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2 D FOURIER COEFFICIENTS ON CLASSES OF DIFFERENTIABLE
FUNCTIONS AND OPERATORS PIECEWISE-STEEL SPLINE-INTERLINEATION

Cubature formulas of the calculation of 2 D Fouriers coefficients are presented by using piecewice
operators of spline-interlineation in the case when information about function is set of lines on one class of
differentiable functions. The error of the cubature formulas is evaluated by errors of quadratures

formulas.
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FOURIER DESCRIPTORS FOR SHAPE CHARACTERIZATION

This paper reports shape characterization methods based on Fourier descriptors. Fourier descriptors
were implemented based on angular and complex shape representation and their ability to characterize the
shapes of different objects were evaluated. A new shape descriptor using Fourier descriptors was

proposed.

Keywords: shape representation, shape description, Fourier descriptors.

Introduction

Objects can be characterized by certain features:
grey levels, textures, edges, boundaries, shapes, lo-
cations, etc. An object or regions of interest consists
of interior points or contents which are surrounded
by a boundary often called the contour of an object.
There is no universal definition of what shape of an
object is. The shape of an object is the important
visual feature for describing image content and is
generally considered as the form of the object’s
boundary, consisting of a set of points, curves, sur-
faces, etc.

Here we consider shape boundary of the object
as a closed planar curve that can be defined as func-
tion:

—1in an explicit form as y = (x);

—in an implicit form as f(x, y) = 0;
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— in a parametric form by natural parameteriza-
tion () = ((x(?), y(¢)). We will consider that the pa-
rameter ¢ is given by the arc-length parameterization
with 0 < 7 < L, where L is the length of the shape
boundary.

— a parametric form in the polar coordinates as
©(t) = ((d(1), ().

— a parametric form in the complex plane, z(f) =
=x(1) +j - ¥(0).

Usually a pre-segmented binary shape is repre-
sented by its external characteristics (shape repre-
sentation) and then shape characterization or shape
description is used as a post-processing technique. It
generates descriptors of the shape. Descriptors of
the shape are a set of numbers that describe specific
characteristics or features of an object and are con-
sidered as shape parameters that allow comparing
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and recognizing objects through matching and also
to establish to which class object belongs. Descrip-
tors should not depend on geometrical transforma-
tions such as translation, rotation and changes of
scale [11, 2, 7]. It means that they should be invari-
ant to these three transformations and should not
change the shape of an object. Many different shape
representation and description techniques have been
proposed in the literature, a good review on tech-
niques can be found in [11, 2, 14, 8].

Fourier descriptors have been applied for shape
analysis of different biological objects [4], detection
of defects for various plastic products [9], character
recognition [6, 1], for shape representation [10], to
model shapes in computer graphics [3].

Shape Signatures

Fourier descriptors are derived from Fourier
transform of shape representation. In general it is
one-dimensional function of an object boundary
that often called shape signature. A signature de-
scribes shape in terms of a one-dimensional signal.
A signature can be constructed in various ways from
the given two-dimensional function of an object
boundary. Chain coding, radius (angle), tangent an-
gle, chord-length representations are all signatures
and their many other forms of them have been de-
scribed in literature [14, 5, 12]. Several possible
forms of signatures are presented below.

Fourier descriptors

Fourier expansion in trigonometric form repre-
sents periodic functions ¢(f) by summation of tri-
gonometric functions that increase in frequency
[5,2]:

c(t)= a_zo + i(ak cos(kwt)+ b, sin(kwr)). (1)

k=1
Where @ = 2?“ defines the fundamental frequ-

ency and 7 is the period of the function.

T
a, =% j c(t)cos(kwt)dt and
0

5T (2)
b= j c(t)sin(kot)dt.
0

The coefficients of this expansion, a; and b, are
known as the Fourier descriptors.

Properties of Fourier descriptors

In the following we examine how the change of
curve c(?) affects on Fourier descriptors.

1. A shifted curve can be expressed as c'(f) =
= c(t + a), a represents the shift value. Fourier de-
scriptors for this function by considering the defini-
tion of Equation (2):

T
a, = %J.c(t’ +a)cos(kwt)dt =
0

T
=%J.c(t)cos(kmt—kwoc)dt= 3)
0
=a, cos(koa)+ b, sin(koa).
T
And b = %Jc(i’ +a)sin(kot)dt =
" )

T
_2 j c(t)sin(kot — koo)dt =
T 0

=b, cos(kwa)—a, sin(koa).

From (3), (4) can be observed that g; + b} is in-
dependent of the shift a. That is:

a? +b? = (a, cos(koa) + b, sin(koa))® +

+ (b, cos(koa) +a, sin(ko))® = a; +b;.

