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DEVELOPING A MATHEMATICAL MODEL OF LINKAGE PARAMETERS
OF AIR FLOW IN A FILTER BOX
Purpose. Using the mathematical model, to study the air velocity flow in a filter box of a respirator taking into ac-

count its inluence on the geometric parameters and protective efficiency.
To define the influence of geometric parameters of a filter box on kinematic characteristics and its protective ef-

ficiency.

Methodology. To develop the mathematical model, the method of analysis and synthesis was applied. In the course
of the analysis, the filter box was divided into a number of zones for estimation of the motion process of dust and gas
flows. The synthesis method was used to describe the motion of a two-phase dust-laden flow in the cylindrical coor-

dinate system r, z, © in Eulerian variables.

Findings. Geometrical parameters of a filter box of a respirator have been optimised including the outlet port di-
ameter; confusor height; outlet port shifting regarding the filter box centre.

Originality. A new technique for optimization of the geometrical parameters of a filter box of a respirator based on
the mathematical model was presented. Dependencies of distribution of air flow velocities for filter boxes of different
geometry have been obtained and dependencies between its aecrodynamic and geometrical parameters have been es-

tablished.

Practical value. The results allow defining the parameters of a filter box with minimum resistance to the air flow

and improving protective efficiency of the respirator.

Keywords: respirator, filter box, mathematical modelling, finite-element method, method of local variations, least

square method

Introduction. Protective properties of respirators are
determined by insulating properties of a half-mask and
parameters of a filter box with a filter. The latter ones
influence the distribution of air flows in them consider-
ably [1], which results in uneven flow distribution
throughout the filter as well as in occurrence of dead
zones which do not participate in the filtration process,
thus, decreasing a service period of a dust respirator sig-
nificantly. The air flow is influenced by the ratio of the
sizes of the inlet and outlet ports inside the filter box
along with their location regarding each other [2]. At the
same time particles settle unevenly on some filter seg-
ments whereas others do not participate in dust collec-
tion [3, 4]. Therefore, design solutions contribute to
uneven aerosol particle deposition over the filter, which
results in decreasing its protective efficiency. Thus, re-
search on dependence of linkage parameters of the air
flow on changes in the filter box geometry is an urgent
task.

Literature review. Regarding the issue under consid-
eration, research works [5, 6] were reviewed. Most of
them deal with choosing filtering material and deter-
mining the influence of their structure (the fibre diam-
eter, packaging density and width) on the respirator pro-
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tection coefficient. The latest research is directed at
studying the issues of aerosol particle deposition on fi-
bres of various sizes through computer modelling [7, 8].
They pay much attention to calculations of density of
multilayer filter packaging. Studying of changes in filter
resistance when polydisperse particles are settling is also
of interest.

Work [9] considers issues of even distribution
throughout the filter area for extensive corrugation. The
purpose of the work is to estimate the filter configuration
and, thus, increase its operational life. The authors in
[10] established that optimization of a filter box and de-
crease in the value of pressure drop occur with struc-
tural changes in the back of a filter box in the form of a
confusor, which reduces the number of dead zones and
nonuniformity of the flow velocity distribution. That is
why the major geometric parameters which influence
the uniformity of the velocity distribution include the
outlet port diameter of a filter box, confusor height and
outlet port shifting regarding the filter box centre.

Statement of problem. Present-day respirators have
filter boxes with a limited size due to design features of
half-masks. It is considered that the decrease in the fil-
tration rate occurs because of a sufficiently large area of
the filtering material placed inside the filter box. How-
ever, the influence of the major geometric parameters of
the filter box is not considered, whereas according to the
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experimental studies [11] it can degrade filter operation
significantly. Thus, a crucial task arises to analyse link-
age parameters of the air flow inside the filter box in re-
lation to the geometry changes.

The purpose of the article is to to study the air ve-
locity flow in the filter box of a respirator using the
mathematical model and taking into account its inlu-
ence on the geometric parameters and protective effi-
ciency.

