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YCTONYNBOCTb FrO®GPUPOBAHHOIO KOJIbLIA
nog oEVCTBUEM BHELUHEIO OABJIEHUA

PaccmaTpuBaeTcsa 3ajaya yCTOMYMBOCTM rodpMpoOBaHHOrO Konbua npwu
rMapocTaTUYEeCKOM [fAaBneHuu. AHanuM3vpylTcs [ABa OCHOBHbIX noaxoda K
peleHnio: MeTof, 3KBMBANEHTHOW XEeCTKOCTU U MeToA acUMNTOTUYECKOW
romoreHusauun. [lpumeHeHne MeToAa  acUMNTOTMYECKOW  roMOreHusauuu
No3BONUNO MaTeMaTUuyeckm OGOCHOBaTb M YTOYHMTbL MeToA 3IKBUBANEHTHOMU
*ectkocTu. MpoBeAeH aHanu3 BRUAHUA NapameTpPoB ro)pPUPOBKM Ha BenNUYUHY
KPUTUYECKOro AaBneHus.

Knrodeenle croea: ycmou4ugocmb, 20QhpupOBaHHOE KOMbUO, 8HEWHee 0asreHue;
aK8UBaNIeHMHasi XecmKocmb, aCuUMIMomuyYecKasl 20Mo2eHU3ayusl.

FodprpoBaHme rnagkmx o6onoyYek 4acTo UCMONb3YHT AN U3MEHEHUS
NX XXecTKoCcTeln. B yacTHOCTH, ANS UMNMHAPUYECKNX 060N0YEK NPY BHELLIHEM
AaBneHun npumeHsieTcs rogpupoBaHue obpasyolen, ropmpoBaHme Ha-
NpaBnsAIoLLEN 3HAYUTENBHO MOBLILIAET YCTOMYMBOCTb Takux 06OMoYeKk npu
oceBoM cxatun. [MoaTomy uccnefoBaHWe YCTOMMUMBOCTU rOOpUPOBaHHbLIX
06onoyek Npu BHELLHEM AaBNeHUU NMEET NPaKTUYeCcKoe 3HavYeHue.

MeToauku, NnpumeHsemble B HacTosiLee BpeMsi Ans pacdeTta rocgppupo-
BaHHbIX NAAcTUH U 060MNoYeK, MOXHO pas3genqTb Ha TPU OCHOBHbIE rPyMMbi:
KOMMbIOTEPHbIE MOAENW, OCHOBAHHble HAa MEeTOAe KOHEYHbIX 3IEMEHTOB,
MEeTOA 3KBUBANEHTHOW W3rMOHOM XXECTKOCTW, U MeTond acMMNTOTUYECKOn
romoreHusaumm. MeToa KOHEYHbIX 3NEMEHTOB MO3BONISAET paccyUTbiBaTb
npakTuyeckn nody rodpupoBaHHyto obonouky [1, 7], HO Ha HavamnbHbIX
aTanax MNPOEKTUPOBaHWUA MOME3HbIMU SABMSIOTCA MNPOCTble aHanuTU4eckue
peweHus. [1o pa3sutus LMPOBbLIX TEXHOSOrNA OCHOBHBIM METOAOM pacye-
Ta rodpumpoBaHHbix o6onoyek Bblno MCNonb3oBaHWE MOAENEN C 9KBMBa-
NEHTHOM XeCTKOCTbIO [2, 5]. OCHOBHbLIM HEAOCTATKOM TaKOro noaxoAa siBns-
€TCA TPYOHOCTb OLEHKM ero TOYHOCTM M obnactu npumeHumocTn. B Ha-
cTodwen paboTe MCnonb3yeTcss MeTod acUMNTOTUYECKOW rOMOreHusauunm
[3, 4].

MoctaHoBKa 3apaun. Pagnyc rocdppupoBaHHoro kombua (puc. 1) B no-
NAPHOW cMCTeMe KoopauHaT

r =R(1+ hg(ng)), (1
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rae R— paamyc 6a30BOro Kpyrosoro komnbua, h = % H — amnnutyga
ropa; g(ng) — neproanyeckas yHKUMA C NeprmoaoM 2m/n, KOTOpbIN Ha3o-
BEM Luarom rodpa, n — KONMYecTBo BOMH rogpa; 0 < ¢ < 2m; |hg| < 1;
h1;n>» 1.

