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We study conditions, under which for the Laplace-Stieltjes integral I (o fo )e*?dF (x)
with the abscissa of the convergence o, = A € (—o00, +00] the asymptotlcal equahty In I(c) =
®y(0) + 7(1 4 0o(1))®3(0) as o 1 A is true, where 7 € R\ {0} and ®;, ®3 are some positive
functions on (—oo, A).

1. Introduction. Let V' be the class of functions F on [0, +00) which are nonnegative
nondecreasing unbounded right-continuous. We say that F' € V(1) if F € V and F(x) —
F(z —0) <l < +o0 for all z > 0.

For a nonnegative and measurable function f on [0, +00) the integral

/f e dF(z), o €R, (1)
0

is called the Laplace Stietjes z'ntegml (|1, p. 7]). It is a direct generalisation of the ordinary
Laplace integral I(c) = [° f(x)e™dz and of the Dirichlet series D(0) = > " a,e* with
nonnegative coefﬁments an, end exponents A,. It is clear that integral (1) either converges
for all o € R or diverges for all 0 € R or there exists a number o. such that integral (1)
converges for o < o, and diverges for ¢ > o.. In the latter case the number o, is called an
abscissa of the convergence of integral (1). If integral (1) converges for all ¢ € R then we
put o. = +o0o, and if it diverges for all o € R then we put o, = —oc. Let

p(o) = p(o, I) =sup{f(z)e*™: x >0}, o€R,

be the maximum of the integrand. Then either u(o) < 400 for all ¢ € R or pu(o) = 400 for
all 0 € R or there exists a number o, such that p(o) < +oo for all ¢ < 0, and p(o) = +oo
for for all o > o,. By analogy the number o, is called the abscissa of the maximum of the
integrand.

Lemma 1 ([1], p. 13). If F € V and In F(z) = o(z) as x — 400 then o, > 0.
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In the general case the equality 0. = 0, can be not held. We will say (|1, p. 21]) that
a nonnegative function f has regular variation in regard to F' if there exist a > 0, b > 0 and
h > 0 such that for all z > a
z+b

/ F(OAF(E) > hf(2).

Lemma 2 ([1], p. 21). If F € V and f has regular variation in regard to F' then o, < g,,.

Thus, if F'€ V, In F(z) = o(z) as © — +oo and f has regular variation in regard to F
then o, = 0,,.

Let L° be the class of positive continuously differentiable on (0, +00) functions [ such that
zl'(z) = O(l(x)) as © — +00. We remark that if [ € L° then I((1 + o(1))x) = (1 + o(1))(x)
as r — +00.

By Q(A) we denote the class of positive unbounded on (—oo, A) functions ® such that
the derivative @’ is positive continuously differentiable and increasing to +o0o on (—oo, A).
From now on, we denote by ¢ the inverse function to &', and let V(z) = = — ®(z)/P'(z)
be the function associated with ® in the sense of Newton. It is clear that the function ¢ is
continuously differentiable and increasing to A on (0,400). The function ¥ is continuously
differentiable and increasing to A on (—oo, A) [1, p. 30; 2-3|.

Let A € (—o0, +o0o] and &1 € Q(A). As in [4] we will say that a positive twice continuously
differentiable increasing to 400 on (—oo, +00) function @y is subordinated to &, € Q(A)
if ®5(0) = o(®](0)), P4(c) = o(c®{(c)) as 0 T A and P)(p;) € L°. We remark that
(1) € LY iff ®Y(0)/Py(0) = O(P](0)/P)(0)) as o 1 A. Moreover, we will say that ®, is
strongly subordinated to ®, if ®, is subordinated to ®; and

(0 + O(Py(0) /P (0))) = (1 +0(1))®)(0) (00— +o0), j€{1,2}.

Finally, by Q*(A) we denote the class of functions ® € {2(A) such that for every increasing
to 400 sequence (t,) of positive numbers from the relation

G2<tn7tn+17 (I)l) = (1 + 0(1>)G1<tnvtn+1> CD)) n — 09,

1 b
t) dt
b_a/a o(t) )

for 0 <a<b< +o0.

Let 7 € R\ {0}. In this paper we will explore conditions, under which

it follows that ¢, = (1 + o(1))t, as n — oo, where ([1, p.34; 5])

Gi(a,b, ®) == biba /b (I)(f;(t)) dt < Gy(a,b, ) == & (

In I(0) = ®y(0) + 7(1 + 0(1))Pa(0), o1 A. (2)

Replacing o — A by o, the general case A € (—o0,+00) can be reduced to the case A = 0.
Thus, we will consider that either A = 0 or A = +o00. By LS4(F) we denote the class of
integrals (1) with a given function F' such that o, = A.

