INTERPOLATED SCALES OF APPROXIMATION SPACES FOR REGULAR ELLIPTIC
OPERATORS ON COMPACT MANIFOLDS

We define the interpolated scales of approximation spaces, generated by regular elliptic opera-
tors on compact manifolds. The appropriate Bernstein-Jackson inequalities and application to spec-
tral approximations of regular elliptic operators are considered.
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INTRODUCTION AND PRELIMINARIES

One of the problems in the approximation theory is to characterize the set of functions
which have a prescribed order of an approximation by a given method of an approximation
[3], [7], [8], [11]. The classical results in this subject are the Jackson and Bernstein inequalities
that express a relation between smoothness modules of functions and properties of their best
approximations by polynomials.

From direct and inverse theorems it follows that certain classical function spaces can be
viewed as special approximation spaces and this is one of the best mathematical expression of
equivalences between the degree of smoothness of functions and the behaviour of their best
approximation errors [1]. In many instances the approximation spaces can be identified with
the interpolation spaces obtained by the real method of interpolation [9].

Approximation spaces and appropriate Bernstein-Jackson inequalities, generated by an un-
bounded linear operator A in a Banach space, are considered in [4]. Such inequalities are
applied to a best approximation problem by invariant subspaces of exponential type entire
vectors of A and to spectral approximations of an operator with the point spectrum.

The aim of the paper is to investigate a best approximation problem by subspaces of ex-
ponential type vectors of the regular elliptic operators on compact manifolds. Approximation
spaces associated with such operators coincide with the Besov-type spaces (Theorem 1). The
Bernstein-Jackson-type inequalities, estimating the minimal distance from a given element to
a subspace of exponential type vectors and application to spectral approximations of regular
elliptic operators are shown in Theorem 2.

Let a compact manifold has the form of the infinitely smooth boundary Q) of an open
bounded domain (3 C R" (see [12, Definition 3.2.1/2]). On 0() we consider a regular elliptic

operator A, that in the local coordinates y(f ) = (ygj ), e, yi(jzl) (j=1,...,N) has the form
Au = Z agj) S, agj) e C,

(j
|s|<2m Y
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where |s| =s1+...+s,-1,5, € Zy (i=1,...,n—1).
We assume that ag] ) € R for ]s] = 2m and there exists a constant ¢ > 0 such that for all

¢ € R" ! we have (—1)" ¥j5j—om as g’,‘s > c|&[*" (see [12, Definition 5.2.1/4]).

Let A with the domain C 1( ) = C*(0Q)) is the symmetrical operator in the complex space
Ly(9Q2). Then by [12, Theorem 7.6.1]) the operator A has a point spectrum and C¥(A) =
W2mk(3Q)) fork = 1,2,...,C®(A) = N, CK(A) = C* ().

Let U; ¢ R"! (] = 1, N) be open balls that covered 0Q) and x; € C*(dQ)) is the
partition of unity that Corresponds to the covering {U;}: 2]1-\’:1 Xxj = londQ, x; € Cy(Uj),
0<xi <1 For0 <a <oand1 < 7 < co we consider the spaces Bg‘,T(E)Q) = {u €
Ly(0Q)): (Xju)(lp(j)_l(y)) € B%‘/T(IR”_l),j =1,..., N} with the norm

N .
lullgg  200) = Z; 106 @D ) g )
]:

(see [12, Definition 3.6.1]).

We use the real method of an interpolation (see [2, Section 3.11]). Let (X, | - |x) and (Y, | - |y)
be quasi-normed complex spaces and {0 < ¥ <1, 1 < g <oo} or {0 < # <1, g = oo}. The in-
terpolation space can be defined as the set (X, Y)s, = {ueX+Y:|u| (X,Y)g, < oo} endowed
with the quasi-norm

1/9

T K(t,u; X, Y , < oo,
u(x,y)&q{ <f0[ (T X M)]'S ) 1<

SUP_rcoo T “K(t,u; X,Y), g =00,

where K(7,u; X,Y) = u:ira}iy (\x’X +T MY)-

MAIN RESULTS
For any t > 0 we define the normed space
ENA) = {u € C¥(A): |ullgycm < oo},
k2 1/2 -
where H””Sﬁ(Z) = <Zkez+ | (A/t) uHLZ(aQ)) . The elements of £(A) can be called the

exponential type vectors of A (see [10]).