2. The scaling of shape can be expressed as
c'(t)=sc(t), s represents no zero value. We have
a, =sa, and b, =sb, .

3. The translation of a shape can be expressed as
ct)y=c(t)+cy:

2 T
a, =?jc'(t)cos(kmz)dt =

0

T
= % f [c(t)cos(kwt) + ¢, cos(kwr)ldt =
0

=a, +%co(sin(k(oT) —sin(0))=q,,
2% 2%
d j c(t)cos(kwt)dt == j [c(t)+ ¢, 1dt = a, +2¢,,
T 0 T 0

a,=a,, k>1,b, =b,.

!
ay

This implicates that Fourier descriptors are in-
variant to translation except the first coefficient a;
and a,,.

Discrete computation

We assume that given shape defined by a closed
curve c¢(t)with m number of points:

T
¢, =c(it),i=1..mt=—.
m

According to the Nyquist theorem [2], the maxi-
mum frequency is obtained when & = ™ The Fou-
rier expansion can be redefined as

m/2

c(t)~ %M " (4 cos(kot) + b sin(kor)),

k=1

T m
a, = %fc(t)cos(kmt)dt ~ %Zci cos(kwit),
i=1

0
T

b, = %.([c(t)sin(kmt)dt ~ %izzl:ci sin(kwit),

T=—1.
m
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The angular shape representation

A description of shapes boundary can be ob-
tained by using the angular function. Assuming that
shape is defined in the parametric form c(¢) = ((x(¢),
¥(f)) where ¢ is arc length and 0 < ¢ < L. The angular
function measures the angular direction of the tan-
gent line (7). However the angular function has dis-
continuities when the angular direction increases to
a value of more than 2m or decreases to be less than
zero. To overcome this problem [13] were proposed
to use a normalized form of the cumulative angular
function. The cumulative angular function y(#) is
the net amount of angular bend between the starting
position z(0) and position z(#) on the shape bound-
ary

v(t) = (o(t) — ¢(0))mod(27).
The normalised function where

L
y*(t) = \4/(2—1) +1, t takes values from 0 to 2.
b
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The factor— normalises the angular function

such that it is ir?variant under translation, rotation
and scaling. For the simplest curve circle, will have
simple representations, y *(¢) =0 and for other sha-
pes y*(¢)#0.

According to properties of Fourier descriptors
coefficients dj,, that is angular Fourier descriptors
provide a rotation, scale and translation invariant
description can be defined as:

d,=+aj +b; .

The feature vector of angular Fourier descriptors

can be written as
AFD={d,,....d, ,}.

The examples of angular function, cumulative
angular function and normalized cumulative angu-
lar function are given in Fig. 1. Fig. 2 illustrates the
angular Fourier descriptors, which were obtained

from rotated objects. They were approximated as
summation of values for each interval.
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Fig. 1. Example of angular functions
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Complex shape representation

Each point of the shape that is given parametri-
cally c(?) = ((x(?), ¥(¢)) can be represented by a com-
plex number, the real and imaginary parts of which
are the x and y coordinates of the points (xo, yo)...
(X1, V1) 1n the real form f(f) = x(¢) and in the
imaginary one f(¢) = y(¢). This allows the shapes
boundary to be expressed as the complex periodic
function:

FO= £+ £, j=N-1.
By considering the definition of Equation (1) the
discrete Fourier transforms of coefficients fi(¢) and
/(?) can be defined by a pair of Fourier descriptors:

c(t) = %+ D (ay cos(kot) + by sin(kor)) +
k=1

+j(a§0+ D (ay, cos(kot)+b,, sin(kmt))]
k=1
2t 27
ay = [ f(cos(konds andby = [ f.()sin(kondi
0 0

2% 2% .
ay = ?j f,(O)cos(kondt and b, = ?j £, (Osin(kot)dt.
0 0

According to properties of Fourier descriptors
complex Fourier descriptors d. invariant to rota-
tion, scale and translation defined as:

2 2 2 12
a;, +a b, +b
d= [y P g,
ay +ay, b+ by1
The feature vector of complex Fourier descriptors
can be written as
CFD={d.p,...,d (12}
The examples of Complex Fourier descriptors,

which were approximated as summation of values
for each interval, are given in Fig. 3.

A new shape descriptors NCFD and NAFD de-
fined as

m/Zd m/2
NCFD:{ZZC} {chk} and
k=2

k=2

m/Zd m/2
NAFD:{Z“"}/{Z@,{}
k=2 k k=2

As an example, Euclidean norm of feature vec-
tors of complex Fourier descriptors ||CFD||, angular
Fourier descriptors ||[4FD|| and shape descriptors
NCFD, NAFD were obtained from objects, that
were rotated, is shown in Fig. 4.