2. Two-member asymptotic of functions from LS, (F'). We use some results from [6]
and [7]. If we choose Q(0) = 1n u(o,I) and P(z) =1In f(x) then Theorem 3 from [7] implies
the following statement.
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Lemma 3. Let 7 € R\ {0} and either A = 0 or A = 400. Suppose that ®; € Q*(A),
¢} € L° and ®, is strongly subordinated to ®,. Suppose also that either c®)(c) = O(®;(0))
as 0 T A € {0,400} or ®,(c) = o(P/(0)) and ®)(c) = O(P1(0)) as 0 T A in the case
A = +o0.

In order that In p(o,I) = ®1(0)+(140(1))7Ps(0), as o T A, it is necessary and sufficient
that for every ¢ > 0:

1) In f(t) < =tWi(p1(t)) + (7 4+ €)DPa(pi(t)) for all t >ty = to(e);

2) there exists an increasing to +oo sequence (t,,) such that In f(t,) > —t,V1(¢1(tn)) +

- Ga(tn,tny1,21)—G1(tn,tnt1,P
+ (1 —¢€))P2(pi1(tn)), n = +o0, and nlglolo 2(fn.t “@2&1“3; bns1:®1) _ ),

On the other hand, the following lemma is proved in [6].

Lemma 4. Let F € V, ® € Q(+00) and 7: [0, +00) — [0, +00) be a continuous function
such that y(t) T 400 as t — +o0.

If®'(0) = O(9'(V(0)) as 0 — 400, the function y(t)/t is nonincreasing on [ty, +00) and
v(t) = O(®(¥(p(t))) as t — +oo then the condition

T In F(x)
r—r-+00 ’)/(.CC)

~0 (3)

is sufficient, and if F' € V() and the function ~y is continuously differentiable on [0, +00),
In (1/4/(t)) = o(y(t)) and In ¢(t) = o(~(t)) as t — +oo then the condition (3) is necessary
in order that for every integral I € LS, (F') the inequality

In p(o,I) < ®(0), o > o, (4)

imply the estimate
In I(0) < ®(0) + o(y(P'(0)), o — +o0. (5)

On the other hand, if a function f has regular variation in regard to F' then the inequality
In I(o) < ®(0), o> oy, (6)

implies the estimate
In p(o,I) < ®(0) + O(0), o — +oc. (7)

Remark 1. In the proof of Theorem 1 from [6] it is established that
In I(0) <In p(o, ) + o(y(®'(0)), o1 A, (8)
and if A = 400 and a function f has regular variation in regard to F' then
In p(o,I) <I(o)+O(0), o — 400. (9)
Firstly we prove the following theorem.

Theorem 1. Let A = +oo, 7 € R\ {0}, FF € V() and the function ®; € Q*(4+00) be
such that ¢, € L°, ®1(0 + 0(1)) = O(®,(0)) and @ (c) = O(P} (0 — (14 0(1))P1(c) /P (0))
as 0 — 4o00. Suppose that a function ®, is strongly subordinated to ®, and satisfies the
conditions ®9(0) = O(P1(V1(0))), In ®{(c) = o(P2(0)), 0 = o(P2(0)) as ¢ — +oo and
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Dy(0)/P1(0) ¢ 0 as 09 < 0 — +o0. Suppose also that either o®)(c) = O(Py(0)) or
P, (o) = o(P](0)) and P} (0) = O(P1(0)) as 0 — 400, a function f has regular variation in

regard to F' and
— InF(x)
lim ———=
oo By(gp(2))
Then in order that for every integral I € LS, (F) equality (2) hold it is necessary and

sufficient that for every € > 0 conditions 1) and 2) of Lemma 3 hold.

—0. (10)

Proof. Since ®, is subordinated to @1, that is ®(0) = o(P1(0)), as 0 — +00, there exists
a function ® € Q(+o00) such that

O(o) = O1(0) +7P2(0), o > 0p(7). (11)

The condition ®'(¢) = O(®'(V(0)) as 0 — +oo for the function (11) holds if ®|(0) =
= 0 (P)(c — (1 +0(1))P1(0)/P)(0))) as 0 — 4o00. We choose () = Pa(p1(t)). Clearly, if
Oy(0) /P (0) (0 as 0p < 0 — 400 then 7(t)/t is nonincreasing on [tg, +00). It is proved
[7], that for function (11)

p(t) = @1(t) — (1 +0(1)) @5 (01 (1) (1) = (1 + o(1))pr(t), ¢ — +00, (12)

and
tW(p(t) = tWi(e1(t) — (1 +0(1))7Pa(p1(¢)), ¢ — +oo. (13)

