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ÎÄÍÎÐIÄÍÀ ÇÀÄÀ×À Ç ËÎÊÀËÜÍÈÌÈ ÊÐÀÉÎÂÈÌÈ
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×ÀÑÒÈÍÍÈÌÈ ÏÎÕIÄÍÈÌÈ ÄÐÓÃÎÃÎ ÏÎÐßÄÊÓ ÇÀ ×ÀÑÎÌ

We investigate a homogeneous problem for partial differential equation with two variables of second
order in one (time) variable in which the boundary conditions on a strip bound are set, and
generally infinite order in another (spatial) variable. We find the conditions of existence of only
trivial solution of the problem. In case when those conditions are violated, we specify a method of
constructing non-trivial solutions.

Äîñëiäæåíî îäíîðiäíó çàäà÷ó äëÿ ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè ç äâîìà çìiííèìè äðó-
ãîãî ïîðÿäêó çà îäíi¹þ (÷àñîâîþ) çìiííîþ, çà ÿêîþ çàäàíî êðàéîâi óìîâè íà ãðàíèöi ñìóãè,
òà çàãàëîì íåñêií÷åííîãî ïîðÿäêó çà iíøîþ (ïðîñòîðîâîþ) çìiííîþ. Çíàéäåíî óìîâè iñíóâàí-
íÿ ëèøå òðèâiàëüíîãî ðîçâ'ÿçêó çàäà÷i, à ó âèïàäêó ¨õ íåâèêîíàííÿ âêàçàíî ñïîñiá ïîáóäîâè
íåòðèâiàëüíèõ ¨¨ ðîçâ'ÿçêiâ.

Âñòóï. Çàäà÷i ç äàíèìè íà ãðàíèöi îáëàñòi, çîêðåìà ñìóãè, äëÿ äèôåðåíöi-
àëüíèõ ðiâíÿíü iç ÷àñòèííèìè ïîõiäíèìè ¹ íåêîðåêòíèìè êðàéîâèìè çàäà÷à-
ìè [1,9, 10]. Ïðèêëàäàìè òàêèõ çàäà÷ ¹ çàäà÷à äëÿ ðiâíÿííÿ êîëèâàíü ñòðóíè[

∂2

∂t2
− a2

∂2

∂x2

]
U (t, x) = 0, a ∈ R\ {0} , (1)

ç óìîâàìè Äiðiõëå

U (0, x) = φ1 (x) , U (h, x) = φ2 (x) , h > 0, (2)

òà çàäà÷à äëÿ ðiâíÿííÿ (1) ç óìîâàìè Íåéìàíà

∂U

∂t
(0, x) = φ1 (x) ,

∂U

∂t
(h, x) = φ2 (x) (3)

íà ãðàíèöi ÷àñîâî¨ ñìóãè Sh ≡ {(t, x) ∈ R2 : t ∈ (0, h) , x ∈ R}. Íåêîðåêòíiñòü
çàäà÷ (1), (2) òà (1), (3) çóìîâëþ¹òüñÿ òèì, ùî ÿäðà öèõ çàäà÷, òîáòî ìíîæèíè
íåòðèâiàëüíèõ ðîçâ'ÿçêiâ âiäïîâiäíèõ îäíîðiäíèõ çàäà÷, íå ¹ ïîðîæíiìè. Íåòðè-
âiàëüíèìè ðîçâ'ÿçêàìè ðiâíÿííÿ (1), ùî çàäîâîëüíÿþòü îäíîðiäíi óìîâè Äiðiõëå
òà îäíîðiäíi óìîâè Íåéìàíà íà ãðàíèöi Sh, ¹ ôóíêöi¨ âèãëÿäó

Uk (t, x) = sin
πkt

h
sin

πkx

ah
,

Uk (t, x) = cos
πkt

h
sin

πkx

ah
, k ∈ N,

âiäïîâiäíî.
Îòæå, àêòóàëüíèì ¹ ïèòàííÿ äîñëiäæåííÿ ðîçâ'ÿçêiâ îäíîðiäíèõ çàäà÷ ç

áiëüø çàãàëüíèìè óìîâàìè íà ãðàíèöi ÷àñîâî¨ ñìóãè Sh òà äëÿ çàãàëüíiøîãî
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äèôåðåíöiàëüíîãî ðiâíÿííÿ � äèôåðåíöiàëüíîãî ðiâíÿííÿ iç ÷àñòèííèìè ïîõiä-
íèìè äðóãîãî ïîðÿäêó çà ÷àñîì i çàãàëîì íåñêií÷åííîãî ïîðÿäêó çà ïðîñòîðî-
âîþ çìiííîþ. Ïèòàííþ ïîáóäîâè íåòðèâiàëüíèõ ðîçâ'ÿçêiâ îäíi¹¨ ç òàêèõ çàäà÷
çà äîïîìîãîþ äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó [4,6] ç óìîâàìè Äiðiõëå ïðè-
ñâÿ÷åíà ïðàöÿ [3]. Ìåòîäèêó âèêîðèñòàííÿ äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó
äëÿ ïîáóäîâè åëåìåíòiâ ÿäðà çàäà÷i ç íåëîêàëüíîþ óìîâîþ çàïðîïîíîâàíî â [5].
Çàäà÷ó òèïó Äiðiõëå ó ñìóçi Sh äëÿ äèôåðåíöiàëüíîãî ðiâíÿííÿ, îäíîðiäíîãî çà
ïîðÿäêîì äèôåðåíöiþâàííÿ, äîñëiäæåíî â [8].