Basic theoretical part. To achieve the objective let us
apply the mathematical model presented in [12] whose
implementation resolves itself to solution of a bound-
ary-value problem for the system of four partial nonlin-
ear differential equations. It describes the motion of a
two-phase dust-laden flow in the cylindrical coordinate
system r, z, 0 in Eulerian variables.
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where V;, V,, V, are tangential, radial and axial velocities
in the filter box, m/s; r, z are the current radius and re-
search field width, m; P, p are pressure and density of
the flow in the filter box, pascal, kg/m?.

For computer-aided solution of this system of equa-
tions, let us write the system of equations (1) as dimen-
sionless form. This will allow obtaining characteristics
of process behaviour mode by simple conversion calcu-
lation according to the transition coefficients obtained
while solving this system.

Let us select the initial parameters: ¥, is the filter in-
put velocity; p is the flow density at the filter input; Ry is
the radius of the filter box.

Then
vty ey Vo0 P
Y © " Po Py

Conducting rearrangements of the system of equations
(1, 2), we will obtain equations of the dust and gas flow mo-
tion and continuity in filter zones in dimensionless form
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where k,is the frequency factor of collision of particles
with the filter; Ris the gas constant; 7'is the temperature
of the dust-laden flow.

To solve the system of equations (3) under specified
boundary conditions let us apply the least square meth-
od [8, 13]. Let us consider the algebraic and differential
form of simultaneous equations

.fl(u](x: Y, Z)a RREE) Ll,,(x, Y, Z)) = 03 j: 13 2; 37 e N, (4)

where x, y, z are points of a certain domain Q.
Let us introduce the functional related to this system

4)
)= [ 12 (52,2
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u,(x,7,2))dQ. (5)

It is easy to show that providing the functions
U (X,¥,2), ..., U (x,y,7) satisfy the system of nonlinear
equations for all x, y, z from the domain Q, the func-
tional (5) becomes zero. On the other hand, it is evident
that providing f(u,, u,, ..., u,) > 0, whereby the equality
sign is attained only at the functions u(x,,2),...,
Ui (x,¥,2) satisfying the system of equations (3), the so-
lution of the system (3) provides the functional (5) with
the least value. Therefore, the task of solving the system
of nonlinear equations (3) can be replaced by the task of
minimizing the functional (5). Such substitution of one
task with another allows developing simple and efficient
numerical algorithms.

Taking into account the axial symmetry, the integral
(5) isdecomposed into a double integral of the following
form

r 2
2
RH V.
v o]= iy ey 2 W) RT1e ) R irde
00 or 07 r Ve por V; (6)
- 2
ov. v, 2
vy % 00y BT O RT100 B
or oz Ve or ‘oz Vipox Ve

100

ISSN 2071-2227, Naukovyi Visnyk NHU, 2019, N° 3



ENVIRONMENTAL SAFETY, LABOUR PROTECTION

Since the motion of the dust-laden flow in the filter
box is asymmetrical, only coordinates r, z will be its sig-
nificant arguments of the required functions.

The next step of numerical solution of the task in-
volves discretisation of the extremum problem for the
functional (5). For discretisation, the finite-element
method is used [14—16]. Based on the finite-element
method it is necessary to divide the area of study into
triangular elements as is shown in Fig. 1.

Within the limits of a finite element each of the the
required functions Vy(r, z), V (¥, 2), VA7, 2), p(¥, 2) is ap-
proximated using the linear expression according to the
variables r, z

r,z) =a,+ar+a,2

(
(r,z) =by+br+b,z
g (r,z) =cy+er+ez '

(7

~

p(r,z) =d,+dr+d,z

Invariables ay, a,, ..., dy, d,, d, are expressed in terms
of the function values at mesh nodes belonging to the
given triangle. Within the introduced approximation, we
obtain the partial differential coefficients

Ve Vg . op_ .
e a; p ay; o d; ... (8)

Let us substitute expression (7) for Vy, V,, V,, p and
for their partial differential coefficients to the functional
(5). Further we evaluate the integral (6) using the sim-
plest investigations [17—19] according to which the inte-
gral is substituted with the sum of the product of finite
element areas by the value of the subintegral function in
the centres of these elements.

