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PROPERTIES OF VOLUME NUMBERS WITH INTEGER COEFFICIENTS AND
 MATHEMATICAL MODELING

ВЛАСТИВОСТІ ОБ'ЄМНИХ ЧИСЕЛ З ЦІЛИМИ КОЕФІЦІЄНТАМИ І
 МАТЕМАТИЧНЕ МОДЕЛЮВАННЯ

The nature of the distribution of volumetric numbers with integer coefficients on the corres-
ponding spheres has been established, according to which the sets of numbers forming a family of rays
of the first, second and third order, outlining a circle on the spheres beyond which there is a distribu-
tion of volumetric numbers with integer coefficients, have been determined. A theorem was also
formulated about the possibility of the existence of at least a single volumetric number with integer
real coefficients that would be located in the middle of the circles outlined by a family of rays of the
first and second order on the corresponding spheres.

Keywords: volume numbers, sphere, family of rays, integers, distribution.

Об'ємні числа забезпечують при моделюванні навколишнього світу однозначну інтерп-
ретацію не тільки суперечливих, а й двоїстих аспектів. Тому ширше дослідження властивос-
тей об'ємних чисел з метою використання в математичному моделюванні представляє істо-
тний інтерес. Крім того, враховуючи, що цілі числа, як і їх комбінації у вигляді суми, тією чи
іншою мірою характеризують навколишній світ, то розгляд зони знаходження множини об'є-
мних чисел з цілими коефіцієнтами на відповідних сферах є одним з основоположних.

Встановлено характер розподілу об'ємних чисел з цілими дійсними коефіцієнтами
{ }cba ,,  на відповідних сферах радіусу r , ( { }NÎr ), згідно з яким було визначено множини чи-
сел { } { }nnncba 2,2,,, = , { } { }nnncba 7,4,4,, = , { } { }nnncba 23,10,10,, = , що розташовуються на

сферах радіусу nk
k 3=r , де: 3,2,1=k  — номер сімейства; n  — номер відповідної сфери, і

утворюють сімейство променів першого, другого та третього порядку.
Числа, які утворені множиною { } { }Zcba Î,,  на відповідних сферах, характеризуються

рівністю суми коефіцієнтів cba ,,  і розташовуються на одній відстані відносно точки ( 0V ,
cba == ), яка є геометричним центром сферичного трикутника. А для чисел першого та дру-

гого порядку відношення радіусу сфери до суми коефіцієнтів є постійним.
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Також встановлено, що зона розподілу об'ємних чисел з цілими коефіцієнтами розта-
шовується за межами області, яку обмежує відповідне коло з центром 0V , яке утворюють
числа першої та другої групи.

На підставі отриманих результатів була сформульована наступна теорема, для чіт-
кого доказу отриманих результатів у загальному вигляді.

Теорема. Існує хоча б одне одиничне число V  з цілими дійсними коефіцієнтами { }cba ,, ,

на довільній сфері радіуса nk
k 3=r , сума яких задовольняла б умові:

{ } { }åå > nnncba 2,2,,, .
Цілі числа, в тій чи іншій мірі характеризують навколишній світ, тому отримані ре-

зультати розподілу множини об'ємних чисел з цілими коефіцієнтами на відповідних сферах
можуть бути використані для математичного моделювання не тільки подій які доступні на-
шому розумінню, але й подій інтуїтивно усвідомлених.

Ключові слова: об’ємні числа, сфера, сімейство променів, цілі числа, розподіл.

Formulation of the problem
Expanding the number space through the introduction of the concept of a volume number sig-

nificantly increases the range of use of algebra and mathematical analysis to describe and model com-
prehensive aspects of the surrounding world. The properties of the reciprocal mirror image of volume-
tric numbers provide an unambiguous interpretation of not only contradictory, but also dual aspects
when studying the surrounding world. Therefore, a broader study of the properties of volume numbers
for the purpose of using them in mathematical modeling is of significant interest.

Analysis of recent research and publications
The introduction by the authors of works [1, 2] of the concept of a spatially indefinite unit

made it possible to move from a two-dimensional number field to a three-dimensional number field. It
should be noted that a spatially indefinite unit is not an element of a two-dimensional numerical field
and necessitates the expansion of the concepts of imaginary units in number theory.