1. Ôîðìóëþâàííÿ çàäà÷i. Ó äàíié ïðàöi äîñëiäæó¹òüñÿ ìíîæèíà ðîçâ'ÿç-
êiâ îäíîðiäíîãî ðiâíÿííÿ

L

(
∂

∂t
,
∂

∂x

)
U(t, x) ≡ ∂2U

∂t2
+ 2a

(
∂

∂x

)
∂U

∂t
+ b

(
∂

∂x

)
U = 0, t ∈ (0, h), x ∈ R,

(4)
ùî çàäîâîëüíÿþòü êðàéîâi óìîâè íà ãðàíèöi ñìóãè Sh

l1U (t, x) ≡ A1

(
∂

∂x

)
U(0, x) + A2

(
∂

∂x

)
∂U

∂t
(0, x) = 0,

l2U (t, x) ≡ B1

(
∂

∂x

)
U(h, x) +B2

(
∂

∂x

)
∂U

∂t
(h, x) = 0, x ∈ R,

(5)

äå a
(

∂
∂x

)
, b
(

∂
∂x

)
� äîâiëüíi äèôåðåíöiàëüíi âèðàçè ç äiéñíèìè êîåôiöi¹íòàìè

ñêií÷åííîãî àáî íåñêií÷åííîãî ïîðÿäêó, A1

(
∂
∂x

)
, B1

(
∂
∂x

)
, A2

(
∂
∂x

)
, B2

(
∂
∂x

)
� äè-

ôåðåíöiàëüíi ïîëiíîìè ç äiéñíèìè êîåôiöi¹íòàìè.
Íàäàëi ââàæà¹ìî, ùî ñèìâîëè a (ν), b (ν), A1 (ν), B1 (ν), A2 (ν), B2 (ν) âiä-

ïîâiäíèõ äèôåðåíöiàëüíèõ âèðàçiâ äëÿ ν ∈ C ¹ öiëèìè ôóíêöiÿìè. ßêùî a (ν),
b (ν) � ïîëiíîìè, òî ïîçíà÷èìî ÷åðåç pa ∈ Z+ òà pb ∈ Z+ ¨õ ñòåïåíi, à òàêîæ
ââàæàòèìåìî, ùî pa = ∞, pb = ∞, ÿêùî a (ν), b (ν) íå ¹ ïîëiíîìàìè, êðiì òîãî,
A2

1 (ξ) + A2
2 (ξ) ̸= 0, B2

1 (ξ) + B2
2 (ξ) ̸= 0 äëÿ ξ ∈ R.

Çàóâàæåííÿ 1. Äiþ äèôåðåíöiàëüíîãî âèðàçó c
(

d
dx

)
ç öiëèì ñèìâîëîì

c (ν) =
∞∑
j=0

cjν
j, cj ∈ R,

íà íåñêií÷åííî äèôåðåíöiéîâíó íà R ôóíêöiþ U = U(x) ðîçóìi¹ìî òàê:

c

(
d

dx

)
U =

∞∑
j=0

cj
djU

dxj
.

Îäíîðiäíà çàäà÷à (4), (5), î÷åâèäíî, ìà¹ òðèâiàëüíèé ðîçâ'ÿçîê. Ó öié ïðàöi
âêàæåìî óìîâè íà äèôåðåíöiàëüíi âèðàçè a

(
∂
∂x

)
, b
(

∂
∂x

)
òà âiäïîâiäíi âèðàçè â

óìîâàõ (5), çà ÿêèõ iñíó¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê çàäà÷i, à òàêîæ ó âèïàäêó
iñíóâàííÿ íåòðèâiàëüíîãî ¨¨ ðîçâ'ÿçêó çíàéäåìî åëåìåíòè ÿäðà çà äîïîìîãîþ
äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó.

2. Îñíîâíi ðåçóëüòàòè.
2.1. Ðîçâ'ÿçíiñòü çàäà÷i. Ðîçãëÿíåìî çâè÷àéíå äèôåðåíöiàëüíå ðiâíÿííÿ

L

(
d

dt
, ν

)
T (t, ν) ≡

(
d2

dt2
+ 2a(ν)

d

dt
+ b(ν)

)
T (t, ν) = 0, ν ∈ C, (6)
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ÿêå ïîáóäîâàíî íà îñíîâi ðiâíÿííÿ iç ÷àñòèííèìè ïîõiäíèìè (4).
Ôóíêöi¨ âèãëÿäó

T0(t, ν) = e−a(ν)t

{
a(ν)

sh
[
t
√

D(ν)
]

√
D(ν)

+ ch
[
t
√
D(ν)

]}
,

T1(t, ν) = e−a(ν)t
sh

[
t
√

D(ν)
]

√
D(ν)

,

(7)

â ÿêèõ D (ν) = a2 (ν) − b (ν) (4D (ν) � äèñêðèìiíàíò ïîëiíîìà L(λ, ν) = λ2 +
2a(ν)λ + b(ν)), óòâîðþþòü íîðìàëüíó ôóíäàìåíòàëüíó ñèñòåìó ðîçâ'ÿçêiâ ðiâ-
íÿííÿ (6), òîáòî ¹ éîãî ðîçâ'ÿçêàìè i çàäîâîëüíÿþòü òàêi ïî÷àòêîâi óìîâè

T0 (0, ν) = 1,
dT0
dt

(0, ν) = 0, T1 (0, ν) = 0,
dT1
dt

(0, ν) = 1.

