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1. Introduction and main results.
In this article we study solutions of the quasilinear parabolic equation in the

divergent form

ut − div A(x, t, u,∇u) = b(x, t, u,∇u), (x, t) ∈ ΩT \ (x0, 0), (1)

satisfying a initial condition

u(x, 0) = 0 x ∈ Ω \ {x0}, (2)

where Ω is a bounded domain in Rn, n ≥ 3, x0 ∈ Ω, ΩT := Ω× (0, T ), 0 < T <∞.
Throughout the article, we suppose that the functions A : ΩT ×R×Rn −→ Rn and

b : ΩT ×R×Rn −→ Rn are such that A(·, ·, u, ς), b(·, ·, u, ς) are Lebesque measurable
for all u ∈ R, ς ∈ Rn, and A(x, t, ·, ·), b(x, t, ·, ·) are continuous for almost all (x, t) ∈
ΩT , A = (a1, a2, ...an). We also assume that the following structure conditions are
satisfied:

n∑
i=1

ai(x, t, u, ς)ςi > ν1

n∑
i=1

|ςi|pi ,

|ai(x, t, u, ς)| 6 ν2

 n∑
j=1

|ςj |pj

1− 1
pi

, i = 1, n, (3)

|b(x, t, u, ς)| 6 ν2

n∑
i=1

|ςi|
pi

(
1− 1

p

)
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with some positive constants ν1, ν2.
We further suppose that the following conditions are satisfied:

2n/(n+ 1) < p1 6 p2 6 ....pn, max
16i≤n

< 2 +
k

n
, (4)

where some pi can be less than 2 (so called “singular” case), the other pi can be greater
than 2 (so called “degenerate” case), and

k = n(p− 2) + p,
1

p
=

1

n

n∑
i=1

1

pi
. (5)

Let us denote by D(r), r > 0 the following set

D(r) =

{
(x, t) ∈ ΩT :

n∑
i=1

(
|xi − x

(0)
i |

rki

)pi

+
t

rk
≤ 1

}
, (6)

where
ki =

p+ n(p− pi)

pi
. (7)

We formulate the removability result in the term of behavior of the function

M(r) = ess sup{| u(x, t) |: (x, t) ∈ D(R0) \D(r)}, (8)

where R0 is some sufficiently small fixed positive number such that D(R0) ⊂ ΩT . It
follows from [1] that M(r) is finite number for any r > 0.

Let us remind the reader the definition of a weak solution to (1), (2).
Definition 1. We will write Vp(ΩT ) for the class of functions φ ∈ C(0, T, L2(Ω)) ∩

Lp(0, T ;W
1,p(Ω)) with

n∑
i=1

∫∫
ΩT

∣∣∣ ∂φ∂xi

∣∣∣pi dxdt <∞ and
o
V p(ΩT ) = {φ ∈ Vp(ΩT ) : φ|(0,T )×∂Ω

= 0}, where W 1,p(Ω) =
{
φ ∈W 1,1(Ω) : ∂φ

∂xi
∈ Lpi(Ω), i = 1, n

}
.

Definition 2. We say that u(x, t) > 0 is a weak solution to the problem (1), (2) if
for an arbitrary function ψ ∈ C∞(ΩT ), vanishing in a neighborhood of (x0, 0), we have
an inclusion uψ ∈ Vp(ΩT ) and the integral identity

∫
Ω

(uφψ)(·, τ)dx−
τ∫

0

∫
Ω

u
∂(φψ)

∂t
dxdt+

+
n∑

i=1

τ∫
0

∫
Ω

ai

(
x, t, u,

∂u

∂x

)
∂(φψ)

∂xi
dxdt−

τ∫
0

∫
Ω

b

(
x, t, u,

∂u

∂x

)
φψ dxdt = 0 (9)

holds for every φ ∈
o
V p(ΩT ) and for all τ ∈ (0, T ).
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The properties of the above-mentioned Sobolev spaces can be viewed in [1–4].
Many authors researched problems of singularities for solutions of parabolic equa-

tions with Laplace of p-Laplace operators in principle part. Review of these results
can be found in monograph [5]. We are concerned here to find pointwise conditions on
solutions of (1), (2) to guarantee that the singularity at (x0, 0) is removable. And in
the following sections we prove that the singularity at the point (x0, 0) is removable
(that is the integral identity (9) holds for ψ ≡ 1) if

lim
r→0

M(r)rn = 0. (10)