Puc. 1 — FodpuposanHoe konbuo, h = 0,05; n = 16.

Byaoem cuutaTb, YTO ANA paccMaTpvBaeMOro Kofbla BbINOMHAETCA n-
notesa MIOCKUX CEYEHU U BenuymMHa m3rnbaroLiero MomMmeHTa nponopumo-
HarnbHa M3MEHEHWUO KPMBU3HbI CPEOUHHOM NMOBEPXHOCTU KOMbLia B paccmart-
pYBaeMOM CEYEHUN.

B pabote wmsyvaetcsa obuias noteps YCTOMYMBOCTU FOPPUPOBAHHOMO
KonbLia npu crnegyrolmx OONyLWEeHUAX: He paccMaTpuBaloTCA MPOCTPaHCT-
BEHHble (hOpMbl paBHOBecWs; Npu AedopMalun Harpy3ka OCTaeTcsi Ha-
npaefeHHOW Mo HopManu K AedopMmnpoBaHHON CPeaMHHON MOBEPXHOCTU
KOnbL,a U €€ MHTEHCUBHOCTb HE MEHSETCH.

MeToa 3KBUBanNeHTHOM XeCTKOCTU. 3ameHnM rodopupoBaHHOE KOSbLO
(1) kpyroBblM paguyca R C 0AMHAKOBbLIM NMOMEPEYHbIM CEYEHUEM, HO C HEKO-
TOPOW NpVBEAEHHOW U3rMOHOW XeCTKOCTbo. [ns onpegeneHus aTow XecT-
KOCTM Bblgenum ofHy BOMHY rodppa, npu 3toM, B cury 60nbLIoro 4mcna
Takux BOJI, U3BMEHEHMEM KPVMBU3HW PaBHOOTCTOSLLEN OT BEPLUMH rodpa
OKPYXHOCTWN MOXHO nNpeHebpeyb. MNMpuBeaeHHas M3rnbHas xecTKocTb [5]

D = €El, (2)

1 21
raoe EI wcxogHast m3rMbHasi XecTKOCTb Kombua, € == Py fo Adé§, & =
ng; A=.r*+r7;.

Kputnueckoe aaBneHue Ans KPYroBoro kosnbla 3agaHHOM U3rMOGHON xe-
CTKOCTW XOPOLLIO M3BECTHO [7], NO3TOMY ANS KOMbLIA C U3rMOHOWM XECTKOCTbLIO
(2) nonyyaem

p=¢, ()
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P __ 3€ElI
roe p:p—O,P— PE

KpUTn4eckoe aasrieHne rmagkoro KpyroBoro Korsb-

3EI
ua ¢ xecTkocTbio (2); p° = =3~ KPUTM4eckoe AaBrieHne KpyroBoro konbua

C M3rnbHoOM ecTkoCcTblo ET.

Fodpuposka (1) uMeeT ABa xapakTepHbix pa3mepa: n u h. Kputnyeckoe
AasneHve (3) 3aBuCUT OT nNapameTpa nh, KOTOPbIA MOXHO HasBaTb napa-
mMeTpoM rodpupoBkn. [na h = 0 umeem € = 1, ¢ poCTOM nh KpUTUYECKOE
AaBneHve nagaet (puc. 2).

06 o
0
Py

0.4 H

0.2 o

nh

Puc. 2 — YMeHblIeHue KpUTMYeCKOro gaBneHus rodppupoBaHHOro KombLla fno oT-
HOLLEHUIO K KPUTUYECKOMY AaBIEHUIO Kpyroeoro konbua p’ 6asosoro paguyca
B 3aBMCUMOCTU OT BefIU4MHbI napameTpa rocpupoBaHus nh (h = 0,05;n = 0..100)

Ecnu e npoBoauTb CpaBHEHUE C MMaAKMM KOMbLOM, AJIMHA OKPY>KHOCTM
KOTOPOW paBHa ASIMHE KPUBOMUHEWHON ocK rodppupoBaHHoro Konbua (1), To
rogpypoBaHmWe MoBbLILIAET KPUTUYECKOE AaBrieHme

p=¢€7? (4)
_ P = 3EI
rep ==, P = (—igys ~ KPUTWMECKO® faBreHue rMapkoro KonbLa pasHoro
nepumeTpa.