Since Po(p1(t))/t \¢ 0 as t — +o0, by the condition ®;(c + o(1)) = O(Py(0)) as
0o < 0 — +oo from (13) we obtain

O(W(p(t) = (1 +0(1))21(¥(p(t))) = (1 + o(1)) @1 (Vi (par(t) + 0(1)) = O(P1(¥1(1(t)))

as t — +o00. Therefore, if ®o(0) = O(P1(V1(0))) as ¢ — +oo then v(t) = O(P(V(p(t))) as
t — +o0. ,

We remark also that if In ®](0) = o(Ps(0)) as 0 — +oo then In i;((:i((g))
= 0o(Py(p1(t))) as t — 400 and, thus, In (1/9/(¢)) = o(y(t)) as t — 4o00. Finally, if A = +o0
and 0 = o(®y(0)) as ¢ — 400 then In 0 = o(P2(0)) as ¢ — +oo and in view of (12)
In @(t) = In ¢1(t) + o(1) = o(7(t)) as t — +o0. Therefore, by Lemma 4 and condition (10)

is necessary and sufficient in order that for every integral I € LS, . (F) inequalities

In p(o,I) < ®y(0) +7(1+0(1))Ps(0), o — 400, (14)
In I(o) < ®y(0) + 7(1 4+ 0(1))Po(0), o — +00, (15)

are equivalent. Moreover, condition (10) is sufficient for the equivalence of the equalities

In p(o,I) = P1(0) + 7(1 + 0(1))P2(0), o — +o0, (16)
In I(0) = ®1(0) + 7(1 + 0(1))P2(0), o — +o0. (17)

Further, since ®5(p1) € L° and () = ®y(p1(t)), then for function (11) we have
Y(®'(0)) = Pa(p1((1 4 0(1))P1(0))) = (1 + 0(1))P2(0) as ¢ — +oo and in view of (8)
In I(0) <Iln u(o,I)+ o(P2(0)) as o T A. On the other hand, by condition o = o(®y(0)) as
o — 400 from (9) we obtain In pu(o,I) < I(0) 4+ o(P(0)) as ¢ — +o00. Thus, In p(o, I) +
o(Py(0)) <In I(0) <1In p(o,I)+o(Py(0)) as 0 — +00, whence the equivalence of (14) and
(15) follows. If view of Lemma 3 the proof of Theorem 1 is complete. O
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We remark that in Lemma 4 the condition of the nonicreasing of v(z)/x can be replaced
by the condition y(2z) = O(v(z)) as © — 400, when ® has power growth. The following
lemma is proved in [6] .

Lemma 5. Let F € V, ® € Q(+00) and v: [0, +00) — [0, +00) be a continuous function
such that v(t) 1 +oo as t — +o0.

If 0®'(0)/®(0) > h > 1 and 0®"(0)/P'(0) < H < +00 for o > 0o, v(2t) = O(7(t)) and
v(t) = O@t¥(p(t))) as © — +oo then condition (3) is sufficient, and if F € V(l) and the
function v is continuously differentiable on [0, +00), In 7/(t) = o(y(t)) and In ¢(t) = o(y(t))
as t — +oo then condition (3) is necessary in order that for every integral I € LS, (F)
inequality (4) imply inequality (5).

If a function f has regular variation in regard to F' then inequality (6) implies esti-
mate (7).

Using Lemmas 3 and now we prove the following theorem.

Theorem 2. Let A = +oo, 7 € R\ {0}, F' € V(I) and a function ®; € Q*(+0o0) be such
that | € LY, 0®,(0)/®1(c) > hy > 1 and 0®/(0)/®|(c) < H, < 400 for o > . Suppose
that a function ®, is strongly subordinated to ®; and satisfies the conditions In (o) =
o(P2(0)) and 0 = o(Py(0)) as 0 — +oo. Suppose also that either o®(0) = O(P1(0)) or
dL(0) = o(P(0)) and ¥ (0) = O(P1(0)) as 0 — +o0, a function [ has regular variation in
regard to F' and condition (10) holds. Then in order that for every integral I € LS| (F)
equalities (2) holds it is necessary and sufficient that for every ¢ > 0 conditions 1) and 2) of
Lemma 3 hold.