According to [1, 2], the algebraic formula for the volume number is written as
cjbiaV ++= ,

where cba ,,  — real numbers; i  — imaginary unit; j  — a spatially indeterminate unit.
In trigonometric form

)cossinsincos(sin qjqjqr jiV ++= ,
where r  — the length of the radius vector of the corresponding point; j  — longitude; q  — polar
distance.

The properties of volume numbers and their coefficients cba ,,  were used in the development
of a physical and mathematical model of the volumetric Universe [3—5]. These properties made it
possible to mathematically model the location of the space-time continuum in the energy-information-
time field of the volumetric Universe [6].

Despite the fact that the theory of volume numbers is only at the stage of its formation, its use
makes it possible to model objects and processes of the surrounding world more qualitatively [3—6],
which necessitates further research into the properties of these numbers.

Formulation of the research goal
An analysis of works [1—6] indicates that the set of volume numbers, which includes com-

plex and real numbers, makes it possible to describe not only events that are accessible to our under-
standing, but also events that are intuitively realized. In addition, given that integers, as well as their
combinations in the form of a sum [7], to some extent characterize the world around us, then consider-
ation of the area where the set of volumetric numbers with integer coefficients cba ,,  is located on the
corresponding spheres is one of the fundamental ones.

Presentation of the main material
According to the geometric interpretation [1, 2], the volume number and its mirror images can

be represented as follows: fig. 1.



126                                                                                               Математичне моделювання № 2(49) 2023

Fig. 1. Geometric  representation  of  a  volume  number  and  its  mirror  images:  Re  — the  real
axis, Im — the imaginary axis, Sp —the spatially indefinite axis

In this paper, the task is to determine the nature of the distribution of volume numbers with in-
teger coefficients on the corresponding spheres of radius r ,

222 cba ++=r .
According to [7], the maximum sum of real coefficients a3max =DS  of the volume number

cjbiaV ++=0  with coordinates
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For the sake of compactness in presenting the results, Tabl. 1 shows only positive numerical
values of the coefficients cba ,,  of the first octant.
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Table 1. The value of the coefficients cba ,,  of the first octant

r { } Zcba =,,

1 {0}

2 {0}

3 {1, 2, 2} or { } Zcba =,,

4 {0} 1,732 {1, 1, 1}

5 {0} 3,464 {2, 2, 2}

6 {2, 4, 4} 5,196 {3, 3, 3};  {1, 1, 5}

7 {2, 3, 6} 6,928 {4, 4, 4}

8 {0} 8,660 {5, 5, 5};  {1, 5, 7}

9 {3, 6, 6};  {4, 4, 7};  {1, 4, 8} 10,392 {6, 6, 6};  {2, 2, 10}

10 {0} 12,124 {7, 7, 7};  {1, 5, 11}

11 {0} 13,856 {8, 8, 8}

12 {4, 8, 8} 15,588 {9, 9, 9}; {3, 3, 15}; {5, 7, 13}; {1, 11, 11}

13 {3, 4, 12} 17,321 {10, 10, 10};  {2, 10, 14}

14 {4, 6, 12}

15 {5, 10, 10};  {2, 5, 14};  {2, 10, 11}

16 {0}

17 {8, 9, 12}

18 {6, 12, 12};  {8, 8, 14}

19 {1, 6, 18};  {6, 6, 17};  {6, 10, 15}

20 {0}

21 {7, 14, 14};  {4, 5, 20};  {4, 8, 19};  {6, 9, 18};  {4, 13, 16};  {8, 11, 16}

22 {4, 12, 18};  {12, 12, 14}

23 {3, 6, 22};  {3, 14, 18};  {6, 13, 18}

24 {8, 16, 16}

25 {9, 12, 20};  {12, 15, 16}

26 {6, 8, 24}

27 {9, 18, 18};  {12, 12, 21};  {10, 10, 23};  {2, 7, 26};  {2, 10, 25};  {2, 14, 23};  {3, 12, 24}