CpaBHeHVe rnagkoro kombla ¢ rogpupoBaHHbiM (h = 0.05; n = 16)
O[MHaKOBOro nepuMmeTpa Mnokasano, YTO KpuTudeckasa Harpyska rodpupo-
BaHHOro komnbua Ha 31% 6onblue, HO OHO orpaHuMvmBaeT Ha 23.6 % MeHb-
wyo nnowadb. CpaBHeHne xe ¢ 6a30BbiM, PaBHOOTCTOSLLMM OT BEPLUMH
rodpa rmagkMm KomnbLOM, Aano yMeHbLUEHWE KPUTMYECKOro AaBneHus ans
rodopupoBaHHOro KomnbLa Ha 12,6% 1 yMmeHbLUEHWEe OrpaHUYeHHON NnoLwaam
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Ha 0,125%. lpu atom AnuvHa Jyru rodpupoBaHHoOro konbua Ha 14,5%
Oonblue onuHblI 6a3oBoro.

MeTon acMMNTOTMYECKOW rOMOreHM3auumn. 3anvemM ypaBHeHus pas-
HOBecusi roopMpPOBaAHHOIO KOSbLa Kak KPUBOSIMHEMHOIO CTEpXHsl [6] B no-
NApHOW cucteme koopauHat (puc. 1)

Ly = 1y g, N
AN¢_Qt’+ 'AQ(p—Qn' PX (5)
1 ! — !
ZM @ Q )
roe (-)qJ = ﬂ; N’,Q', M’ — BHYTpPEHHUE YyCUNUSI U U3rMBaOLLUA MOMEHT;

g
q:',q, — NPOEKLUM BHELLHEW Harpy3skn Ha NoaBWxHbIe ocu t',n' .

Beenem B paccmotpenue dyHkuum N, Q,M, q;,q, — NPOEKUUN BHYTPEH-
HUX YCUIUIA, U3rnbartoLLEro MOMEHTa U BHELLIHEW Harpy3ku Ha t,n — NOABWX-
Hble ocu 6a3oBOro Korbla, PaBHOOTCTOSILLEr0 OT BEPLUMH rodpa, U Bbipa-
31IM Yepes 3TU NPOEKLMU BHYTPEHHWE YCUNUS U MOMEHT

N' = Nsin6 + Qcos0; N' = Nsinf + Qcos#;
M'=M —zN; (6)
gt = q;c0s0 + q,sing; dn = qnC0s8 — q;sind,

T

roe z =r — R; 6 — yron mexay Bektopamu nu t'; sinf = %; cosf = 7‘” :
MoactasumB BblpaxeHus (6) B ypaBHeHus paBHoBecus (5), MOXHO nory-
YnTb
N = . 15 -4 N
aNe=actys 70 == (7)

M, =zN, + Q.

dusnyeckne ypaBHEHUS KPUBOSIMHEWHOrO CTEPXHS [6] OTHOCUTENBbHO
NPOEKLMIN BHYTPEHHUX yCUNWIA, usrubaroero momenta (7) v npoekuun ne-
peMeLLeHnn Ha ocu t,n NPUBOASATCA K BUAY

rN+r(pQ:EF%(re+r(p19);

(8)
M—zN:EI%(AiZ(r(ps—rﬁ))(p,

roe E,F,I — mogynb ynpyrocTu maTtepuana, nnowaab U MOMEHT WHEepLUM
rMoMepeyYHOro CeYEeHNs KorbLa COOTBETCTBEHHO; € = U, +w; ¥ = w, — .

OrpaHuynmcst paccMoTpeHnem «obLLen» noTepu YCTOMYMBOCTM, CumUTas,
4TO Npu 3TOM GasoBas OCb KOMbLi@ OCTAETCA HepacTaXUMOW: u, +w = 0.
Torpa dusnyeckune cooTHoeHus (8) NpumyT Bug

T(p'l9
rN+71,Q=EF——;
9)

1/rd
M_ZN__EIZ(A_Z)(p'
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[nsa paspeluatoLent cuctemol ypasHeHui (7), (9) npUMeHnM MeTof, roMo-
reHn3aummn, OCHOBaHHbLIN Ha aCUMMNTOTMYECKMX ABYX MaCLUTabHbIX pasnoxe-
HUSIX

[ee)

N =D N0, Q= ) n 09,6 M = ) 1M, (0,0
k=0 k=0

o o =0 (10)
U= ;n-kuk(q), ) w = ;n-kwk(q), o,

raoe Ny, Qi, My, uy, wy, — nepmogundeckme no & oyHKLMU C Nepmroaom 2.
B pesynbTate Nnpnxoaum K ypaBHEHMO

+wp ). (11)

dzwo
dg?