Lemma 1. (i) The following embeddings £}(A) C EF(A) C L,(9Q)) with T > t hold.
(ii) Each space EX(A) is A-invariant and the restriction A| £4(A) is a bounded operator over

EX(A) with the norm ”A’gt ey <t

Proof. (i) The inequalities ||u/[1,@q) < Huﬂng(z) and Huﬂng(z) < Huﬂng(z) with T > t yield the
embeddings £X(A) C L(9Q) and EX(A) C EF(A), respectively.
(ii) Using A(A/t)*u = t(A/t)*1u, we obtain HZquZf(Z) < t|]u|]52f(z). O

On the subspace £(A) = ;- E4(A) we define the function

lulez) = l[ullL,00) +inf{t > 0:u € ENA)}. (1)
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Lemma 2. The function (1) is a quasi-norm satisfying the inequality
u+olgz) < lulea) +10lga)
forallu,v € £(A) and the embedding £(A) C L,(9Q) holds.

Proof. Let r(u) = inf{t > 0: u € EJ(A)}. The values [ull, e HUH | are finite for

each u,v € £(A) and ¢ > 0 and the inequalities ||u +v”5r+g < Hu” - +g( —|— |9l £ (A

with ¥ = max{r(u),7(v)} hold. It follows that r(u + v) < r—l—s < r( )—l—r( ) + &. Since
¢ is arbitrary, r(u +v) < r(u) +r(v) for all u,v € E(A). Bvidently, r(u) = r(—u) for all
u € £(A). So, (1) is a quasi-norm. The embedding £(A) C Ly(9Q) follows from the inequality
lullz,00) < [ulea forallueé'( ). O

Given a pair of numbers {0 < &« < 00, 0 < T < oo} and {0 < & < 00, T = c0} we consider

the scale of spaces B; . (A) = {u € L(0Q)) : ]u!Ba @) < 00}

|| ge (5 (fooo [tle(t/”)}T%)l/T, 0<T< oo,
Bs. (A) — sup; t“E(t,u), T = oo

where E(t,u) :inf{Hu— OHL (o0) ° ul € £(A), uo‘g = < t} u € Lr(00)).
The space B5 _(A) can be identified with the mterpola’uon space. If [BS‘T(_)] is the space

<(4)

B} . (A) with the quasi-norm |u|19 then by [2, Theorem 7.1.7] the following equality

B3 (A))° = (E(A), L(00)) 5y, 8=1/(a+1), 7=g8,
holds with equivalent quasi-norms.
Theorem 1. If« > 1/2,1 < T < oo, then the following isomorphism holds
B3+(A) = By /(300). @)
Proof. Consider the space
£4(D) = {u € C®(9Q) : D’u € L,(0Q), |s| = k € z+}

endowed with the norm

1/2
gy = (2 X 21D, 6) -

kEZ, |s|=k
The union £(D) = Uy~ £4(D) we endow with the quasi-norm
lulepy = lullL,00) +inf {t > 0: u € £(D)}.

Ifl > (n—1)/2and u € £}(D) then the Sobolev embedding theorem yields

N

Z sup 1 \Ds()(ju)(gb(j)_l(y))] < ¢ max {1,t,...,tl}tk|\u|\gé(D) < cotk. (3)
j=lyeR"~
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It follows that

) N ) k
z\% P i)l < T8 LD @ wn I <aetl @
kEZ |s|=kj=1 :
forally € R"~1, where the constant c; is independentof k € Z ..
Let a function u satisfy (4). Then the inequality Y s || D*ul|1,30) < c2(2(n — 1)2t)k holds
and we have
Yol DS””LZ 90)

|s|=k

Y Y (40n— 172X DUl 0 < 5 sup T )

kEZ., |s|=k keZ.,

It follows that u € 5;1 (nfl)zt(D) and consequently u € £(D).
Using the inequality (3), (5) and the Paley-Wiener theorem, we obtain the quasi-norm equi-
valence
lule(p) ~ inf [0l re-1) + sup |E]},
) vlpa=u,v€Lr(R""1) { LR CesuPI; Fo }
where supp Fov denotes the support of the Fourier-image Fv of a function v € L,(IR"™1).
Applying [12, Theorems 3.6.1, 4.2.2], [2, Theorem 7.1.7] and Bernstein-Jackson inequalities
from [2, Section 7.2] for [ € IN, we obtain