An analysis of the set of volumetric numbers with integer coefficients indicates the existence
of regularities in the distribution of a group of numbers on the corresponding spheres whose radii sa-
tisfy the condition { }Nnn ÎÎ |3r , where n  — is the number of the corresponding sphere. Namely:

n3=r  — there is a distribution of the I group of numbers { }nnn 2,2, ;
n9=r  — in addition to the I group, there is a distribution of the II group of numbers { }nnn 7,4,4 ;

n27=r  — except for I and II groups, the distribution of the III group of numbers { }nnn 23,10,10 .
The data of the groups of volume numbers of the first octant are presented in Tabl. 2.
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Table 2. Groups of volumetric numbers of the first octant

r cN cjbiaV
cN ++= r cN cjbiaV

cN ++= r cN cjbiaV
cN ++=

3 I
ji 221 ++
ji 212 ++
ji 122 ++

30 I
ji 202010 ++
ji 201020 ++
ji 102020 ++

57 I
ji 383819 ++
ji 381938 ++
ji 193838 ++

6 I
ji 442 ++
ji 424 ++
ji 244 ++

33 I
ji 222211 ++
ji 221122 ++
ji 112222 ++

60 I
ji 404020 ++
ji 402040 ++
ji 204040 ++

9

I
ji 663 ++
ji 636 ++
ji 366 ++

36

I
ji 242412 ++
ji 241224 ++
ji 122424 ++

63

I
ji 424221 ++
ji 422142 ++
ji 214242 ++

II
ji 744 ++
ji 474 ++
ji 447 ++

II
ji 281616 ++
ji 162816 ++
ji 181628 ++

II
ji 492828 ++
ji 284928 ++
ji 282849 ++

12 I
ji 884 ++
ji 848 ++
ji 488 ++

39 I
ji 262613 ++
ji 261326 ++
ji 132626 ++

66 I
ji 444422 ++
ji 442244 ++
ji 224444 ++

15 I
ji 10105 ++
ji 10510 ++
ji 51010 ++

42 I
ji 282814 ++
ji 281428 ++
ji 142828 ++

69 I
ji 464623 ++
ji 462346 ++
ji 234646 ++

18

I
ji 12126 ++
ji 12612 ++
ji 61212 ++

45

I
ji 303015 ++
ji 301530 ++
ji 153030 ++

72

I
ji 484824 ++
ji 482448 ++
ji 244848 ++

II
ji 1488 ++
ji 8148 ++
ji 8814 ++

II
ji 352020 ++
ji 203520 ++
ji 202035 ++

II
ji 563232 ++
ji 325632 ++
ji 323256 ++

21 I
ji 14147 ++
ji 14714 ++
ji 71414 ++

48 I
ji 323216 ++
ji 321632 ++
ji 163232 ++

75 I
ji 505025 ++
ji 502550 ++
ji 255050 ++

24 I
ji 16168 ++
ji 16816 ++
ji 81616 ++

51 I
ji 343417 ++
ji 341734 ++
ji 173434 ++

78 I
ji 525226 ++
ji 522652 ++
ji 265252 ++

27

I
ji 18189 ++
ji 18918 ++
ji 91818 ++

54

I
ji 363618 ++
ji 361836 ++
ji 183636 ++

81

I
ji 545427 ++
ji 542754 ++
ji 275454 ++

II
ji 211212 ++
ji 122112 ++
ji 121221 ++

II
ji 422424 ++
ji 244224 ++
ji 242442 ++

II
ji 633636 ++
ji 366336 ++
ji 363636 ++

III
ji 231010 ++
ji 102310 ++
ji 101023 ++

III
ji 462020 ++
ji 204620 ++
ji 202046 ++

III
ji 693030 ++
ji 306930 ++
ji 303069 ++
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According to the geometric interpretation of volume numbers [2]
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Accordingly, the set of numbers of the form:
njninVI 22

1
++= , njninVI 22

2
++= , njninVI ++= 22

3

form a family of rays of the first order )(INc ;
the numbers

njninVII 744
1

++= , njninVII 474
2

++= , njninVII 447
3

++=

form a family of rays of the second order )(IINc ;
and the numbers

njninVIII 231010
1

++= , njninVIII 102310
2

++= , njninVIII 101023
3

++=

are the family of rays of the third order )(IIINc .
To establish the general dependence of finding the necessary sphere, we use conditions

N=r . Then, for I, II and III groups of numbers we have:

nnnnN 3)2()2( 222 =++= ;

nnnnnN 2222 39)7()4()4( ==++= ;

nnnnnN 3222 327)23()10()10( ==++= .
Hence

nN k
k 3==r ,

where 3,2,1=k  — is the family number.
The volume numbers of the corresponding families on certain spheres are characterized by the

equality of the sum of the coefficients cba ,, :
{ } { } nnnncba 52,2,,, ==åå ;