M, = —Elk

a A 21 -1 21

mek=2a=(=["adf) , a® =25 s=—[ " Ad¢ .

3anuwem, cnepgya cxeme, npeanoxeHHoW TUMOLLEHKO Ana rnagkoro
konbua [7], ypaBHeHUe paBHOBeECUS 3remMeHTa rodpuMpoBaHHOro Konbua B
COCTOSIHUW, OTKIIOHEHHOM OT MUCXOAHOrO, W U3 PeLleHns 3TOro ypaBHEHWS
Hangem BenuWuWHY AaBneHus q,, KOoTopas AenaeT Takyl Aedopmaumio
BO3MOXHON. OCU CUMMETPUM KCMIIOLLEHHOM» hOpPMbl paBHOBECUS MPUHU-
MaeM 3a KOOpAUHATHbIE OCY X,y U Npou3BedeM paspes KosbLa Mo ropusoH-
TanbHOM ocu cummeTpum (puc. 3).

B

Puc. 3 — Pa3pe3 roppMpoBaHHOro konbua nocrie noTepyu yCTOM4MBOCTHU:
1, 2 - 6a3oBast OCb COOTBETCTBEHHO A0 U NocCrie NoTEPU YCTONYMBOCTH;
N,M, W, — BHyTpeHHee ycunue, MOMEHT, NPOrué 1 paauyc B TOYKe pa3pe3a

U3 puc. 3 cneayer, 4to

M, = Mo = qno(TWy — Rwy). (12)
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Moactaensem BbipaxeHue (12) B (11) 1 nonyyaem ocpegHeHHoe Aud-
hepeHumansHoe ypaBHeHWe paBHOBECUs ropUPOBAHHOIO KorblLia nocrne
«0bLLen» noTepn YyCTON4YUBOCTY:

d?
Dot W =2, (13)
rme f2 =1+ q”OR, a = —(qnoT Wo — My).

Elk
3anuwem obLee pelleHne anddepeHumansHoro ypasHeHust (13):

. a
Wy =C;sinfo + C, cosﬁ<p+ﬁ, (14)
rae C;,C, — NOCTOSIHHbIE UHTErPUPOBaHUS HAXOAATCSt U3 YCMOBUA CUMMET-
pum

T
d(p—O npu ¢ = 0,=. (15)

Moactaenas BeipaxeHue (14) B ypasHeHue (15), Haxoaum
C;=0; f=2m m=1.2,.. . (16)

Monaras m = 1, Haxogum u3 (16) kpuTndeckoe gasneHve obLuern notepu
YCTOMYMBOCTM roppMpPOBaAHHOIO KOMbLia

Gno = 3EIk/R. 17)
Mpu h =0 n3 (17) nony4aem mM3BeCTHyO HOPMYry BEMWUYUHbI KPUTUYE-
CKOro rMagpocTaTUYeckoro JaBneHus Ana rnagkoro konbua p° = 3E1/R3.

Py — Py

D

100%

304

0 0.1 02 003 004 | 0D5 06
h

Puc. 4 — N'pachmk ymMeHbLIEeHUA KPpUTUYECKOTrO AaBleHus
ro)pupoBaHHOro KosnbLa ¢ KOCUHycouganbHbIM ropom

C POCTOM OTHOCMTeNbHOM aMmnnuTyabl rocdopa h = H/R
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Takum obpasom, nonyyeHo matemaTuyeckoe oboCHOBaHWE NpUMEHEeHUs
3KBMBAIEHTHO XECTKOCTHOW MoAenu rogpupoBaHHOro Kombua B 3ajadve
YCTONYMBOCTMU.