Çàóâàæåííÿ 2. Îñêiëüêè a (ν), b (ν) � öiëi ôóíêöi¨, òî çà òåîðåìîþ Ïó-
àíêàðå ( [11], ñ. 59) ôóíêöi¨ T0 (t, ν), T1 (t, ν) âèãëÿäó (7) ¹ öiëèìè ôóíêöiÿìè
ñòîñîâíî ïàðàìåòðà ν. Çîêðåìà, ÿêùî D (ν0) = 0, òî L(λ, ν0) = (λ+ a(ν0))

2 i

T0 (t, ν0) = e−a(ν0)t {a (ν0) t+ 1} , T1 (t, ν0) = te−a(ν0)t.

Ïîðÿäîê p öiëèõ ñòîñîâíî ν ôóíêöié T0 (t, ν), T1 (t, ν) âèçíà÷àþòü ([2], ñ. 83)
çà ñòåïåíÿìè pa òà pb äèôåðåíöiàëüíèõ ïîëiíîìiâ a

(
∂
∂x

)
, b
(

∂
∂x

)
çà ôîðìóëîþ

p = max {pa, pb/2 } . Êðiì òîãî, ââàæà¹ìî, ùî p = ∞, ÿêùî pa = ∞ àáî pb = ∞.

Çàïèøåìî âèçíà÷íèê âèãëÿäó (õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i (4), (5)):

∆(ν) =

∣∣∣∣l1T0(t, ν) l1T1(t, ν)
l2T0(t, ν) l2T1(t, ν)

∣∣∣∣ =
=

∣∣∣∣ A1(ν) A2(ν)
B1(ν)T0(h, ν) +B2(ν)T0

′(h, ν) B1(ν)T1(h, ν) +B2(ν)T1
′(h, ν)

∣∣∣∣ ,
òîáòî

∆(ν) = A1(ν) [B1(ν)T1(h, ν) + B2(ν)T1
′(h, ν)]−

−A2(ν) [B1(ν)T0(h, ν) +B2(ν)T0
′(h, ν)] .

(8)

ßêùî â (5) A1

(
∂
∂x

)
= 1, B1

(
∂
∂x

)
= 1, A2

(
∂
∂x

)
= 0, B2

(
∂
∂x

)
= 0, òî îòðèìó¹ìî

óìîâè Äiðiõëå i âèçíà÷íèê ∆(ν) íàáóäå âèãëÿäó

∆(ν) = T1 (h, ν) = e−a(ν)h
sh
[
h
√
D(ν)

]
√
D(ν)

.

Äëÿ A1

(
∂
∂x

)
= 0, B1

(
∂
∂x

)
= 0, A2

(
∂
∂x

)
= 1, B2

(
∂
∂x

)
= 1 çàäà÷à (4), (5) ¹

çàäà÷åþ Íåéìàíà i âèçíà÷íèê ∆(ν) ìà¹ âèãëÿä

∆(ν) = −T0′ (h, ν) = e−a(ν)h
sh
[
h
√
D(ν)

]
√
D(ν)

b(ν).
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ßêùî â (5) A1

(
∂
∂x

)
= 1, B1

(
∂
∂x

)
= 1, A2

(
∂
∂x

)
= β ∈ R, B2

(
∂
∂x

)
= γ ∈ R, òî

îòðèìó¹ìî êðàéîâi óìîâè òðåòüîãî ðîäó i âèçíà÷íèê ∆(ν) íàáóäå âèãëÿäó:

∆(ν) = T1 (h, ν) + γT1
′ (h, ν)− β [T0 (h, ν) + γT0

′ (h, ν)] =

= e−a(ν)h

sh
[
h
√
D(ν)

]
√
D(ν)

[1− a (ν) (β + γ) + βγb(ν)] + ch
[
h
√
D (ν)

]
(γ − β)

 .

Äëÿ õàðàêòåðèñòè÷íîãî âèçíà÷íèêà ∆(ν) ¹ ìîæëèâèìè òðè âèïàäêè:
1) ∆(ν) ̸= 0 ∀ν ∈ C;
2) ∆(ν) ≡ 0;
3) P ≡ {ν ∈ C : ∆ (ν) = 0} ≠ ∅, ïðè÷îìó P ̸= C.
Äîñëiäèìî ó öié ñòàòòi ëèøå ïåðøi äâà âèïàäêè.
2.1.1. Âèïàäîê ∆(ν) ̸= 0 ∀ν ∈ C.
Äîâåäåìî, ùî çàäà÷à (4), (5) äëÿ (t, x) ∈ (0, h) × R ó êëàñi öiëèõ ôóíêöié

ìà¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê. Ïðèïóñòèìî ïðîòèëåæíå, ùî â Sh iñíó¹ íåíó-
ëüîâèé öiëèé ðîçâ'ÿçîê U(t, x) ðiâíÿííÿ (4), ùî çàäîâîëüíÿ¹ óìîâè l1U(t, x) =
l2U(t, x) = 0. Ïîçíà÷èìî U(0, x) = φ(x), ∂U

∂t
(0, x) = ψ(x), òîäi φ(x), ψ(x) �

öiëi ôóíêöi¨. Çàïèøåìî öåé ðîçâ'ÿçîê çàäà÷i (4), (5) çãiäíî ç äèôåðåíöiàëüíî-
ñèìâîëüíèì ìåòîäîì ([6], ñ. 106]) ÿê ðîçâ'ÿçîê çàäà÷i Êîøi ç ïî÷àòêîâèìè äà-
íèìè φ òà ψ:

U (t, x) = φ

(
∂

∂ν

){
T0 (t, ν) e

νx
}∣∣∣

ν=0
+ ψ

(
∂

∂ν

){
T1 (t, ν) e

νx
}∣∣∣

ν=0
.