Conclusions

In this paper we are currently investigating shape
characterization methods based on Fourier descrip-
tors. To obtain Fourier descriptors the shape bound-
ary should be represented as one-dimensional func-
tion. In our experiment Fourier descriptors were
obtained by using the angular shape representation
and complex shape representation. The proposed
method is applicable to object with various shapes,
which may be non-star-shaped.

The experiment showed that the complex Fouri-
er descriptors and angular Fourier descriptors, which
were approximated, are similar for the same objects.
Euclidean norm of feature vectors of complex Fou-
rier descriptors ||CFD|| and angular Fourier descrip-
tors ||AFD|| show no clear ability to characterize the
shape of different objects. A new shape descriptors
NCFD and NAFD show a good ability of charac-
terization. The most important observation is that
NCFD and NAFD yield equal values.

Fourier descriptors are in general have a good
ability to characterize the shape of different
objects.
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Fig 2. (Example of Angular Fourier descriptors, v *(/) is normalised cumulative angular function)



Byuko O. A. Buxopucranus neckpunropis @yp’e uist onucy dpopmu 59

[ ™ ~

P [T |

N T e

~ L e e e |

h) v *(®) ?7?) Fourier descriptors

A M
LAV I AN B AN

NP

’“ \J: B IWHT[HWWW I

k) w*(@® 1) Fourier descriptors
| . |
’“‘..AM . -*""»/l l_‘
RTiAl

Wf % A |
ThH = rTAT
s e uiiiinnuniannininmmnm

n) v *() o) Fourier descriptors

/J\ [\\ il
p) qQ) V0 r) Fourier descriptors

Fig 2. Example of Angular Fourier descriptors, y *(/) is normalised cumulative angular function

T
//
~
FI
/ nm )‘l—h*v\f——/_\— |
\ | L |
a) b) x(2), ¥(?) ¢) Fourier descriptors
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Fig 3. Example of Complex Fourier descriptors

AP

i) Fourier descriptors

1) Fourier descriptors

|[AFD|| 14.9116556 15.0443492 14.6320218 13.9536189 14.8682044
|CFD|| 4.0985746 4.1713933 4.1961798 4.1494936 4.2834784
NAFD 7.4320975 7.4884648745 7.48346985 7.43209750 7.4320975
NCFD 7.4320975 7.48846487 7.48346985 7.4320975005 7.4320975
|[AFD|| 13.9127367 14.3144764 14.8901750 12.5824716 13.9698909
||CFD|| 4.3056931 4.2843708 4.4418956 4.2470277 4.34448694
NAFD 7.1885845 7.20327101 7.1777662 7.1885845 7.1885845
NCFD 7.1885845 7.20327101 7.1777662 7.1885845 7.1885845

Fig 4. Euclidean norm of feature vectors of complex Fourier descriptors ||CFD||
and angular Fourier descriptors||4FD||, new shape descriptors NCFD and NAFD




Emeys O. O., Emeys €. M., Onvxoscokuii /]. M. OnitiMizaniiiHi 3a1a4i Ha IEPECTaBICHHIX: METO/] KOMOIHaTOPHOTO... 61

Jliteparypa

1. 3anpsraes C. A. Pacrio3HaBaHue pyKOIMCHBIX CHMBOJIOB Ha OC-
HOBE aHalM3a JeCKPUNTOPOB (GyHKIui utiHbI Xopasl / C. A. 3a-
npsirae, A. U. Copokun // Bectauk BI'Y. — Cepust : Cucrem-
HBI aHamM3 W WHpOpManuoHHbIe TexHonornu. — 2009. —
Ne 2. —C. 49-58.

2. Aguado A. S. Feature extraction and image processing /
A. S. Aguado, Nixon M. S. — Oxford : Newnes, 2002.

3. Aguado A. S., Montiel E., Zaluska E. Modelling Generalised
Cylinders via Fourier Morphing. ACM Transactions on Gra-
phics. 1999. — Vol. 18 Issue 4.

4. Fourier Descriptors and their Applications in Biology / ed. by
Pete E. Lestrel. — Cambridge University press, 1997.

5. Gonzalez R. C. Digital Image Processing / R. C. Gonzalez ,
R. E. oods . — Second Edition. — Prentice-Hall, 2002.

6. Granlund G. Fourier Preprocessing for hand print character
recognition. IEEE Trans. Computers, 21: 195-201, 1972.

7. Kindratenko V. Development and application of image analysis
techniques for identification and classification of microscopic
particles./V. Kindratenko; Universiteit Antwerpen, Ph.D. Thesis,
Antwerpen, 1997.

byuxo O. A.