Ha puc. 4 nokaszaHO yMeHbLUeHWe BenUYUHbLI KPUTUYECKOro AaBrneHus
ropupOBaHHOrO KOMbLa ¢, MO CPABHEHUIO C MMaAKMM KpYroBbIM KOMbLIOM
TOrO Xe paauyca Ans KocuHycouaanbHoOro ropa ¢ poCTOM OTHOCUTENbHOM
amnnutyabl roppa h = H/R.

BbiBoabl. Takum o06pas3om, yBenuyeHve amnnutyabl ropupoBKu
YMEHbLUAET BESNIMYMHY KPUTUYECKOro AaBrieHus Ans ropupoBaHHOMO KOMb-
ua. Ecnm xxe cpaBHMBaTb KpyroBble M ropupoBaHHbIE KOMbLia OAMHAKOBBIX
paguyca u Beca, TO 9Ta pasHuua ByaeT elle cyllectBeHHee. [oaTomy npu
orpaHuyeHunax no Becy 6Gonee BbIrOAHbIM ANt MOBbILLIEHUS KPUTUYECKOro
OaBneHVs ABMNAEeTCS yBEeNnuMYeHUe NonepeyHoro cedeHusi, 4em rodppuposa-
Hue.

YTOUYHEHUE 3KBUBASIEHTHOW XXECTKOCTU (3) NOHWKAET BENUYUHY KpUTUYE-
CKOro gaBreHuys. 3Ta pasHula yBenuyMBaeTCsl C POCTOM OTHOCUTENbHOM
aMmnnutyabl rogpa h .
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CTIUKICTb FO®POBAHHOIO KINbLA
nia alero 30BHILWHbLOIO TUCKY

PosrnspaeTtbca 3agava CTiMKOCTi rocpoBaHOro KinbusA Npu rigpocTtaTMyHOMY
TUCKY. AHanisylTbCA ABa OCHOBHI MiAxogu OO BUpPilleHHSi: MeToA eKBiBaneHTHOI
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XOPCTKOCTIi i MeToA4 acuMNTOTMYHOI TromoreHisadii. 3acTocyBaHHA MeToAy
acUMNTOTMYHOI roMoreHisauii 03BONUIO MaTeMaTU4YHO OGIPYHTYBaTU i YTOYHUTKH
MeTop, eKBiBaneHTHOI kopcTkocTi. [lpoBeaeHo aHanis BNNMBY napamMeTpiB
rocpyBaHHsI Ha BENTUMUHY KPUTUYHOIO TUCKY.

Knro4oei cnoea: CcTilikicTb; rodpoBaHe KinbLe; 30BHILIHIA TUCK; eKkBiBaneHTHa
XKOPCTKICTb;, aCUMMNTOTUYHA FOMOTeHi3aLlisi.

odpyBaHHA rnagkux 060MOHOK LUMPOKO BUKOPUCTOBYETLCA ANA 3MiHM X
KOPCTKOCTI. 3okpema, ans umningpu4HMx 0BOMOHOK, WO 3HaXo4ATbes nig
30BHILLHIM TUCKOM, BWKOPUCTOBYETHCS FOdpyBaHHA TBIPHOI; rodpyBaHHSA
OVPEKTPUCU 3HAYHO NiABULLYE CTIVKICTb Takmx OOOMOHOK MpU OCbLOBOMY
CTUCHEHHI. TOMY BUBYEHHS CTINKOCTI rodopoBaHnx OBOMOHOK Mif 30BHILLHIM
TUCKOM Ma€ MpakTU4YHe 3HaveHHs. MeToau, Lo BUKOPUCTOBYOTLCS B AaHUN
Yyac ans po3paxyHky rodopoBaHuX NracTuH i OBONOHOK, MOXHA PO3AINUTY Ha
Tpu rpynu: obuucnioBanbHi MoAeni, 3acHOBaHi Ha MeToAdi CKiHYEHHUX
eneMeHTiB, nNigxif, eKBiBaneHTHOI »OPCTKOCTI Ha BWUIMH Ta MeToA
acUMNTOTUYHOI rOMoreHi3auii. MeToa CKIHYEHHMX eneMeHTIB [O03BOonNse
pospaxyBaTu mamke 6yab-sKy rocpoBaHy obonoHky [1, 7], ane Ha paHHix
CTafigX NPOEKTYBaHHA nOyXe KOPUCHI MpOCTi aHaniTuyHi piweHHs. [o
ob4yncnoBanbHOI PeBostoLii OCHOBHMM METOOOM PO3paxyHKy ropoBaHMX
obonoHok 6yno MopentoBaHHA ekBiBaneHTHUX opcTkoctenm [2, 5).
OCHOBHUM HeJoNIKOM LbOro niaxony € TPYAHOLLi B OUiHLi MOro TOYHOCTI Ta
cepu 3actocyBaHHa. Y uux poboTax BMKOPUCTOBYETbCA MeETOq
acMMNTOTUYHOI romoreHisadii [3, 4].