Let us satisfy boundary conditions assuming that
the required functions at the nodes belonging to the
border take up specified values. Then, the task resolves
itself to defining the values of the required functions

—>IAr;

Fig. 1. Dividing the filter box into triangular finite ele-
ments:

N, M — sizes of the area; Ar, Az — division of the area

ISSN 2071-2227, Naukovyi Visnyk NHU, 2019, N° 3

Vs, Vo, V,, p at the mesh nodes of the finite elements
based on the condition for minimum of the multivari-
able functional occurring with integral approxima-
tion.

Using the method of local variations the solution of
minimisation problem is defined as a result of successive
approximations — iterations. During one iteration, suc-
cessive single-fold “improvement” of nodal values oc-
curs in such a way that the minimised function decreases
at every step. Let us assume that iterations of the method
of local variations have been completed; as a result, val-
ues VO, VIO VH® o0 are obtained. The superscript
within the brackets shows an iteration number, while the
subscript indicates a mesh node number. Then, let the
first nodal values V;, V., V,, p, on the (K + 1) iteration
have been revised and they are equal to

Ve(ik+1)7Vz(ikJrl)’Vrngrl)’png) with i<m. (9)

Letuscalculate the values V(o] Vot oV orih Pl
according to the method of local variations. Let us
choose certain 6 > 0 called a variability step. As value
V((,,lfjll)) we take one of the variables

k k k
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The choice is made based on the condition for mini-
mum of the multivariable function with fixed values of
other variables which are eqaul to
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Having obtained Ve((k,;ﬂ), we define V,((I;'R) in a simi-

lar way, then Vz(('f; H) and proceed to the node m + 2.

If, as a result of the iteration
(k+1) _ 1/ (k). k+l) _ 17 (k). k+) _ 17 (k).
Var 0 =Vos ViD=V Vi =10, (12)
k+1 k
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the velocities and density (12) are equal for almost all
the mesh nodes, the value of the variability step will
halve, and will be repeated in the process of local vari-
ability.

Results of mathematical modelling. Research tech-
niques include calculation of finite elements and local
variations of linkage parameters of dust-laden air flow
throughout the filter box with its present gecometric pa-
rameters based on the mathematical model using the
finite element method.

The initial data for the calculation based on the
mathematical model are presented in Table.
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Table
Estimated characteristics (Fig. 2)
Filter box Value Filter Value
parameters parameters
Box radius R, mm 45 Initial resistance to 20
the air flow P, pascal

Inlet port radius 15-30 | Filter area S, mm? 460
Fp, MM
Box height H, mm 30 Airflow rate I/min 30
Confusor height 5—20 | Outlet port shifting, | 0—20
h, mm mm

The number of iterations and computational accu-
racy of the results obtained were predetermined. The it-
erations are terminated if the value of variability step
grows smaller than the given permissible error. To make
the algorithm operate, it is necessary to define the initial

approximation — values Vg,V {",V{",p¥ at the mesh
nodes. Average rates were calculated according to the
filter cross-section area and airflow rate in the filter box.
The algorithm described converges without regard to
choosing the initial approximation; however, to acceler-
ate the iteration of the process it is desirable to choose
the approximation which corresponds in nature to the
proposed solution. The calculation was considered to be
performed if the required computational accuracy was
achieved or the predetermined number of iterations was
valid.

As a result of modelling, there were obtained dis-
tribution diagrams for acrodynamic parameters of the
specified calculation zone. The sizes of the study zone
were presented by parameters z, r, as is shown in
Fig. 1.

When calculated, distribution diagrams for air flow
rates within the given zone were obtained. Ratio V,,,,/
Vwims Which was minimised in consequence of calcula-
tion, was an assessment criterion of uniformity of dust
particle settlement on the filter surface. The most uni-
form velocity distribution occurred in three areas where
this ratio was the smallest; in these circumstances no
dead zones or non-uniform velocities throughout the
studied area were observed.