The equation

ut −
n∑

i=1

∂

∂xi

(∣∣∣∣ ∂u∂xi
∣∣∣∣pi−2 ∂u

∂xi

)
= 0 (11)

is the simplest model of equations from class (1). For nonnegative solutions of problems
(1), (2) with p1 = p2 = . . . = pn = p = 2 the result analogous to (10) follows from
the paper of D.G. Aronson and J. Serrin [6]. In isotropic case (2 < p1 = p2 = . . . =
pn = p) condition for removable singularity was obtained by F. Nicolosi, I.I. Skrypnik,
I.V. Skrypnik [7]. For anisotropic evolution p-Laplacian equation (11) local boundedness
of solutions has been obtained in [2] and the question of removability of isolated
singularity with pi > 2 was studied in [8]. The important difference our research lies in
the fact that part of pi < 2 and another part of pi > 2.

Let’s formulate the main results:
Theorem 1. Assume that conditions (3), (4) are fulfilled. Let u be a weak solution of

the problem (1), (2). Then the singularity of solution u at the point (x0, 0) is removable
if condition (10) is satisfied.

Using the standard approach, the proof of Theorem 1 is obtained from the following
two theorems.

Theorem 2. Let the conditions of Theorem 1 be fulfilled. Then there exists a positive
constants K1, β depending only on ν1, ν2, n, p1, ..., pn, p, R0 such that the following
inequality is true

M(ρ) 6 K1ρ
−n+β , 0 < ρ < R0. (12)

Theorem 3. Let the conditions of Theorem 1 be fulfilled. Then there exists a
positive constant K2 depending only on ν1, ν2, n, p1, ..., pn, p, R0 such that the following
inequality is valid

|u(x, t)| 6 K2, ∀(x, t) ∈ D

(
R0

2

)
. (13)

The rest of the paper contains the proof of the above theorems.
2. Auxiliary integral estimates of solutions.
We accomplish proof of the main result in the several steps. First, we obtain some

integral estimates of the solution under consideration. Without loss of generality it can
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be assumed that the function M(r) defined by (8) satisfies

lim
r→0

M(r) = ∞ (14)

and fixe sufficiently small the number R0 :M(R0) ≥ 1.
For every ρ : 2ρ ≤ R0 we define u2ρ(x, t) = (u(x, t) −M(2ρ))+, E2ρ = {(x, t) ∈

D(2ρ) : u(x, t) > M(2ρ)}.
We further denote by γ constant, depending only on the known parameters ν1, ν2, n,

p1, ..., pn, p, R0, which may vary from line to line.
Let ηr ∈ C∞(ΩT ) be the cut-off function such that
(i) 0 ≤ ηr(x, t) ≤ 1 in ΩT ,
(ii) ηr ≡ 0 in D(r), ηr ≡ 1 outside D(2r),
(iii)

∣∣∣∂ηr∂t

∣∣∣ 6 γr−k,
∣∣∣∂ηr∂xi

∣∣∣ 6 γr−ki , where k, ki, i = 1, n are defined by (5), (7).
Introduce the following notations:

Φρ,2ρ(u(x, t)) = min{u2ρ,M(ρ)−M(2ρ)},

E(ρ, 2ρ) = {(x, t) ∈ ΩT : 0 < u2ρ(x, t) < M(ρ)−M(2ρ)},

ε(r) =M(r)rn + r2(M(r)rn)p−1 +

n∑
i=1

(M(r)rn)pi−1.

Lemma 1. Let the conditions of Theorem 1 be fulfilled. Then the following inequality
is valid for every r : 0 < r < ρ < R0

ess sup
0<t<T

∫
Ω

u2(x, t)η2r (x, t)dx+

n∑
i=1

∫∫
E2ρ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt 6 γM(r)ε(r). (15)

Proof. Testing integral identity (9) by

φ(x, t) = u2ρ(x, t)ηr(x, t), ψ(x, t) = ηr(x, t).