MoctaHoBKa npobnemu. Papiyc rodpoBaHOro KinbUs B MNOMSPHIN
CUCTEMI KoopaMHAT CTAaHOBUTb

r = R(1+ hg(ng)), (1

Ae R — pagiyC OCHOBHOrO KifnbLeBOro Kinbus; h = %,H — rmnbuHa rodpwu;
g(ngp) — nepioguyHa dyHKLUiA 3 nepiogom 27" (kpok ropyBaHHs); n — Kinb-
KicTb rogpis; 0 < @ < 2m, |hgl < 1, h KL L;n > 1.

Mpunyckaemo, Wo Ans KinbLA rinoTe3a niockoro nepepisy 3agoBOSbHS-
€TbCH, @ BEMNMYMHA 3rMHaNbHOrO0 MOMEHTY MPOMOPLiNHa 3MiHi KPUBUHW Ce-
peaHbOl MOBEPXHi Kinbuda y po3rngHyToMmy nepepisi. Mu maemo cnpasy i3
3aranbHol HecTabinbHICTIO pudhneHoro Kinbud, To6To nepexogom o dop-
MW 3 HEKPYrnMMm OCHOBHWM Kinbuem. Micuesi pexummn BUruHy BiAcyTHI. Ta-
KOX crnpaBeanvBUMK € Taki NpUnyLLLEeHHS: NpocTopoBi oopMKM piBHOBarn He
po3rnagarTbes; nig vYac Aedopmalii HaBaHTaXEHHST 3N LLIAETLCA CNPSIMO-
BaHUM 00 AedOPMOBAHOro KifbLsi HOPMarbHUM, a MOro iHTEHCUBHICTb He
3MIHIOETLCS.

EkBiBaneHTHUIA nigxig >XOPCTKOCTi Ha BUrMH. 3aMiHUMO pudneHe Ki-
nbUe KPYroBumMm pagiycy R 3 eKkBiBaneHTHOI XOPCTKICTO Ha BUruH. LLLo6 Bu-
3HAYUTU L0 XKOPCTKICTb, BUOKPEMITOOUN OOHY XBUMIO rodpa, i Yepes BenuKy
KiNbKiCTb TakMX XBUIb, KPMBUHOK OCHOBHOMO KOna MOXHa 3HexTyBaTu. Ede-
KTMBHA >XOPCTKICTb Ha BUrMH D — Lie XOpCTKICTb, sika 3abe3nevye piBHICTb
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Aedopmalii BUXiOHOI KPUBOMIHIHOI Ta anpoKCMMaUinHOT NPSIMOMiHIAHMX
6anok. B pesynbTaTti oTpumyemMo

D = €El (2)
Mpodinb rodppyBaHHA MaE€E ABi BAaXKAMBI XapaKTEPUCTUKK, @ came, n i

h. TUCK BUTMHAHHA 3aeXKuTb Big NnapameTpa nh, AKUN MOXKHA Ha3BaTH
napameTpom rogpa. Ana h = 0 € =1, i3 30iNbLWEHHAM nh KPUTUYHUIA TUCK

3MEHLUYETLCS.
Mu BUKOPUCTOBYEMO METO aCUMMTOTUYHOI FOMOreHi3aLlii
d?w,
22 TBWo =« @)
24P p 28 P (s —ow)) =M
pept=1+5 k=7 a=-(—s7(F —20) ——
3aranbHUM po3B’aA3KOM piBHAHHS (3) €:
Wy = Cysinffo + G, cosﬁ<p+%, (4)

ae C;, C, — KOHCTaHTU iHTerpyBaHHs.
Ons dyHKuiT w, Maemo:
dwg

EZOHpI/I([)ZO,

- ®)
MiactaBnsatoum Bupas (4) y piBHAHHS (5), 3HaxoanMo
C;=0, f=2m m=1.2,.. . (6)

Mpunyckatoun m = 1, 3 Bupasis (3) — (5) MoXHa BUABUTY TUCK BUrMHY
rocppoBaHoro KinbLsi

N 1Y

p =3k. 7)
Takum YMHOM, OTpUMaHO OBrPYHTYBaHHA BUKOPUCTAHHA nigxody OO0 eK-

BiBaNEHTHOI >KOPCTKOCTI Ha BWUIrMH OO npobnemu CTiKkocTi rocppoBaHoOro
KinbLs.