The system of equations was solved within the
Mathcad and allowed obtaining the distribution of air
flow rate inside the filter considering the size and posi-
tion of the outlet port as well as the confusor height.

Fig. 2. The model of structure of the filter box

102

Linkage parameters of air flows in the filter box of
different geometry were studied. Upon that, relations
Viax/ Vinim» Were compared; the results of comparison
are given as diagrams in Figs. 3—5.

Discussion. As a result of modelling, interrelation
between the geometric parameters of the filter box and
filtration rate is obtained. The latter influences the non-
uniformity of velocity distribution of a respirator. The
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Value of outlet port shift relative to the centre
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Fig. 3. Curve of dependence of distribution of relative ve-
locity of the air flow on the value of the outlet port
shift with a diameter of 50 mm from the centre of the
filter box with a length of the confusor of 15 mm and
airflow rate of 30 I/min
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Fig. 4. Curve of dependence of distribution of relative ve-
locity of the air flow on the height of the confusor with
a 50 mm diameter of the outlet port arranged cen-
trally with the airflow rate of 30 l/min
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Fig. 5. Curve of dependence of distribution of relative ve-
locity of the air flow on the diameter of the outlet port
with a 90 mm diameter, confusor length of 15 mm and
the airflow rate of 30 [/min
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higher it is, the worse the process of capturing aerosol
particles goes. About 80 % of all the dust in the filter is
captured when using the electrostatic method. An in-
crease in dust and gas flow rate will result in decreasing
time of particles being in the electrostatic field created
on the surface coating of the filter and, consequently, an
increase in slippage of particles through it. The data ob-
tained allow optimizing geometrical sizes of filter boxes
which will contribute to even air flow velocity along the
filter.

The suggested mathematical model features consid-
eration of vortex flows, which can occur because of ex-
treme growth of the airflow rate while performing hard
work. In this case, the present-day models for estimat-
ing filter operation lead to significant errors.

The analysis of a particular calculated example of a
filter box for the respirator RPA with a polypropylene
filter shows that the 50 mm diameter is the most accept-
able diameter of an outlet port. Further outlet port di-
ameter increase requires production of a respirator in-
haling valve of the proper size to protect the filter from
moisture ingress when breathing out. Large size respira-
tor inhaling valves feature less resistance and contribute
to operation time increment and moist air impingement
from underneath the mask to the filter, thus, decreasing
their resource.

Confusor height increase is limited by respirator pa-
rameters. In particular, it can result in complicated fas-
tening of a respirator to allow the mask to fit the face
properly. A large size of a box will change the mass cen-
tre of a respirator and, therefore, cause headband load
growth. Moreover, it can impair a user’s visibility sig-
nificantly, which is not allowed. As a result of mathe-
matical modelling, 16—20 mm has proved to be the most
appropriate confusor height.

Another element — outlet port shift with relation to
the centre of a filter box — is conditioned by increase in
service properties of respirators. However, the calculat-
ed data shows that outlet port shift with relation to the
centre of a filter box results in considerable increase in
air flow rate. If this construction of a filter box is re-
quired, the outlet port shift relative to the centre of a
filter box should not exceed 5 mm.

As a result of performing mathematical modelling, a
calculation procedure for designing filter boxes for vari-
ous work conditions was obtained. Further research will
be aimed at decreasing resistance of a filter box and in-
creasing protective effect duration and protection coef-
ficient of dust respirators. Since these characteristics are
interrelated, a need arises to define the filtration coeffi-
cient [20]

AP  InK
W y(ap)

where K is the penetration coefficient of the filter, v is
the airflow rate; y is the filtration coefficient.

Therefore, further studies are to be directed at reduc-
ing filter resistance and optimising the airflow rate in it
using the mathematical model.