Applying structural conditions (3), we obtain:

ess sup
0<t<T

∫
Ω

u22ρ(x, t)η
2
r (x, t)dx+

∫∫
E2ρ

n∑
i=1

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt 6

6 γ

n∑
i=1

∫∫
E2ρ

u2ρ

 n∑
j=1

∣∣∣∣ ∂u∂xj
∣∣∣∣pj
1− 1

pi ∣∣∣∣∂ηr∂xi

∣∣∣∣ ηr dxdt+
+γ

n∑
i=1

∫∫
E2ρ

u2ρ

(∣∣∣∣ ∂u∂xi
∣∣∣∣pi)1− 1

p

η2r dxdt+ γ

∫∫
E2ρ

u22ρ

∣∣∣∣∂ηr∂t
∣∣∣∣ ηrdxdt.
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Now we use Hölder’s and Young’s inequalities:

ess sup
0<t<T

∫
Ω

u22ρ(x, t)η
2
r (x, t)dx+

n∑
i=1

∫∫
E2ρ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt 6

6 γ

n∑
i=1

∫∫
E2ρ

upi2ρ

∣∣∣∣∂ηr∂xi

∣∣∣∣pi dxdt+ γ

∫∫
E2ρ

up2ρη
2
rdxdt+ γ

∫∫
E2ρ

u22ρ

∣∣∣∣∂ηr∂t
∣∣∣∣ ηrdxdt. (16)

Using the definitions of M(r) and ηr(x, t), we get:

n∑
i=1

∫∫
E2ρ

upi2ρ

∣∣∣∣∂ηr∂xi

∣∣∣∣pi dxdt+ ∫∫
E2ρ

u22ρ

∣∣∣∣∂ηr∂t
∣∣∣∣ ηrdxdt

6 γ

(
n∑

i=1

Mpi(r)r−piki +M2(r)r−k

)
|D(2r) \D(r)| 6

6 γM(r)

(
n∑

i=1

(M(r)rn)pi−1 +M(r)rn

)
= γM(r)ε(r). (17)

Estimating the second term in the right-hand side of (16), we derive∫∫
E2ρ

up2ρη
2
rdxdt 6 γ

∫∫
E2ρ\D(r)

up2ρη
2
rdxdt 6 γM(r)(M(r)rn)p−1 = γM(r)ε(r). (18)

Combining estimates (16)–(18), we obtain the required estimate (15). �
Integral estimates (15) is used in the proof of the following lemma.
Lemma 2. Let the conditions of Theorem 1 be fulfilled. Then the following estimate

is true

ess sup
0<t<T

∫
Ω

Φ2
ρ,2ρ(u(x, t))η

2
r (x, t)dx+

n∑
i=1

∫∫
E(ρ,2ρ)

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt 6

6 γ(M(ρ)−M(2ρ))
n∑

i=1

∫∫
Eρ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi

(
1− 1

p

)
η2rdxdt+

+γε2(r)(M(ρ)−M(2ρ)) + γM(r)ε(r) + γ(M(ρ)−M(2ρ))2−δ1 , (19)

where δ1 ∈
(
0, kn

)
, 0 < r < ρ < R.

Proof. Testing (9) by

φ(x, t) = Φρ,2ρ(u(x, t))ηr(x, t), ψ(x, t) = ηr(x, t).
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Using structural inequalities (3), we have

ess sup
0<t<T

∫
Ω

Φ2
ρ,2ρ(u(x, t))η

2
r (x, t)dx+

n∑
i=1

∫∫
E(ρ,2ρ)

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt 6

6 γ(M(ρ)−M(2ρ))
n∑

i=1

∫∫
Eρ

 n∑
j=1

∣∣∣∣ ∂u∂xj
∣∣∣∣pj
1− 1

pi ∣∣∣∣∂ηr∂xi

∣∣∣∣ ηrdxdt+

+γ
n∑

i=1

∫∫
Eρ

Φρ,2ρ(u(x, t))

∣∣∣∣ ∂u∂xi
∣∣∣∣pi

(
1− 1

p

)
η2rdxdt+γ

∫∫
Eρ

Φ2
ρ,2ρ(u(x, t))

∣∣∣∣∂ηr∂t
∣∣∣∣ ηrdxdt. (20)