UDC 539.3

A. A. Diskovsky, Dr. Sci. (Tech.),
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BUCKLING OF CORRUGATED RING
UNDER EXTERNAL PRESSURE

Stability analysis of corrugated ring subjected to uniform external pressure is
under consideration. Two main approaches to solving this problem are analyzed:
equivalent bending stiffness approach and asymptotic homogenization method. In
this paper, we developed an asymptotic homogenization method, which made it
possible to mathematically substantiate and refine the equivalent bending stiffness
approach. The influence of the corrugation parameters on the buckling pressure are
analyzed.
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Corrugation of smooth shells is widely used to change their stiffness. In
particular, for cylindrical shells under external pressure, the corrugation of
the generatrix is used; corrugation of the directrix significantly increases the
stability of such shells under axial compression. Therefore, the study of the
stability of corrugated shells under external pressure is of practical impor-
tance.

The methods currently used to calculate corrugated plates and shells can
be subdivided into three groups: computational models based on finite ele-
ment method, equivalent bending stiffness approach and asymptotic homo-
genization method. Finite element method in principle make it possible to
calculate any corrugated shell [1, 7], but for the early stages of design, sim-
ple analytic solutions are very useful. Before computational revolution, the
main method for calculating corrugated shells was equivalent stiffnesses
modeling [2, 5]. The main disadvantage of this approach is the difficulty in
estimation its accuracy and area of applicability. In these papers, the asymp-
totic homogenization method [3, 4] is used.

A statement of the problem. The radius of the corrugated ring in the po-
lar coordinate system is

r= R(l + hg(n(p)), (1)
where R is the radius of the basic circular ring; h = %,H is the corrugation

depth, g(ng) is the periodic function with period 2r/n (pitch of corrugation),
n is the number of corrugations, 0 < ¢ < 27, |hg| <1; h <K 1;n > 1. We
assume that for the ring, the hypothesis of flat cross-section is satisfied and
the magnitude of the bending moment is proportional to the change in the
curvature of the middle surface of the ring in the section under consideration.

We deal with the general instability of the corrugated ring, i.e. the transi-
tion to the form with non-circular basic ring. Local buckling modes are ab-
sent. The following assumptions are also valid: spatial forms of equilibrium
are not considered; during deformation, the load remains directed normal to
the deformed ring, and its intensity does not change.

Equivalent bending stiffness approach. Let us replace the corrugated
ring with a circular one radius R with the equivalent bending stiffness. To
determine this stiffness, following, we single out one corrugation wave and
due to the large number of such waves, the curvature of the basic circle can
be neglected. Effective bending stiffness D is stiffness that ensures equality
of deformations of the original curvilinear and approximating rectilinear
beams. As a result, one obtains

D = €El, (2)

Corrugation profile has two important characteristics, namely, nand h.
The buckling pressure depends on the parameter nh, which can be called
the corrugation parameter. For h = 0 one has € = 1, with increasing nh the
critical pressure decreases.
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Using asymptotic homogenization method, we have

dzwo
d?

+Bwy = a, @)

a
$

whereﬁ2:1+§; k==;
The general solution of the (3) is:
wy, = Cysinfo + C, cosﬁgo+%, (4)

where C,,C, are the integration constants.
For function w, one has:

a=L(s—s7(F -2m) -2 .

dwg

T
E—Oatq)—O,;. (5)
Substituting expression (4) into Equations (5), we find
C;=0, p=2m m=12,.. . (6)

Assuming m = 1, one finds from expressions (3-5) the buckling pressure
of the corrugated ring

py =3k . (7

Thus, the rationale for the use of the equivalent bending stiffness ap-
proach to the problem of the stability of a corrugated ring is obtained.
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