Îñêiëüêè T0 (t, ν) òà T1 (t, ν) ¹ öiëèìè çà ν ôóíêöiÿìè ïîðÿäêó p, òî ïðèïóñ-
êà¹ìî, ùî öiëi ôóíêöi¨ φ(x), ψ(x) ìàþòü ½ñïðÿæåíèé� ([7], ñ. 316) äî p ïîðÿäîê
q, òîáòî q = p/(p− 1) äëÿ 1 < p <∞, q = ∞ äëÿ p ≤ 1, q = 1 äëÿ p = ∞.

Ç óìîâ l1U(t, x) = l2U(t, x) ≡ 0 â Sh îäåðæó¹ìî îäíîðiäíó ñèñòåìó ðiâíÿíü{
φ
(

∂
∂ν

)
{eνxl1T0 (t, ν)}|ν=0 + ψ

(
∂
∂ν

)
{eνxl1T1 (t, ν)}|ν=0 ≡ 0,

φ
(

∂
∂ν

)
{eνxl2T0 (t, ν)}|ν=0 + ψ

(
∂
∂ν

)
{eνxl2T1 (t, ν)}|ν=0 ≡ 0.

(9)

Ïîêàæåìî, ùî ñèñòåìà (9) ìà¹ ëèøå òðèâiàëüíèé ðîçâ'ÿçîê φ(x) ≡ ψ(x) ≡ 0.
Ñïðàâäi, íà ïåðøó òîòîæíiñòü ñèñòåìè (9) ïîäi¹ìî äèôåðåíöiàëüíèì âèðàçîì
l2T1(t,

∂
∂x
) ≡ B1(

∂
∂x
)T1(h,

∂
∂x
) + B2(

∂
∂x
)T1

′(h, ∂
∂x
), íà äðóãó òîòîæíiñòü âiäïîâiäíî

âèðàçîì l1T1(t,
∂
∂x
) ≡ A1(

∂
∂x
), ïiñëÿ ÷îãî âiä ïåðøî¨ òîòîæíîñòi âiäíiìåìî äðóãó.

Îäåðæèìî

φ

(
∂

∂ν

){
eνx∆(ν)

}∣∣∣
ν=0

≡ 0, x ∈ R.

Îñêiëüêè ∆(ν) � öiëà ôóíêöiÿ, ïðè÷îìó ∆(ν) ̸= 0 ∀ν ∈ C, òî ôóíêöiÿ 1
∆(ν)

¹ òàêîæ öiëîþ. Ïîäiÿâøè íà îñòàííþ òîòîæíiñòü äèôåðåíöiàëüíèì âèðàçîì
1

∆( ∂
∂x)

, îòðèìà¹ìî

φ

(
∂

∂ν

) {
eνx · 1

∆(ν)
·∆(ν)

}∣∣∣∣
ν=0

≡ 0,
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çâiäêè ìà¹ìî φ (x) {eνx}|ν=0 ≡ 0 àáî φ (x) ≡ 0.
Öiëêîì àíàëîãi÷íî, ïîäiÿâøè íà ïåðøó òîòîæíiñòü ñèñòåìè (9) äèôåðåíöi-

àëüíèì âèðàçîì −l2T0(t, ∂
∂x
) i íà äðóãó òîòîæíiñòü âèðàçîì l1T0(t,

∂
∂x
), à ïîòiì

äîäàâøè îòðèìàíi òîòîæíîñòi, îòðèìó¹ìî, ùî ψ (x) ≡ 0. Ìà¹ìî òîòîæíiñòü
U(t, x) ≡ 0, ÿêà ïðîòèði÷èòü ïðèïóùåííþ ïðî íåòðèâiàëüíiñòü ðîçâ'ÿçêó çàäà÷i
(4), (5).

Ïðèêëàä 1. Ðîçâ'ÿçàòè â îáëàñòi Sh çàäà÷ó(
∂

∂t
+ a

(
∂

∂x

))2

U(t, x) = 0, (10)

U(0, x) = U(h, x) = 0. (11)

Ðîçâ'ÿçàííÿ. Çàäà÷à (10), (11) ¹ çàäà÷åþ (4), (5), â ÿêié b (ν) = a2 (ν),
D (ν) = 0, A1 (ν) = 1, A2 (ν) = 0, B1 (ν) = 1, B2 (ν) = 0.

Íîðìàëüíà ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ
(

d
dt
+ a(ν)

)2
T (t, ν) =

0 (äèâ. çàóâàæåííÿ 2) ìà¹ âèãëÿä:

T0(t, ν) = e−a(ν)t {a (ν) t+ 1} , T1(t, ν) = te−a(ν)t.

Õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i ¹ òàêèì:

∆(ν) = T1 (h, ν) = he−a(ν)h.

Îñêiëüêè ∆(ν) ̸= 0 äëÿ ∀ν ∈ C, òî çàäà÷à (10), (11) ó êëàñi öiëèõ ôóíêöié ìà¹
ëèøå íóëüîâèé ðîçâ'ÿçîê, òîáòî ÿäðî çàäà÷i ¹ ïîðîæíiì.

Ïðèêëàä 2. Ó ñìóçi S1 çíàéòè ðîçâ'ÿçêè ðiâíÿííÿ[
∂2

∂t2
− 2

∂2

∂t∂x
−
(
2
∂

∂x
+ 1

)]
U (t, x) = 0, t ∈ (0; 1) , x ∈ R, (12)

ùî çàäîâîëüíÿþòü íà ãðàíèöi ñìóãè óìîâè

U(0, x)− ∂U

∂t
(0, x) = 0, U(1, x) +

∂U

∂t
(1, x) = 0, x ∈ R. (13)

Ðîçâ'ÿçàííÿ. Äàíà çàäà÷à ¹ çàäà÷åþ (4), (5), â ÿêié a (ν) = −ν, b (ν) =
−2ν − 1, D (ν) = (ν + 1)2, A1 (ν) = 1, A2 (ν) = −1, B1 (ν) = 1, B2 (ν) = 1.