Applying Hölder’s inequality and Lemma 1 to the first term on the right-hand side of
estimate (20), we derive

n∑
i=1

∫∫
Eρ

 n∑
j=1

∣∣∣∣ ∂u∂xj
∣∣∣∣pj
1− 1

pi ∣∣∣∣∂ηr∂xi

∣∣∣∣ η2rdxdt 6

6
n∑

i=1

∫∫
Eρ

n∑
j=1

∣∣∣∣ ∂u∂xj
∣∣∣∣pj η2rdxdt


pi−1

pi

∫∫
Eρ

∣∣∣∣∂ηr∂xi

∣∣∣∣pi η2rdxdt


1
pi

6

6 γ
n∑

i=1

r
n+k
pi

−ki

 n∑
j=1

∫∫
Eρ

∣∣∣∣ ∂u∂xj
∣∣∣∣pi η2rdxdt


1− 1

pi

6

6 γ

n∑
i=1

r
n(pi−1)

pi [M(r)ε(r)]
1− 1

pi 6 γε2(r). (21)

Estimating the third term on the right-hand side of (20), we get∫∫
Eρ

Φ2
ρ,2ρ(u(x, t))

∣∣∣∣∂ηr∂t
∣∣∣∣ ηrdxdt 6 γM(r)ε(r). (22)

The second term on the right-hand side of (20) can be represented in the following way:

γ
n∑

i=1

∫∫
Eρ

Φρ,2ρ(u(x, t))

∣∣∣∣ ∂u∂xi
∣∣∣∣pi

(
1− 1

p

)
η2rdxdt 6

n∑
i=1

∫∫
Eρ

Φρ,2ρ(u(x, t))

∣∣∣∣ ∂u∂xi
∣∣∣∣pi

(
1− 1

p

)
η2rdxdt+
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+

n∑
i=1

∫∫
E(ρ,2ρ)

Φρ,2ρ(u(x, t))

∣∣∣∣ ∂u∂xi
∣∣∣∣pi

(
1− 1

p

)
η2rdxdt. (23)

Estimating the second integral on the right-hand of the last inequality, we have

n∑
i=1

∫∫
E(ρ,2ρ)

Φρ,2ρ(u(x, t))

∣∣∣∣ ∂u∂xi
∣∣∣∣pi

(
1− 1

p

)
η2rdxdt 6

6
n∑

i=1

∫∫
E(ρ,2ρ)

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt+ ∫∫

E(ρ,2ρ)

Φp
ρ,2ρ(u(x, t))η

2
rdxdt 6

6 γ

n∑
i=1

∫∫
E(ρ,2ρ)

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt+ γ(M(ρ)−M(2ρ))2−δ1 . (24)

Combining estimates (20)–(24), we obtain (19). This completes the proof of the
Lemma 2. �

Lemma 3. Let the conditions of Theorem 1 be fulfilled. Then the following estimate

n∑
i=1

∫∫
Eρ

u−q
2ρ

∣∣∣∣ ∂u∂xi
∣∣∣∣2 η2rdxdt ≤

≤ γ(M(ρ)−M(2ρ))2(1−q) + γ(M(ρ)−M(2ρ))1−qε(r) (25)

holds with 1 < q < 1 + min
[
2
n ,

1
2

]
.

Proof. Testing identity (9) by

φ =
(
[M(ρ)−M(2ρ)]1−q − [max(u2ρ,M(ρ)−M(2ρ))]1−q

)
+
ηr, ψ = ηr.

Using conditions (3) and Young’s inequality, we obtain

n∑
i=1

∫∫
Eρ

n∑
i=1

u−q
2ρ

∣∣∣∣ ∂u∂xi
∣∣∣∣2 η2rdxdt 6

6 γ(M(ρ)−M(2ρ))1−q
n∑

i=1

∫∫
Eρ

∣∣∣∣∂ηr∂xi

∣∣∣∣
 n∑

j=1

∣∣∣∣ ∂u∂xj
∣∣∣∣pj
1− 1

pi

ηrdxdt+

+γ(M(ρ)−M(2ρ))1−q
n∑

i=1

∫∫
Eρ

 n∑
j=1

∣∣∣∣ ∂u∂xj
∣∣∣∣pi
1− 1

p

η2rdxdt+
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+γ (M(ρ)−M(2ρ))2(1−q)
∫∫
Eρ

ηr

∣∣∣∣∂ηr∂t
∣∣∣∣ dxdt. (26)