8. Loncavic S. A survey of shape analysis techniques / S. Loncavic /
Patter Recognition. — 1998. — Vol. 31(8). — P. 983-1001.

9. Petkovic T. Shape description with Fourier descriptors / T. Pet-
kovic, T. Krapac // Technical Report, 2002.

10. Rahmadhani M., Herdiyeni Y. Shape and Vein Extraction on Plant
Leaf Images Using Fourier and B-Spline Modeling, AFITA
2010/M. Rahmadhani, Y. Herdiyeni // International Conference,
The Quality Information for Competitive Agricultural Based
Production System and Commerce. —2010. — P. 306-310.

11. Schnabel J. Shape description methods for medical images /
J. Schnabel; Technical report TR/95/12, London, 1995.

12. Sonka M. Image processing, analysis and machine vision /
M. Sonka, V. Hlavac, R. B. — Chapman and Hall, 1993.

13. Zahn C. T. Fourier Descriptors for Plane Closed Curves /
C. T. Zahn, R. Z. Roskies // IEEE Transsactions on Computers. —
1972. - Vol. C-21(3). — P. 269-281.

14. Zhang D. Review of shape representation and description tech-
niques / D. Zhang, G. Lu // Pattern Recognition. — Vol. 37. —
P. 1-19. - 2004.

BUKOPUCTAHHSA JECKPUIITOPIB ®YP’€ IJIA OITUCY ®OPMU

Y ecmammi posensinymo memoou onucy popmu Ha ocrosi deckpunmopie @yp’e. [1obyoosarno oeckpun-
mopu Pyp e Ha OCHOBI KYMOoB0oi i KOMNIEeKCHOI penpezenmayii hopmu, 3anPONOHOBAHO HOBULL OeCKPUNIOP.
Ipoananizosarno 30ibHOCMI decKpunmopis xapaxmepuszyeamu Gopmu pizHux 06 €xkmis.

Kniwouoei cnoea: npencrasnexns popmu, onuc popmu, Aeckpuntopu Oyp’e.
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ONTUMIZALINAHI 3AJTAYI HA IEPECTABJIEHHAX:
METOA KOMBIHATOPHOT O BIICIKAHHA 3 BUKOPUCTAHHAM
AJI'OPUTMY KAPMAPKAPA

OcmaHuiM 4acom iHMeHCUBHO O0CTIONCYIOMbCS 3a0aul KOMOITHAMOPHOT onmumizayii, wo npuzeooums
00 po3pobKuU HOBUX NIOX00i6 Ma Memoodi 00 ix po3e s3y8aHHs. AKMYarbHOW0 € po3poOKaA NOTTHOMIATbHUX
aneopummis 05 po38 sa3y8anHs 3a0ay KOMOIHAMOPHOT onmumizayil.

Y yvomy oocriosicenni sanpononosaro suxopucmogysamu areopumm Kapmaprapa y memoodi kombina-
MOPHO20 BIOCIKAHHS OJIsL PO36 S13Y8AHHA OONOMINCHUX 3a0a4 TIHIIHO20 Npoepamysants. Bukiadeno memoo
KOMOIHAmMopHo2o 8iocikanHs Ha ocHosi areopummy Kapmapkapa. Cihopmyneosano ma dosederno meopemy

NpO CKIHYEHHICb 3anPONOHOBAHO20 MEMOO).

Knruosi cnosa: nepecraBieHHs, METOJ] KOMOIHATOPHOTO BijicikaHHs, MeToj] Kapmapkapa.

OcTaHHIM 4YacoM i3 PO3BUTKOM MOXXJIHMBOCTEH
KOMII FOTEPHOT TEXHIKH B MATEMaTHIHOMY MOJIEITIO-
BaHHI 3pOCTa€ aKkTyaJbHICTh 3a]lad KOMOIHATOPHOI
ontumizalii [4; 5; 8-10].

VY mpangix [9, c. 56-86; 6—8] po3misitHyTO METO
KOMOTHATOPHOTO BiJCIKaHHS Ha BEPIIMHHO PO3Ta-

© O. Emeys O. O., Emeywp €. M., Onvxoscokuit /1. M., 2011

IIOBaHMX MHOXKHMHAX, 30KpeMa Ha TIepeCcTaBlICHHSIX.
AKTyalibHOIO € po3po0Ka MOJIHOMIAIBHUX alro-
PUTMIB I NEBHUX KJAciB 3a1ad KOMOIHAaTOPHOI
onTuMizaiii. ¥ MeTogax KoMOIHATOPHOTO BiJICIKaH-
HS JUTS PO3B’SI3yBAHHS TOTIOMIXKHUX 3a7ad JiHiHHO-
ro mnporpamyBanHs (3JIII) BUKOPHCTOBYIOTHCS