Conclusions. Thus, based on the issues considered
we can draw the following conclusions:
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- the new research technique based on the mathe-
matical model is developed using the least square meth-
od, finite-element method and method of local varia-
tions; it allows obtaining linkage parameters of dust-
laden air throughout the filter box with different geo-
metry;

- geometric parameters of the filter box are opti-
mised including the outlet port diameter, confusor
height, and outlet port shift form its centre;

- the new technique for optimising geometric pa-
rameters of the filter box based on the mathematical
model. Dependencies of distribution of air flow veloci-
ties for the filter box with different geometry are ob-
tained and relationship between its aerodynamic and
geometrical parameters is established.
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Merta. JocnigkeHHs Ha MaTeMaTUYHii MoJesi Te-
Yii IBUAKOCTI MOBITPs Y DUIBTPYIOUiil KOPOOI1Li pectti-
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paropa 3 ypaxyBaHHSIM HOTO BIUIMBY Ha T€OMETPUYHI
ImapaMeTpH i 3aXUCHY e(heKTUBHICTD.

BusHauuT BIUIMB T€OMETPUUHMX IapaMeTpiB
GinbTpyI040i KOPOOKM pecrtipaTopa Ha KiHEMaTW4Hi
XapaKTEePUCTUKU Ta ii 3aXUCHY e(peKTUBHICTb.

Mertomuka. /I moOynoBM MaTeMaTUYHOI MOJEi
BUKOPMCTOBYBaBCSI METOH aHali3y Ta cuHTe3y. [lpu
MPOBeAEHHI aHani3y (ibTpyroya Kopobka Oyja po3-
OuTa Ha KiJibKa 30H JJIs1 OLIIHKM MPOLeCy pyXy Nujiora-
30BUX IIOTOKiB. MeTom CUHTE3y BUKOPUCTOBYBABCS
IUJISL onucy pyxy ABO(MA3HOTO 3aMUJIEHOTO MOTOKY B 11~
JIIHAPUYHIN cucTeMi KoopauHart r, z, 0 B EilslepoBux
3MiHHUX.

Pe3ymbrat. OnTuMi3oBaHi TeOMETPUIHI TTapame-
Tpu (QiNnbTPYIOUOi KOPOOKU pecripaTropa: giaMeTp BU-
XiIIHOTO OTBOpPY; BUCOTa KOH(PY30PY; 3MIILIEHHS BUXiI-
HOTO OTBOPY Bil ii LIEHTPY.

HayxkoBa HoBu3Ha. [IpencraBieHa HOBa MeToaUKA
OINTUMi3allil FTeOMETPUYHUX MapaMeTpiB (PiabTpyrouoi
KOpOOKM pecriparopa Ha MaTeMaTUYHiili Momeri.
OTpuMaHi 3aJIeXKHOCTi PO3MOAiAY LIBUIKOCTEN MOBi-
TPSHOTO TIOTOKY TS (PiIbTPYIOUOi KOPOOKU 3 Pi3HOIO
FEOMETPi€I0, a TaKOX BCTAaHOBJIEHI 3aJIeXKHOCTI Mix
aepoJIMHAMIYHUMU ¥ reoMeTpUYHUMU 11 IMapaMeTpa-
M.

IlpakTnyna 3HayumicTh. PesynbTaT H03BOJISIIOTH
BU3HAYUTU napamMeTpu (pilbTPyr04uoi KOPOOKU 3 MiHi-
MaJIbHUM OTIOPOM TTOBITPSTHOMY ITOTOKY Ta IMOKpAIlM-
TH 3aXUCHY e(PEKTUBHICTb pecItipaTopa.

Kimouosi cioBa: pecnipamop, ginbmpyroua kopooka,
Mamemamuure MOOeABAHHS, MemMOo0 KiHUesUx eleMeH-
mie, mMemoo NOKAAbHUX 6apiauill, Memoo HaUMeHUUX
Keadpamie

Pa3paboTka MaTeMaTHYeCKOil MOJeH
KHHEMATHYECKHX NMAPAMETPOB NMOTOKA BO3IAyXa
BHYTpH (pUIbTPYIONIEH KOPOOKHM pecnupaTopa