Estimating the terms on the right-hand side of (26), we obtain

n∑
i=1

∫∫
Eρ

∣∣∣∣∂ηr∂xi

∣∣∣∣
 n∑

j=1

∣∣∣∣ ∂u∂xj
∣∣∣∣pj
1− 1

pi

ηrdxdt 6

6
n∑

i=1

∫∫
Eρ

∣∣∣∣∂ηr∂xi

∣∣∣∣pi η2rdxdt


1
pi

 n∑
j=1

∫∫
Eρ

∣∣∣∣ ∂u∂xj
∣∣∣∣pj η2rdxdt


1− 1

pi

6

6 γ
n∑

i=1

r
n(pi−1)

pi (γM(r)ε(r))
pi−1

pi ≤ γε(r) (27)

(M(ρ)−M(2ρ))1−q
n∑

i=1

∫∫
Eρ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi

(
1− 1

p

)
η2rdxdt 6

6 (M(ρ)−M(2ρ))1−q

∫∫
Eρ

u
q(p−1)
2ρ η2rdxdt+

n∑
i=1

∫∫
Eρ

u−q
2ρ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt. (28)

Combining estimates (26)–(28), we derive required inequality (25). �
Combining lemmas 2 and 3, we obtain:
Lemma 4. Let the conditions of Theorem 1 be fulfilled. Then the following estimate

is true

ess sup
0<t<T

∫
Ω

Φ2
ρ,2ρ(u(x, t))η

2
r (x, t)dx+

n∑
i=1

∫∫
E(ρ,2ρ)

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt 6

+γε2(r)(M(ρ)−M(2ρ)) + γM(r)ε(r) + γ(M(ρ)−M(2ρ))2−δ1+

γ(M(ρ)−M(2ρ))2−δ2 + γ(M(ρ)−M(2ρ))2−qε(r), (29)

where 0 < δ1, δ2 < 1.

Proof. By the Young’s inequality, we have

n∑
i=1

∫∫
Eρ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi

(
1− 1

p

)
η2rdxdt 6

6 γ
n∑

i=1

∫∫
Eρ

u−q
2ρ

∣∣∣∣ ∂u∂xi
∣∣∣∣pi η2rdxdt+ γ

∫∫
Eρ

u
q(p−1)
2ρ η2rdxdt. (30)
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We estimate the last integral on the right-hand side of (30) similarly to (18)∫∫
Eρ

u
q(p−1)
2ρ η2rdxdt 6 γ. (31)

Combining inequalities (19), (25), (30), (31), we obtain estimate (29). �
Taking into account condition (10), we can pass to the limit as r → 0 in (29) and

obtain the following statement.
Remark 1. Let the conditions of Theorem 1 be fulfilled. Then the following estimate

is valid

ess sup
0<t<T

∫
Ω

Φ2
ρ,2ρ(u(x, t))dx+

n∑
i=1

∫∫
Eρ,2ρ

n∑
i=1

umi−1

∣∣∣∣ ∂u∂xi
∣∣∣∣2 dxdt 6

6 γ(M(ρ)−M(2ρ))2−δ1 + γ(M(ρ)−M(2ρ))2−δ2 , (32)

where δ1, δ2 ∈ (0, 1).
3. The pointwise estimate of solutions.
In this section we prove Theorem 2. First, we obtain the additional integral estimate

for the solution of the problem (1), (2).
Let (x̃, t̃) be an arbitrary point in D(R0)\D(ρ). For any ρ : 0 < r < ρ < R and any

positive h we define the sequences of numbers ρj := ρ
2(1+2−j), hj := h(1−2−j), j =

1, n and the families of sets:

Q(ρj) :=

{
(x, t) :

n∑
i=1

(
| xi − x̃i |

ρkij

)pi

+
| t− t̃ |
ρkj

< 1

}
,

Aj := {(x, t) ∈ Q(ρj) : u2ρ > hj} .

We denote by ζj ∈ C∞
0 (Q(

ρj+ρj+1

2 )) the cutt-off function such that: (i) ζj(x, t) ≡
1 outside Q(ρj), ζj(x, t) ≡ 0 for (x, t) ∈ Q(ρj+1); (ii)

∣∣∣∂ζj∂t

∣∣∣ 6 γ2jkρ−k,
∣∣∣ ∂ζj∂xi

∣∣∣ 6
γ2jkiρ−ki , i = 1, n.