1/(1+1 1-1/(141) 1/l 1
ol 2oy < e llsey ™l on) € £(D), ©)
1/(1+1 _
K(tu; £(D), Ly(3Q)) < ¢t/ D |y ||Wl ;2)(80), ue Wo2(30). 7)
We define the space

o oo o vdt 1z
B3 (D) = {u € Ly(30) : [ulgy_(p) = (/O (FE(t,u)) 7) <oo},

where E(t,u) = inf{”u - u0||L2(aQ): u® € £(D), |u0|g(D) < t}. Using [2, Theorems 3.11.5,
3.11.6,71.7], [12, Theorems 2.4.2/2, 3.6.1, 3.6.3] and the inequalities (6), (7), we obtain
N a+1
Bz,r(D) = ((5(D>'LZ(aQ))l/(oc+1),T(oc+1))
= (LZ(aQ)/Wéil/z(aQ))a/z T Bg,;l/z(aﬁ)-
By [12, Theorems 5.4.3, 7.6.1] for any k € IN there exist positive numbers c and C such that

(8)

—k —

CkH”szzmk(aQ) < [ A"ullL,00) < CkHuHWZka(aQ)r u € CK(A).
It follows that we have the inequality
—2k ik _
Y (Clln— D) AU e € G Y Y R DR )
keZ., kEZ, |s|=2mk
Thus, the embedding £5(D) C &£F(A) with T = C((n — 1)t)?" holds. Conversely, let u €
EL(A). Then

_ —k _
Y AU gy > Y () % Dul, oy

kEZy kEZ, |s|=k

It follows that ££(A) C £ (D). So, we have the equality £(A) = £(D). Using (8), we obtain
the required equality (2). O
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The distance between u € L,(9Q)) and & (A) we denote by
d(t,u) = inf{Hu — %00 1 € 55(2)}, u € Ly(30).

Let R be the complex linear span of all {R(Ay): |Ay| < t}, where R(A,) is the root sub-

space of A corresponding to A,,.

Theorem 2. Leta > 1/2 and 1 < T < . There are constants ¢y and ¢, such that the

following inequalities

hol

”””35;1/2(30) < Cl‘”‘g(p) H”HLz(aQ)r ue&(D), )
d(t,u) < et ™ ullgg1rn), U € B3 12(000), (10)

d. In particular, there is a constant c such that

inf{”u — uOHLZ(aQ): ul € Rt} <ct™® HUHBg;l/Z(aQ), ue Bg‘;l/z(a(}). (11)

Proof. By [4, Theorem 5] for some constants c; and c; we have

‘M‘BE‘IT(Z) < afulggy lulle0), e E(A), (12)

d(t, u) S (8] t_lx |‘I,[|Bg (Z) ’ uc Bg’T(Z) (13)

The inequalities (12), (13) and the isomorphism (2) imply that the inequalities (9), (10) hold.

the

(1]

(2]
(3]
(4]

(5]

(6]

(7]

(8]

Using [6, Theorem 2.2] and [5, Proposition 2], we obtain the equality ££(A) = R'. Hence,
inequality (10) directly implies the estimation (11). O

REFERENCES
Almira J.M., Luther U. Generalized approximation spaces and applications. Math. Nachr. 2004, 263-264 (1), 3-35.
doi:10.1002 /mana.200310121
Bergh J., Lofstrom J. Interpolation Spaces. Springer, Berlin-Heidelberg-New York-Tokyo, 1976.
DeVore R.A., Lorentz G.G. Constructive Approximation. Springer, Berlin-Heidelberg-New York-Tokyo, 1993.

Dmytryshyn M., Lopushansky O. Bernstein-Jackson-type inequalities and Besov spaces associated with unbounded
operators. J. Ineq. Appl. 2014, 2014:105. doi:10.1186/1029-242X-2014-105

Dmytryshyn M., Lopushansky O. Inferpolated subspaces of exponential type vectors of the unbounded operators in
Banach spaces. Demonstratio Math. 2004, 37 (1), 149-158.