Â äàíîìó âèïàäêó

T0(t, ν) = eνt
{
−ν sh [t(ν + 1)]

ν + 1
+ ch [t(ν + 1)]

}
, T1(t, ν) = eνt

sh [t(ν + 1)]

ν + 1
.

Âèçíà÷íèê ∆(ν) ìà¹ âèãëÿä:

∆(ν) =

∣∣∣∣ 1 −1
T0(1, ν) + T0

′ (1, ν) T1 (1, ν) + T1
′ (1, ν)

∣∣∣∣ =
= T1 (1, ν) + T1

′ (1, ν) + T0(1, ν) + T0
′ (1, ν) = 2e2ν+1.

Îñêiëüêè ∆(ν) ̸= 0 äëÿ ∀ν ∈ C, òî çàäà÷à (12), (13) ó êëàñi öiëèõ ôóíêöié
ìà¹ ëèøå íóëüîâèé ðîçâ'ÿçîê, òîáòî ÿäðî çàäà÷i ¹ ïîðîæíiì.
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2.1.2. Âèïàäîê ∆(ν) ≡ 0. Ç óðàõóâàííÿì (8) ìà¹ìî

A1(ν) [B1(ν)T1(h, ν) +B2(ν)T1
′(h, ν)]− A2(ν) [B1(ν)T0(h, ν) +B2(ν)T0

′(h, ν)] ≡ 0.
(14)

Äîâåäåìî, ùî ÿäðî çàäà÷i (4), (5) äëÿ (t, x) ∈ (0, h)×R ó êëàñi öiëèõ ôóíêöié
íå ¹ ïîðîæíiì, ïðè÷îìó âêàæåìî âèãëÿä åëåìåíòiâ ÿäðà.

Âiäïîâiäíî äî äèôåðåíöiàëüíî-ñèìâîëüíîãî ìåòîäó íåòðèâiàëüíi öiëi ðîçâ'ÿç-
êè çàäà÷i (4), (5) øóêà¹ìî ó âèãëÿäi ðîçâ'ÿçêó

U (t, x) = φ

(
∂

∂ν

){
A2(ν)T0 (t, ν) e

νx
}∣∣∣

ν=0
+ ψ

(
∂

∂ν

){
A1(ν)T1 (t, ν) e

νx
}∣∣∣

ν=0

ðiâíÿííÿ (4) ç äîâiëüíèìè íåâiäîìèìè öiëèìè ôóíêöiÿìè φ, ψ ïîðÿäêó q.
Çàóâàæèìî, ùî ôóíêöi¨A2(ν)T0 (t, ν) e

νx,A1(ν)T1 (t, ν) e
νx ¹ öiëèìè, ÿê i ôóíê-

öi¨ T0 (t, ν), T1 (t, ν), ïðè÷îìó òîãî æ ïîðÿäêó p.
Ç ïåðøî¨ óìîâè (5) îòðèìà¹ìî ñïiââiäíîøåííÿ:

0 ≡ A1

(
∂

∂x

)
U(0, x) + A2

(
∂

∂x

)
∂U

∂t
(0, x) =

= φ

(
∂

∂ν

){
A1(ν)A2(ν)e

νx
}∣∣∣

ν=0
+ ψ

(
∂

∂ν

){
A1(ν)A2(ν)e

νx
}∣∣∣

ν=0
=

=

[
φ

(
∂

∂ν

)
+ ψ

(
∂

∂ν

)]{
A1(ν)A2(ν)e

νx
}∣∣∣

ν=0
= A1

(
∂

∂x

)
A2

(
∂

∂x

)[
φ(x)+ψ(x)

]
,

çâiäêè φ+ψ ∈ ker(A1A2), òîáòî ψ (x)+φ (x) ≡ ω(x), äå ω ∈ ker(A1A2). Îñêiëüêè
φ, ψ, ω � öiëi ôóíêöi¨, òî ψ + φ ≡ ω íà C.

Äðóãà óìîâà (5) âèêîíó¹òüñÿ, çîêðåìà, êîëè ω íàëåæèòü äî ïiäìíîæèíè
ker(A1)∩ker(A2) ìíîæèíè ker(A1A2). Ñïðàâäi, âèêîðèñòîâóþ÷è òîòîæíiñòü (14)
i òîòîæíiñòü ψ ≡ −φ+ ω íà C ìà¹ìî:

B1

(
∂

∂x

)
U(h, x) + B2

(
∂

∂x

)
∂U

∂t
(h, x) =

= φ

(
∂

∂ν

){
[A2(ν)B1(ν)T0 (h, ν) + A2(ν)B2(ν)T0

′ (h, ν)] eνx
}∣∣∣

ν=0
+

+ψ

(
∂

∂ν

){
[A1(ν)B1(ν)T1 (h, ν) + A1(ν)B2(ν)T1

′ (h, ν)] eνx
}∣∣∣

ν=0
=

=

[
φ

(
∂

∂ν

)
+ ψ

(
∂

∂ν

)]{
A2(ν) [B1(ν)T0 (h, ν) +B2(ν)T0

′ (h, ν)] eνx
}∣∣∣

ν=0
=

= ω

(
∂

∂ν

){
A2(ν) [B1(ν)T0 (h, ν) +B2(ν)T0

′ (h, ν)] eνx
}∣∣∣

ν=0
≡ 0.