Lemma 5. Let the conditions of Theorem 1 be fulfilled. Then the following inequality
is valid for every r : 0 < r < ρ < R0

ess sup
0<t<T

∫
Aj(t)

(u2ρ − hj)
2
+ζ

2
j dx+

n∑
i=1

∫∫
Aj

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ζ2j dxdt 6

6 γ2jγρ−n(p+1) |Aj | . (33)

Proof. Testing identity by

φ = (u2ρ − hj)+ζj , ψ = ζj .
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From the conditions (3), Young’s inequality and properties of the cut-off functions
ζj , we obtain

ess sup
0<t<T

∫
Aj(t)

(u2ρ − hj)
2
+ζ

2
j dx+

n∑
i=1

∫∫
Aj

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ζ2j dxdt 6

6 γ

n∑
i=1

∫∫
Aj

∣∣∣∣∂ζj∂xi

∣∣∣∣pi (u2ρ − hj)
pi
+ζjdxdt+

+γ

∫∫
Aj

(u2ρ − hj)
2

∣∣∣∣∂ζj∂t
∣∣∣∣ ζjdxdt+ γ

∫∫
Aj

(u2ρ − hj)
p
+ζ

2
j dxdt. (34)

Using the definition of M(ρ), we have

n∑
i=1

∫∫
Aj

∣∣∣∣∂ζj∂xi

∣∣∣∣pi (u2ρ − hj)
pi
+ζjdxdt 6 γ

n∑
i=1

22jkiρ−pikiM
(ρ
2

)pi
|Aj | =

= γ

n∑
i=1

22jkiρ−piki
(
M
(ρ
2

)(ρ
2

)n)pi
|Aj |

(ρ
2

)−npi
6 γ2jγρ−p(n+1) |Aj | , (35)

∫∫
Aj

(u2ρ − hj)
2
+

∣∣∣∣∂ζj∂t
∣∣∣∣ ζjdxdt ≤ γ2jkρ−kM2

u

(ρ
2

)
|Aj | =

= γ2jkρ−k
(
Mu

(ρ
2

)(ρ
2

)n)2
|Aj |

(ρ
2

)−2n
6 γ2jkρ−p(n+1) |Aj | , (36)∫∫

Aj

(u2ρ − hj)
p
+ζ

2
j dxdt 6 γMp

(ρ
2

)
|Aj | =

= γ
(
M
(ρ
2

)(ρ
2

)n)p
|Aj |

(ρ
2

)−np
6 γρ−np |Aj | . (37)

Combining inequalities (34)–(37), we derive the required integral estimate. �
Now we are ready to prove Theorem 2. Applying Hölder’s inequality, Lemma 7 from

the appendix with αi = 0, i = 1, ..., n, we derive:

Yj+1 =

∫∫
Aj+1

(u2ρ − hj+1)
p
+dxdt 6

6 |Aj+1|
p

n+p ess sup
0<t<T

 ∫
Aj+1(t)

(u2ρ − hj+1)
p
+ζ

p
j dx


p

n+p

×
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×

 n∑
i=1

∫∫
Aj

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ζpij dxdt+ ∣∣∣∣∂ζj∂xi

∣∣∣∣pi (u2ρ − hj+1)
pi
+dxdt




n
n+p

. (38)

Using Lemma 5 and the properties of the functions ζj , estimate the second multiplier
in the last inequality

n∑
i=1

∫∫
Aj

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ζpij dxdt+ ∣∣∣∣∂ζj∂xi

∣∣∣∣pi (u2ρ − hj+1)
pi
+dxdt

 6

6 γ2jγρ−n(p+1) |Aj |+ 2jγ |Aj |
n∑

i=1

2iγρ−kipiρ−npi ≤ γ2jγρ−n(p+1) |Aj | . (39)

Depending on the value of the exponent p, we estimate the first multiplier as follows

p < 2 : ess sup
0<t<T

 ∫
Aj+1(t)

(u2ρ − hj+1)
p
+ζ

p
j dx


p

n+p

6

6 ess sup
0<t<T


 ∫

Aj+1(t)

(u2ρ − hj+1)
2
+ζ

2
j dx


p
2

|Aj+1(t)|
2−p
2


p

n+p

6

6 γ2jγρ
−np2(p+1)

2(n+p) |Aj |
p

n+p (40)

p > 2 : ess sup
0<t<T

 ∫
Aj+1(t)