Proof. For function (11) the conditions oc®'(¢)/®(c) > h > 1 and 0®"(0)/P'(0) <
< H < 400 hold for o > gy if 0®)(0)/P1(c) > hy > 1 and 0@ (0)/P}(0) < Hy < 400 for
o > of. If we choose Y(t) = ®o(p1(t)) then v € L° and, therefore [8], v(2t) = O(y(t))
as t — +oo. The condition v(t) = O(t¥(p(t))) as t — +oo in view of (13) holds if
Do(p1(t)) = Ot¥i(p1(t))) as t — +oo. The last condition follows from the condition
o®(0)/®1(c) > hy > 1. Finally, as above, the conditions In ®](0) = o(®P2(0)) and o =
o(P2(0)) as ¢ — +oo imply the conditions In /() = o(v(t)) and In p(t) = o(v(t)) as
t — +o00. Therefore, by Lemma 5, if the function f has regular variation in regard to F
then condition (10) is necessary and sufficient in order that for every integral I € LS| (F)
inequalities (14) and (15) are equivalent. Moreover, condition (10) is sufficient for the equi-
valence of equalities (16) and (17). Hence and from Lemma 3, as above, we obtain the
conclusion of Theorem 2. O

3. Two-member asymptotic of functions from LSy(F’). The following lemma is proved
in [7].

Lemma 6. Let F € V, ® € Q(0) and ~y: [0, +00) — [0, +00) be a continuous function such
that y(x) T +o00 as © — +00.

If '(o) = O(P'(V(0)) as o 1 0, the function vy(z)/x is nonincreasing on [zg, +00) and
v(z) = O(®(¥(p(x))) as © — +oo then condition (3) is sufficient, and if F € V (), the
function v is continuously differentiable on [0, +00) and In v'(z) = o(y(z)) as * — +oo then
condition (3) is necessary in order that for every integral I € LSy(F') the inequality

In p(o,I) < ®(o), o € [o0y,0), (18)
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imply the estimate
In I(0) < ®(0) + o(y(P'(0)), o 10. (19)

On the other hand, if the function f has regular variation in regard to F' then the inequality
In I(s) < ®(o), o € [0,0), (20)

implies the estimate
In p(o,I) < ®(0)+O(0), o710. (21)

Using Lemmas 3 and 6 we can prove the following theorem.

Theorem 3. Let A =0, 7 € R\ {0}, F € V(I) and a function &, € Q*(0) be such that
¥l € L7,

o®(0) = O(21(0)), Pi(0) = O(Py(0 = (L+0(1))®1(0)/Py(0))), o 10.
Suppose that a function ®, is strongly subordinated to ®, and satisfies the conditions
0y(0) = O(21(0 — (1 4 0(1))®1(0) /27 (0))), In®Y(0) = o(P2(0)), o 10.

Suppose also that a function f has regular variation in regard to F' and condition (10)
holds. Then in order that for every integral I € LSy(F) equality (2) as o 1 0 hold it is
necessary and sufficient that for every € > 0 conditions 1) and 2) of Lemma 3 hold.

Finally, we consider the case, when a function ® € Q(0) has slow growth. A function
$: (—00,0) — [0, +00) is called slowly increasing if ®(o) T +o00 and |o|P'(0)/P(c) — 0 as
o1 0. By L,; we denote the class of such function.

The following lemma is proved in [6].

Lemma 7. Let F € V, ® € Q(0) and v: [0, +00) — [0, +00) be a continuous function such
that y(z) 1 +o0 as © — +o0. If

Y(2'(0)) = O(v(®'(20))), 1(®'(0)) = O(|o]@' (T~ (), ¥(P'(0)) = O(1(¥'(¥(0)))), o 10

then condition (3) is sufficient, and if F' € V(l), a function ~y is continuously differentiable
on [0, +00) and In v/(x) = o(y(z)) as © — 400 then condition (3) is necessary in order that
for every integral I € LSy(F) inequality (18) imply estimate (19). On the other hand, if a
function f has regular variation in regard to F then inequality (20) implies estimate (21).

From Lemmas 3 and 7 we obtain the following theorem.

Theorem 4. Let A =0, 7 € R\ {0}, F € V(I), &1 € Q*(0) N Ly, 0P} (0) = O(Py1(0)) as
o 10 and ¢| € L°. Suppose that a function ®, € L,; is strongly subordinated to ®; and
satisfies the conditions ®o(—P1(0)/P|(0)) = O(P1(0)), P2(0) = O(P2(—P1(0)/P)(0))) and
In ®/(0) = o(P2(0)) as o 1 0. Suppose also that a function f has regular variation in regard
to F and condition (10) holds.

Then in order that for every integral I € LSy(F') equality (2) hold it is necessary and
sufficient that for every ¢ > 0 conditions 1) and 2) of Lemma 3 hold.
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