10. U. Yebepsuxo, U. M. Yebepsauxo, H. H. Oonosox,
JI. C. KopswkuHna
HanuyoHanbHblii TeXHUYECKUIT YHUBEPCUTET ,,JIHempoBcKast

rmojauTexHuka“, . Jlnemnp, YkpaunHa, e-mail: cheberiachkoyi@
ukr.net

ean. MccnenoBaHue Ha MaTeMaTUYECKON MOAEIN
TEYEeHUsI CKOPOCTU BO3Myxa B (OMIIBTPYIOIIEH KOpoOKe
pecrnupaTopa ¢ y4eTOM €ro BIWSHMSI Ha TeoMeTpuye-
CKUe€ MapaMeTpbl U 3alIUTHYIO 3G (HEKTUBHOCTD.

OrnpenenuTs BAUSIHAE T€OMETPUYECKUX Mapame-
TpoB buIbpyloUIeid KOPOOKU pecrupaTtopa Ha KUHE-
MaTHYeCKHE XapaKTepUCTUKU U e 3alIUTHYI0 3(PpdeK-
THUBHOCTb.

Metomuka. [IJsT TOCTpOeHMSI MaTeMaTUYeCKOM
MOJIEN HMCIOJIB30BAJICSI METOHN aHajIu3a M CHHTE3a.
IIpu nmpoBemeHnu aHanu3a (GUILTPYIOIIAST KOPOOKaA
OblUTa pa3duTa Ha HECKOJILKO 30H IJIsl OLICHKM MPO-
1iecca IBUKEHUS MbLIera30BbIX TOTOKOB. MeTo CUH-
Te3a MCMOJIb30BaJICS ISl ONMCAHUS IBUXKEHUS TBYX-
(hazHOro 3ambUIEHHOTO MOTOKAa B LIMIMHAPUYECKON
CHCTEME KOOpAMHAT F, 7, O B DHAIEPOBBIX MEepEeMEH-
HBIX.
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Pe3synabraThl. ONTUMU3MPOBAHHBIE T'eOMETpUYE-
cKue TapaMeTphl (UIbTpYIOlleil KOPOOKU pecrupa-
TOpa: AUAMETP BBIXOJHOTO OTBEPCTHUS; BbICOTA KOH-
(y3opa; cMmellleHre BBIXOMHOTO OTBEPCTUSIM OT €€
LEHTpA.

Hayuynas HoBu3Ha. [IpencraBieHa HoBasi METOIMKA
ONTUMU3AIINN TeOMETPUUECKUX ITapaMeTpOB (DIIIb-
TPYIOLIEH KOPpOOKHU pecrupaTopa Ha MaTeMaTUYeCKOMn
moneau. IlonayyeHbl 3aBUCMMOCTH pacrpeaeaeHus
CKOpOCTEil BO3AYIIHOTO IOTOKA i1 (DUILTPYIOIIEH
KOPOOKH € pa3HOU reOMEeTpUE, a TaK>Ke YCTaHOBJICHBI
3aBUCUMOCTH MEXIY a3POAMHAMUYECKUMU U TeOMe-
TPUUYECKMMHU €€ TTapaMeTPaMu.
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IIpakTHyeckas 3HAaYMMOCTb. Pe3yibTaThl ITO3BOJISI-
0T OIIPEAEITUTh IMapaMeTPhl (PUIBTPYIOIIEH KOPOOKH C
MWHHMMAaJIbHBIM COIPOTUBIIEHUEM BO3IYIITHOMY ITOTO-
Ky ¥ YAYYIIIUT 3aIIUTHYIO0 3P(MEKTUBHOCTD PECIIMpa-
TOpAa.

KimoueBble cioBa: pecnupamop, guismpyrowas Ko-
PpobKa, mamemamu4eckoe Mooeaupoganue, memoo Ko-
HEUHbIX INEMEHMOE, Memo0 N0KANbHbIX 8aAPUALULL, MeMOO
HAUMeHbUIUX K8a0pamoes

Pekxomendosano 0o nybaikauii dokm. mexH. HayK
B. €. Kosecnukom. Jlama Ha0xo0xceHHs — pyKonucy
26.03.18.
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