(u2ρ − hj+1)
p−2
+ (u2ρ − hj+1)

2
+ζ

p
j dx


p

n+p

6

6 (M(ρ))
p(p−2)
n+p ess sup

0<t<T

 ∫
Aj+1(t)

(u2ρ − hj+1)
2
+ζ

2
j dx


p

n+p

6

6 γ2jγρ
−np(2p−1)

n+p |Aj |
p

n+p . (41)

Applying (39) to estimate (38) and choosing m = min
{

np(2p−1)
n+p , np

2(p+1)
2(n+p)

}
from (40),

(41), we get

Yj+1 ≤ γ2jγρ−m |Aj+1|1+
p

n+p ≤ 2jγρ−mh
−p

(
1+ p

n+p

)∫∫
Aj

(u2ρ − hj)
2
+ dxdt


1+ p

n+p

.
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Choosing h from the condition∫∫
Q(ρ)

up2ρdxdt ≤
[
2jγρ−mh

−p
(
1+ p

n+p

)]−n+p
p

=⇒ hn+2p ≥ 2jγρ
−m(n+p)

p

∫∫
Q(ρ)

up2ρdxdt.

Using the Lemma 6 from the appendix, we obtain(
M
(ρ
2

)
−M(2ρ)

)n+2p
≤ γρ

−m(n+p)
p

∫∫
Q(ρ)

up2ρdxdt

or

M
(ρ
2

)
−M(2ρ) 6 γρ

−m(n+p)
p(n+2p)

∫∫
Q(ρ)

up2ρdxdt


1

n+2p

. (42)

To estimate the integral on the right-hand side of (42) we apply Lemma 7 with αi =
0, i = 1, ..., n and Remark 1∫∫

Q(ρ)

upRdxdt 6 ρp
n∑

i=1

∫∫
Q(ρ)

∣∣∣∣ ∂u∂xi
∣∣∣∣2 dxdt ≤ γρp(M(ρ)−M(R))2−δ. (43)

Eventually, from (42), (43), we derive

M
(ρ
2

)
−M(2ρ) ≤ γρ−n+β , (44)

where

β =
np(n+ 2p)−m(n+ p) + p2 − np(1− δ)

p(n+ 2p)
> 0, δ = min{δ1, δ2}.

Iterating inequality (44), we obtain estimate (12). This proves Theorem 2. �
4. Proof of Theorem 3.
Let ξj ∈ C∞

0 (D(ρj)), 0 ≤ ξj ≤ 1, ξj = 1 in D(ρj+1) and
∣∣∣∂ξj∂t

∣∣∣ ≤ γ2jγR−k
0 ,

∣∣∣ ∂ξj∂xi

∣∣∣ ≤
γ2jγR−ki

0 , i = 1, n, where k, ki are defined in (5), (7) and 0 < λ < min{ β
n−β ,

βn
(n−β)(n+1)}

with β from (12).
Testing the integral identity (9) by

φ = (u− h)λ+ ξ
2
j ηr, ψ = ηr,

where ηr was defined in Section 2, for every h > 0. Using conditions (3) and the Young
inequality, we obtain

ess sup
0<t<T

∫
Ω

(u− h)λ+1
+ ξ2j η

2
rdx+

n∑
i=1

∫∫
ΩT

(u− h)λ−1
+

∣∣∣∣ ∂u∂xi
∣∣∣∣pi ξ2j η2rdxdt ≤ γ

5∑
i=1

Ji, (45)

148



Removable isolated singularities for anisotropic evolution p-Laplacian equation

where

J1 =

n∑
i=1

∫∫
ΩT

(u− h)λ+pi−1
+

∣∣∣∣∂ηr∂xi

∣∣∣∣pi ξ2j ηrdxdt,
J2 =

∫∫
ΩT

(u− h)λ+1
+

∣∣∣∣∂ηr∂t
∣∣∣∣ ξ2j ηrdxdt,

J3 =

n∑
i=1

∫∫
ΩT

(u− h)λ+pi−1
+

∣∣∣∣∂ξj∂xi

∣∣∣∣pi ξjη2rdxdt,
J4 =

∫∫
ΩT

(u− h)λ+1
+ η2rξj

∣∣∣∣∂ξj∂t
∣∣∣∣ dxdt,

J5 =

∫∫
ΩT

(u− h)λ+p−1ξ2j η
2
rdxdt.