Dmytryshyn M., Lopushansky O. Operator calculus on the exponential type vectors of the operator with point
spectrum. In: Banakh T. (Ed.) General Topology in Banach Spaces. Nova Sci. Publ., Huntington, New York,
2001, 137-145.

Gorbachuk M.L., Gorbachuk V.I. Approximation of smooth vectors of a closed operator by entire vectors of exponen-
tial type. Ukrainian Math. J. 1995, 47 (5), 713-726. (translation of Ukr. Mat. Zhurn. 1995, 47 (5), 616-628. (in
Ukrainian))

Gorbachuk V.I., Gorbachuk M.L. Operator approach to approximation problems. St. Petersburg Math. J. 1998, 9
(6), 1097-1110. (translation of Algebra i Analiz 1997, 9 (6), 90-108. (in Russian))



INTERPOLATED SCALES OF APPROXIMATION SPACES 31

[9] Luther U. Representation, interpolation, and reiteration theorems for generalized approximation spaces. Ann. Mat.
Pura Appl. 2003, 182 (2), 161-200. doi:10.1007 /s10231-002-0060-2

[10] Radyno Ya.V. The vectors of exponential type in operator calculus and in differential equations. Differ. Equ. 1985, 21
(9), 1559-1569. (in Russian)

[11] Radzievskii G.V. Direct and inverse theorems in approximation problems by finite degree vectors. Math. Sb. 1998,
189 (4), 83-124. (in Russian)

[12] Triebel H. Interpolation theory. Function spaces. Differential operators. Springer, Berlin-Heidelberg-New
York-Tokyo, 1995.

Received 02.04.2014

Avurpymive ML Inmepnoagyilini wikaau anpoxcumayitiHux npocmopis 01 peeyaapHUX eainmuuHux
onepamopis Ha komnakmHux mHoeosudax // KapmaTcoki MmaTeM. my6a. — 2014. — T.6, Nel. — C. 26-31.

BrsHaueHO iHTEPHIOASIIINHI IIKAaAM aIPOKCUMALIITHIX IIPOCTOPiB, aCOUIIOBAHMX 3 PEryAsSpHI-
MM eAINTUYHMMY OIlepaTOpaMi Ha KOMIIAaKTHMX MHOTOBMAAX. BcTaHOBAeHO BiAOBiAHI HEepiBHOCTI
Tuny bepHinTelina i AXXeKcoHa Ta IOKa3aHO iX 3aCTOCYBaHHSI AO CIIeKTPaAbHIMX allpOKCUMAILiil pe-
TYASIPHUX eAIITMYHNX OIlepaTopiB.

Kntouosi cnosa i hpasu: ampoxcmMariiiiHi mpocropu, HepiBHOCTI Tyry BepHinTeiHa i AXexcoHa,
PEryASIpHi eAinTIYHI onepaTopy, KOMIAKTHI MHOTOBVAL.

Avutpymve M. HumepnoadyuonHole wikanol annpokcuMayUoOHHolX Npocimpancme 01 pecyispHoix
NAUNTNUUECKUX ONepaniopos HA KOMNAKMHbIX mHo2o00pasugx // Kapmarckue mareM. my6a. — 2014.
—T.6,Ne1. —C. 26-31.

OnpeaeaeHb! MHTEPIOASIIMOHHbIE IIKAABI aIIIPOKCUMMALMOHHBIX IIPOCTPaHCTB, acCOLMMPOBaH-
HBIX C PETYASIPHBIMM SAAMITUUECKMMM OllepaTOpaMM Ha KOMITAKTHBIX MHOTOOOpasmsiX. YCTaHOB-
A€HbBI COOTBETCTBYIOLIE HepaBeHCTBa Turla bepHITeltHa 11 AJKeKCOHa ¥ ITOKa3aHo MX IpMMeHeHye
K CTIEKTPaAbHBIM alllIPOKCUMAIMSIM PeTyASIPHBIX SAAMITUYECKMUX OIIepaTOpOB.

Kntouesvie cnosa u ¢ppaser: aIITpOKCUMAIMOHHbBIE IPOCTPAHCTBA, HepaBeHCTBa TuMa bepHinTeliHa
1 AXXeKCOHa, peryAspHbIe SAAMITIYECKIE OIlepaTOpPhl, KOMIIAKTHbIE MHOTOOOpa3ms.