Îñêiëüêè

ω

(
∂

∂ν

){
A1(ν)T1 (t, ν) e

νx
}∣∣∣

ν=0
≡ 0,

òî íåòðèâiàëüíi öiëi ðîçâ'ÿçêè çàäà÷i (4), (5) ìîæíà çíàéòè ó âèãëÿäi

U (t, x) = φ

(
∂

∂ν

){
[A2(ν)T0 (t, ν)− A1(ν)T1 (t, ν)] e

νx
}∣∣∣

ν=0
. (15)
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Ó ôîðìóëi (15) φ � äîâiëüíà öiëà ôóíêöiÿ, ùî ìà¹ ½ñïðÿæåíèé� ïîðÿäîê äî
ïîðÿäêó öiëî¨ ôóíêöi¨ [A2(ν)T0 (t, ν)− A1(ν)T1 (t, ν)] e

νx.

Çàóâàæåííÿ 3. Öiëà ôóíêöiÿ [A2(ν)T0 (t, ν)− A1(ν)T1 (t, ν)] e
νx ìà¹ ïîðÿäîê

p′, ïðè÷îìó p′ ≤ p. Ó âèïàäêó p′ = 1 íà ôóíêöiþ φ ìîæíà íàêëàäàòè çíà÷íî
ñëàáøi óìîâè � çàìiñòü ¨¨ öiëîñòi äîñèòü âèìàãàòè ¨¨ íåïåðåðâíî¨ äèôåðåíöi-
éîâíîñòi äî äåÿêîãî ïîðÿäêó â îáëàñòi R (äèâ. äàëi ïðèêëàäè 3�6).

Ïðèêëàä 3. Ðîçâ'ÿçàòè ó ñìóçi Sh çàäà÷ó[
∂2

∂t2
+ 2a

(
∂

∂x

)
∂

∂t
+

(
−1− 2a

(
∂

∂x

))]
U (t, x) = 0, (16)

A1

(
∂

∂x

)[
U(0, x)− ∂U

∂t
(0, x)

]
= 0, B1

(
∂

∂x

)[
U(h, x)− ∂U

∂t
(h, x)

]
= 0. (17)

Ðîçâ'ÿçàííÿ. Äàíà çàäà÷à ¹ çàäà÷åþ (4), (5), â ÿêié b(ν) = −1 − 2a(ν),
B1(ν) = −B2(ν), A1(ν) = −A2(ν), A1(ν) ̸≡ 0, B1(ν) ̸≡ 0.

Íîðìàëüíà ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ[
d2

dt2
+ 2a (ν)

d

dt
+ (−1− 2a (ν))

]
T (t, ν) = 0

ìà¹ âèãëÿä

T0 (t, ν) =
2a (ν) + 1 + e−2(a(ν)+1)t

2a (ν) + 2
et, T1 (t, ν) =

1− e−2(a(ν)+1)t

2a (ν) + 2
et.

Õàðàêòåðèñòè÷íèé âèçíà÷íèê ∆(ν) çàäà÷i (16), (17) ¹ òàêèì:

∆(ν) = A1(ν)B1(ν) [T1 (h, ν)− T1
′ (h, ν) + T0 (h, ν)− T0

′ (h, ν)] =

= A1(ν)B1(ν) e
−a(ν)h

sh
[
h
√
D (ν)

]
√
D (ν)

[
(1 + a (ν))2 −D (ν)

]
.

Îñêiëüêè D (ν) = (1 + a (ν))2, òî ∆(ν) ≡ 0.
Ç ôîðìóëè (15) îäåðæó¹ìî

U (t, x) = φ

(
∂

∂ν

){
[−A1(ν)T0(t, ν)− A1(ν)T1(t, ν)] e

νx
}∣∣∣

ν=0
=

= φ

(
∂

∂ν

){
[−A1(ν) (T0(t, ν) + T1(t, ν))] e

νx
}∣∣∣

ν=0
=

= φ

(
∂

∂ν

){[
−A1(ν)e

t
]
eνx
}∣∣∣

ν=0
= φ

(
∂

∂ν

){
− A1(ν)e

t+νx
}∣∣∣

ν=0
.

Ïîðÿäîê p′ öiëî¨ ôóíêöi¨ −A1(ν)e
t+νx äîðiâíþ¹ 1 (äèâ. çàóâàæåííÿ 3). Îñòàí-

íþ ôóíêöiþ ìîæíà çàïèñàòè ó âèãëÿäi

U(t, x) = −A1

(
∂

∂x

)
φ

(
∂

∂ν

){
et+νx

}∣∣∣
ν=0

.
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Ç óðàõóâàííÿì ôîðìóëè φ
(

∂
∂ν

)
{eνx}| ν=0 = φ(x) äëÿ öiëî¨ ôóíêöi¨ φ(x)

ðîçâ'ÿçîê çàäà÷i (16), (17) íàáóâà¹ âèãëÿäó

U (t, x) = −etA1

(
∂

∂x

)
φ (x) .

Ïîçíà÷èìî −A1

(
∂
∂x

)
φ (x) = φ1(x), òîäi

U (t, x) = etφ1 (x) .

Îñòàííÿ ôîðìóëà âèçíà÷à¹ ðîçâ'ÿçîê çàäà÷i (16), (17), äå φ1 � äîâiëüíà äâi÷i
íåïåðåðâíî äèôåðåíöiéîâíà íà R ôóíêöiÿ, òîáòî φ1 ∈ C2(R). ßäðî öi¹¨ çàäà÷i
¹ íåñêií÷åííîâèìiðíèì.