Denote by A(k) the following set

A(h) := {(x, t) ∈ D(R0) : u(x, t) > h} .

Condition (12) imply that

J1 ≤ γr(λ+pi−1)(β−n)r−pikirn+k = γrλ(β−n)+β(pi−1),

J2 ≤ γr(λ+1)(β−n)r−krn+k = γrλ(β−n)+β,

J3 ≤ γ2jγR
−n(p−2)−p
0

∫∫
A(h)

(u− h)λ+p−1dxdt, (46)

J4 6 γ2jγR
−n(p−2)−p
0

∫∫
A(h)

(u− h)λ+p−1dxdt,

J5 ≤ γ

∫∫
A(h)

(u− h)λ+p−1η2rξ
2
j dxdt.

We combine estimates (45), (46) and pass to the limit in the resulting inequality as
r → 0. Eventually, we obtain the boundedness of u(x, t) in D

(
R0
2

)
analogously to the

argumentations from Section 3. This proves Theorem 3. �
5. Appendix.
Lemma 6. [3]
Let {Yj}, j = 0, 1 . . . be a sequence of positive numbers, satisfying the recursive

inequalities
Yj+1 6 CbjY 1+α

j ,

149



Yu. Kudrych, M. Savchenko

where C, b > 1 and α > 0 are given numbers. If

Y0 6 C− 1
α b−

1
α2 ,

then Yj converges to zero as j → ∞.

Lemma 7. [9] Let Ω ⊂ Rn, n ≥ 3 be a bounded domain. Let ν be an arbitrary
function from the Sobolev space W 1,1

0 such that∫
Ω

∫
ER

|ν|αi

∣∣∣∣ ∂ν∂xi
∣∣∣∣pi dx <∞,

where pi > 1, 1 + αi
pi
> 0, i = 1, ..., n,

n∑
i=1

1
pi
> 1. Then

ν ∈ Lq∗(Ω), q∗ =
np

n− p

(
1 +

1

n

n∑
k=1

αk

pk

)
,

where 1
p = 1

n

n∑
i=1

1
pi

and there exists a positive constant K depending only on n, αi, pi, i =

1, ..., n, such that the following inequality is valid

∥ ν ∥Lq∗ (Ω)6 K

n∏
i=1

∫
Ω

|ν|αi

∣∣∣∣ ∂ν∂xi
∣∣∣∣pi dx

 1

pin

(
1+ 1

n

n∑
k=1

αk
pk

)
.
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Ю. Кудрич, М. Савченко
Усувнi iзольованi особливостi розв’язкiв анiзотропного еволюцiйного рiвняння p-
Лапласа.

У роботi дослiджено широкий клас квазiлiнiйних параболiчних рiвнянь другого порядку в ди-
вергентнiй формi, одним з найпростiших модельних представникiв таких рiвнянь є анiзотропне
еволюцiйне рiвняння p-Лапласу. Вiдомо, що загальна якiсна теорiя для анiзотропних елiптичних
i параболiчних рiвнянь не побудована. Крiм того, точний вигляд фундаментального розв’язку
для таких рiвнянь невiдомий, тому природно постають питання про дослiдження локальної по-
ведiнки розв’язкiв вищевказаних рiвнянь в околi сингулярної точки та про отримання точної
умови усунення особливостi. Хоча квазiлiнiйнi рiвняння з анiзотропiєю мало вивченi, однак для
їх дослiдження можна застосувати деякi з нароблених методiв, а саме для вирiшення поставлених
задач було використано такi методи: метод локальних енергетичних оцiнок, iтерацiйна технiка Де
Джорджi, метод поточкових оцiнок. Нам вдалося для слабких обмежених невiд’ємних розв’язкiв
анiзотропного еволюцiйного рiвняння p-Лапласу встановити новi iнтегральнi оцiнки, поточковi
оцiнки та отримати достатню умову усунення iзольваної особливостi розв’язкiв у виглядi асимп-
тотичної оцiнки. Ще одна складнiсть дослiдження виникає з рiзними значеннями показникiв
анiзотропiї, а саме вона полягає в тому, що розглядається випадок, коли частина показникiв
анiзотропiї pi < 2 (так званий “сингулярний випадок”), а iнша частина pi > 2 (так званий “вирод-
жений випадок”).
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