{ } { } nnnncba 157,4,4,, ==åå ;

{ } { } nnnncba 4323,10,10,, ==åå .
According to [7], the numbers formed by the set { } Zcba =,,  are located at the same distance

relative to the point, which is the geometric center of the spherical triangle ( a3max =DS , cba == ).
Of  particular  interest  are  the  volume  numbers  of  the  family  of  rays  of  the  first  and  second

order on spheres of radius n2
2 3=r , since the condition of equality of the sum of their coefficients

occurs cba ,, ,
{ } { } nnnncba 1532,32,3,, =××=åå º { } { } nnnncba 157,4,4,, ==åå ,
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Fig. 3. Cross section mm -  at o45=j

as well as the ratio of the sphere radius to the sum of coefficients cba ,,  is constant:

{ } 6,0
5
3

2,2,
1 ==

å n
n

nnn
r ;

{ } 6,0
15
9

7,4,4
2 ==

å n
n

nnn
r .

These numbers form a circle on a spherical triangle, the center of which is the volume number
0V , (Fig. 2).

Fig. 2. Distribution of volume numbers with integer coefficients of the first octant on a sphere
of radius 27=r

If through the given numbers of an arbitrary sphere of radius n2
2 3=r , draw a plane mm -

(Fig. 3), then the ray on which the numbers 0V  are located will be perpendicular to this plane, and the
plane will be tangent to the sphere of radius or  at the point njninV 555

00 ++= .
From fig. 3 we have

)cos( qqrr -= Io ,
since: n92 == rr ; 96225,0)cos( =-qqI Þ

nno ×»×= 66,866025,8r .
According to [7], under the condition that
cba ==

3ao =r Þ nna ×=
×

= 5
732,1
66,8

Þ

njninV 555
00 ++=

Studies show that on an arbitrary sphere of
radius nk

k 3=r ,  ( )811 ££ kr  the zone of loca-
tion of volume numbers with integer coefficients is
located outside the area bounded by the corres-
ponding circle with center 0V , (Fig. 2).

An exception is the volume numbers of a
sphere of radius 21=r , whose coefficients form
the set {8,11,16}. Since,

Re Im

Sp
Notations:

    — 0V ;
    — IV , {9, 18, 18};
    — IIV , {12, 12, 21};
    — IIIV , {10, 10, 23};
    — V , {2, 7, 26};
    — V , {2, 10, 25};
    — V , {2, 14, 23};
    — V , {3, 12, 24};
               — { } constcba =å ,, .
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{ } { } { } 3514,14,72,2,,, === ååå nnncba º { } { } 3516,11,8,, ==åå cba ,
then these numbers are located on the corresponding circle.

The number 21 is a Fibonacci number that is a multiple of three. It is possible that for Fibo-
nacci numbers that are multiples of three 144, 987, etc., this exception will take place.

Conclusion
The nature of the distribution of volumetric numbers with integer real coefficients { }cba ,,  on

the corresponding spheres of radius r ,  ( { }NÎr ), was established, according to which the sets of

numbers located on spheres of radius nk
k 3=r  were determined, forming a family of rays of the first,

second and third order.
It has also been found that the zone of distribution of volumetric numbers with integer coeffi-

cients is located outside the area that is limited by the corresponding circle with the center 0V , which
is formed by the numbers of the first and second groups.

Based on the results of numerical calculations, we can formulate the following theorem, for a
clear proof of the results obtained in a general form.

Theorem. There is at least one single number V  with integer real coefficients { }cba ,, , on an

arbitrary sphere of radius nk
k 3=r , whose sum satisfies the condition:

{ } { }åå > nnncba 2,2,,, .
An analysis of works [3—6] indicates that the set of volume numbers with their properties

[1,2,7] makes it possible to describe not only events that are accessible to our understanding, but also
events that are intuitively realized. In addition, given that integers to some extent characterize the
world around us, the obtained results of the distribution of a set of volumetric numbers with integer
coefficients cba ,,  on the corresponding spheres can be used for mathematical modeling in various
branches of science. This is especially confirmed by the exception that occurs on the sphere of radius

21=r . Especially if it turns out to be conforming to the laws of nature. Since the Fibonacci numbers
are closely related to the concept of the “golden section”, which is considered one of the most harmo-
nizing laws of the universe.
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