Ïðèêëàä 4. Çíàéòè ðîçâ'ÿçîê äèôåðåíöiàëüíî-ôóíêöiîíàëüíîãî ðiâíÿííÿ

∂2

∂t2
U (t, x) + 2

∂

∂t
U (t, x+ 1) + 2U (t, x+ 1)− U (t, x) = 0, (18)

ùî çàäîâîëüíÿ¹ íà ãðàíèöi ñìóãè Sh óìîâè

U(0, x) +
∂U

∂t
(0, x) = 0, U(h, x) +

∂U

∂t
(h, x) = 0. (19)

Ðîçâ'ÿçàííÿ. Äèôåðåíöiàëüíî-ôóíêöiîíàëüíå ðiâíÿííÿ (18) ïîäàìî ó âè-
ãëÿäi òàêîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ íåñêií÷åííîãî ïîðÿäêó[

∂2

∂t2
+ 2e

∂
∂x
∂

∂t
+
(
2e

∂
∂x − 1

)]
U (t, x) = 0.

Çàäà÷à (18), (19) ¹ çàäà÷åþ (4), (5), â ÿêié a (ν) = eν , b (ν) = 2eν − 1, A1 (ν) =
A2 (ν) = 1, B1 (ν) = B2 (ν) = 1, D (ν) = (eν − 1)2.

Íîðìàëüíà ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ[
d2

dt2
+ 2eν

d

dt
+ (2eν − 1)

]
T (t, ν) = 0

ìà¹ âèãëÿä

T0 (t, ν) =
2eν − 1− e−2(eν−1)t

2 (eν − 1)
e−t, T1 (t, ν) =

1− e−2(eν−1)t

2 (eν − 1)
e−t.

Õàðàêòåðèñòè÷íèé âèçíà÷íèê ∆(ν) çàäà÷i (18), (19) ¹ òàêèì:

∆(ν) = T1 (h, ν) + T1
′ (h, ν)− T0 (h, ν)− T0

′ (h, ν) =

= e−eνh
sh
[
h
√
D (ν)

]
√
D (ν)

[
(eν − 1)2 −D (ν)

]
.

Îñêiëüêè D (ν) = (eν − 1)2, òî ∆(ν) ≡ 0.
Çà ôîðìóëîþ (15) ìà¹ìî

U (t, x) = φ

(
∂

∂ν

){
[T0(t, ν)− T1(t, ν)] e

νx
}∣∣∣

ν=0
=
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= φ

(
∂

∂ν

){
e−t+νx

}∣∣∣
ν=0

= e−tφ (x) .

ßê áà÷èìî ôóíêöi¨ T0 (t, ν) òà T1 (t, ν) ¹ öiëèìè çà ν ôóíêöiÿìè íåñêií÷åííîãî
ïîðÿäêó, îäíàê ôóíêöiÿ [T0(t, ν)− T1(t, ν)] e

νx = e−t+νx ìà¹ ïåðøèé ïîðÿäîê
(äèâ. çàóâàæåííÿ 3).

Îòæå, ðîçâ'ÿçîê çàäà÷i (18), (19) íàáóâà¹ âèãëÿäó

U (t, x) = e−tφ (x) ,

äå φ � äîâiëüíà äâi÷i íåïåðåðâíî äèôåðåíöiéîâíà íà R ôóíêöiÿ, òîáòî φ ∈
C2(R). ßäðî öi¹¨ çàäà÷i ¹ íåñêií÷åííîâèìiðíèì.

Ïðèêëàä 5. Ó ñìóçi Sπ ðîçâ'ÿçàòè çàäà÷ó[
∂2

∂t2
+ 2

∂2

∂t∂x
+

(
1 +

∂2

∂x2

)]
U (t, x) = 0, (20)

αU(0, x) + β
∂U

∂t
(0, x) = 0, αU(π, x) + β

∂U

∂t
(π, x) = 0, α, β ∈ R. (21)

Ðîçâ'ÿçàííÿ. Äàíà çàäà÷à ¹ çàäà÷åþ (4), (5), â ÿêié a (ν) = ν, b(ν) = ν2+1,
h = π, A1(ν) = α, A2(ν) = β, B1(ν) = α, B2(ν) = β, D(ν) = −1, α2 + β2 ̸= 0.

Íîðìàëüíà ôóíäàìåíòàëüíà ñèñòåìà ðîçâ'ÿçêiâ ðiâíÿííÿ[
d2

dt2
+ 2ν

d

dt
+
(
1 + ν2

)]
T (t, ν) = 0

ìà¹ âèãëÿä

T0 (t, ν) = e−νt [ν sin t+ cos t] , T1 (t, ν) = e−νt sin t,

à õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i ¹ òàêèì:

∆(ν) =

∣∣∣∣ α β
−αe−πν −βe−πν

∣∣∣∣ ≡ 0.

Íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (20), (21) øóêà¹ìî ó âèãëÿäi (15):

U (t, x) = φ

(
∂

∂ν

){
[βT0(t, ν)− αT1(t, ν)] e

νx
}∣∣∣

ν=0
=

= φ

(
∂

∂ν

){
((βν − α) sin t+ β cos t) eνx−νt

}∣∣∣
ν=0

.

Ç óðàõóâàííÿì ôîðìóë

φ

(
∂

∂ν

){
eνx
}∣∣∣

ν=0
= φ(x), φ

(
∂

∂ν

){
νeνx

}∣∣∣
ν=0

= φ′(x)

äëÿ öiëî¨ ôóíêöi¨ φ, îòðèìó¹ìî

U(t, x) = β φ(x− t) cos t− αφ(x− t) sin t + βφ′(x− t) sin t,
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ïðè÷îìó â îñòàííié ôîðìóëi äîñòàòíüî ââàæàòè, ùî φ ∈ C3(R). ßäðî öi¹¨ çàäà÷i
¹ íåñêií÷åííîâèìiðíèì.

Çàóâàæèìî, ùî äëÿ α = 0, β = 1 óìîâè (21) ¹ óìîâàìè Íåéìàíà ó ñìóçi,
òîäi íåòðèâiàëüíèìè ðîçâ'ÿçêàìè çàäà÷i (20), (21) áóäóòü ôóíêöi¨

U(t, x) = φ(x− t) cos t+ φ′(x− t) sin t,

äå φ ∈ C3(R).
ßêùî æ α = 1, β = 0, òî ìà¹ìî çàäà÷ó Äiðiõëå, íåòðèâiàëüíèìè ðîçâ'ÿçêà-

ìè ÿêî¨ ¹ òàêi ôóíêöi¨ U(t, x) = φ(x − t) sin t, äå φ ∈ C2(R) (òàêèé ðåçóëüòàò
îòðèìàíî ó [3]).

Ïðèêëàä 6. Ó ñìóçi Sh ðîçâ'ÿçàòè çàäà÷ó

∂2U

∂t2
+ 2a

(
∂

∂x

)
∂U

∂t
+

(
π2k2

h2
+ a2

(
∂

∂x

))
U = 0, k ∈ N, (22)

αU(0, x) + β
∂U

∂t
(0, x) = 0, αU(h, x) + β

∂U

∂t
(h, x) = 0, α, β ∈ R, (23)

äå α2 + β2 ̸= 0.

Ðîçâ'ÿçàííÿ. Çàäà÷à (20), (21) ¹ ÷àñòêîâèì âèïàäêîì çàäà÷i (22), (23) äëÿ
k = 1, h = π, a (ν) = ν. Äëÿ çàäà÷i (22), (23) ìà¹ìî

T0 (t, ν) = e−a(ν)t

{
h a (ν) sin πkt

h

πk
+ cos

πkt

h

}
, T1 (t, ν) = h e−a(ν)t sin

πkt
h

πk
.

Õàðàêòåðèñòè÷íèé âèçíà÷íèê çàäà÷i ìà¹ âèãëÿä:

∆(ν) = e−a(ν)hh sin [πk]

πk

(
α2 − 2αβa (ν) + β2

(
a2 (ν) +

π2k2

h2

))
≡ 0.

Øóêàþ÷è íåòðèâiàëüíi ðîçâ'ÿçêè çàäà÷i (22), (23) ó âèãëÿäi (15) äëÿ k ∈ N
îòðèìó¹ìî

Uk(t, x) =
h sin

πkt

h
πk

φ

(
∂

∂ν

){
e−a(ν)t+νx (βa (ν)− α)

}∣∣∣
ν=0

+

+β cos
πkt

h
φ

(
∂

∂ν

){
e−a(ν)t+νx

}∣∣∣
ν=0

.

(24)

Ðîçâ'ÿçêè (24) áóäóòü öiëèìè ðîçâ'ÿçêàìè çàäà÷i (22), (23), ÿêùî φ ¹ öiëîþ
ôóíêöi¹þ, ïîðÿäîê q ÿêî¨ ìà¹ òàêi îáìåæåííÿ ([7], ñ. 316):

1) q = 1, ÿêùî a (ν) íå ¹ ïîëiíîìîì (pa = ∞);
2) 1 < q < pa

pa−1
≤ 2, ÿêùî 2 ≤ pa <∞;

3) q = ∞, ÿêùî pa ≤ 1, òîáòî a (ν) � ëiíiéíà ôóíêöiÿ.
Äëÿ ëiíiéíî¨ ôóíêöi¨ a (ν) = Aν + B, äå A,B ∈ R, îòðèìó¹ìî íåòðèâiàëüíi

êëàñè÷íi ðîçâ'ÿçêè çàäà÷i (22), (23) ó âèãëÿäi
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Uk (t, x) =

= e−Bt

[
h sin πkt

h

πk
{βAφ′ (x− At) + β (B − α)φ (x− At)}+ β cos

πkt

h
φ (x− At)

]
,

äå k ∈ N, φ ∈ C3(R).
Âèñíîâêè. Äîâåäåíî, ùî ÿäðî çàäà÷i (4), (5) ó ÷àñîâié ñìóçi ¹ ïîðîæíiì ó

êëàñi öiëèõ ôóíêöié, ÿêùî õàðàêòåðèñòè÷íèé âèçíà÷íèê ∆(ν) ¹ âiäìiííèì âiä
íóëÿ äëÿ âñiõ ν ∈ C. ßêùî æ ∆(ν) ≡ 0, òî ÿäðî çàäà÷i ¹ íåñêií÷åííîâèìiðíèì i
âèçíà÷à¹òüñÿ êëàñîì öiëèõ àáî íåïåðåðâíî äèôåðåíöiéîâíèõ äî äåÿêîãî ïîðÿäêó
íà R ôóíêöié. Äëÿ äîñëiäæåíü âèêîðèñòàíî äèôåðåíöiàëüíî-ñèìâîëüíèé ìåòîä.

Ó ïåðñïåêòèâi öiêàâèìè ¹ äîñëiäæåííÿ ùîäî çíàõîäæåííÿ ðîçâ'ÿçêiâ òàêî¨ æ
çàäà÷i ó ÷àñîâié ñìóçi äëÿ âèïàäêó, êîëè ìíîæèíà P ≡ {ν ∈ C : ∆(ν) = 0} ̸= ∅
i íå çáiãà¹òüñÿ ç C, à òàêîæ àíàëîãi÷íî¨ çàäà÷i ó ÷àñîâîìó øàði (t, x) ∈ Rs+1, äå
t ∈ [0, h], x ∈ Rs, s ∈ N\ {1}.
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