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T. I. KOSENKOVA

WEAK CONVERGENCE OF A SERIES SCHEME OF MARKOV
CHAINS TO THE SOLUTION OF A LEVY DRIVEN SDE

Under the assumptions analogous to those of Gnedenko’s theorem, the weak conver-
gence of a series scheme of Markov chains to the solution of a Lévy driven SDE is
obtained.

1. INTRODUCTION

In this paper, we establish the conditions sufficient for a sequence of stepwise processes
defined by a series scheme of Markov chains to converge in D to a solution of a Lévy
driven SDE. This topic is traditional and comes back to the famous Skorokhod invariance
principle (see [1]) for the sequence of stepwise processes associated with partial sums of
a triangular array of i.i.d. random variables, which satisfy conditions of Gnedenko’s the-
orem (see [2]). In the Markov setting, this result was extended in several directions. In
[3], the increments of Markov chains are represented as the images of a fixed measure
under some mappings, and the respective limit theorem is formulated in the terms of the
latter mappings. This leads to a highly implicit set of conditions on the increments of
the Markov chains under consideration.

Another approach, which leads to an explicit and transparent set of conditions, is devel-
oped in [4], the so-called “Lévy approximation scheme.” The model studied therein is
even more general and contains an additional semi-Markov switching component. The
kernel involved into the limit generator in Theorem 1 in [4] is integrable w.r.t. |u| and |u|?
on the sets {|u| < 1} and {|u| > 1}, respectively. Those properties are clearly stronger
than the standard properties of a Lévy measure. This shows that the approach developed
in [4] brings some additional moment restrictions in comparison with the conditions of
Gnedenko’s theorem.

Here, we prove a limit theorem for a sequence of Markov chains under conditions that
can be considered as straightforward analogs to those of Gnedenko’s theorem, with the
the solution of the Lévy driven SDE as the limit process.

The structure of the article is following. In Section 2, the main theorem is introduced.
The theorem consists of two statements: about the relative compactness of the associated
sequence and about the limit point identification. Section 3 contains the proof of this
theorem with two subsections related to the statements of the theorem. The proof of
the supplementary statement, the so-called “compact containment condition”, is given
in Appendix A.

2. MAIN RESULTS

Let {X}*, k <n}, n > 1beasequence of Markov chains in R%. Let 6,, = {tg,, 0<
kE <mn}, n >1 Dbe a sequence of partitions of [0;1] such that there exists a constant
S > 1 such that, for all n,
(1)

)

S|

1
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where Aty = tgn — t(x—1)n- We consider the process

n—1

Xn(t) = Z Xl? : 1t€[t(k—1)n§tkn) + Xr? : 1t€[t(n—1)n;tnn]7 te [O; 1]'
k=1

We introduce a notational convention. By E}, we denote conditional expectation w.r.t.
" =o{X], i<k} Let
Sen =Xy — X3y, k<n, nz=1

be an increment of the Markov chain. We assume that this increment has the form

Ekn = Mkn — Vkn (Xlrclfl) )
where 7y, and 7y, satisfy the conditions (G1)-(L3) below. Here, the functions ~yx, has
the role of a compensating term. Its appearance is related to the fact that, according to
Gnedenko’s theorem, it is possible to compensate the i.i.d. random variables in such a
way that the sums converge weakly. In the Markov setting, instead of the compensating

sequence of constants, we consider the compensating sequence of functions.
By

1
My (z,dy) = ——P (ﬂlm € dy‘X,?_l = x) ,
Atkn
we denote the stochastic kernel that corresponds to 7y,. Denote
Bin (Xp_1) = Ex—17(mkn),

where )
W) =yArD). ye R
By ¢;” (R%,R) , we denote the set of bounded continuous functions, which vanish in

some neighborhood of zero, i.e.,
GPRLR)={feC,(RLR):3 r>0 f(z)=0 as |z|<r}.

Let II(x, dy) be a Lévy kernel w.r.t. y, that is [o.(y? A1)(z,dy) < oo, =« € R% Condi-
tions (G1)-(G3’) are straightforward analogs of the conditions of Gnedenko’s theorem:
(G1)

o There exists a function B : R¢ — R4*¢ such such that, for all R > 0,

lim lim max sup
e—=>0n—o0 k<n |z|<R

2 1
~/|y|§s()\7 y) Hkn(x7 dy) - Atkn ()\7 Bkn (x))2 —

—(B(zx)\,\) | =0, XeRY

e for all f € ¢; (R, R)

lim max sup =0;

n—oo k<n |z|<R

F()Ugn (2, dy) — g f(y)I(z, dy)

R4
(GY1') for every R > 0,
lim sup / (AN y)(x,dy) =0, X eR%
“700z|<R J]y|<e

(G2), there exists a : R? — R such that, for every R > 0,

. 1
lim max sup |——

(Brn (2) = yin(2)) — alz)| = 0;
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(G3) for every R > 0,

lim lim max sup / |y|3Hkn(x,dy) =0;
e—=>0n—o0 k<n lo|<R J|y|<e
(G3') for every R > 0 :
3
lim sup max sup M =0.
n—oo k<n |z|<R Atkn

Conditions (L1)-(L3) below are the modification of the linear growth rate conditions.
(L1) There exists a family {D,,r > 0} such that

Sup max / Mgy (z,dy) < D, x€ RY r>0,
n k<n

ly|>r(|z]+1)
and D, = 0, r — oo;
(L1’) there exists a constant D > 0 such that

sup max / My, (z,dy) < D, = €RY
n k<n
ly|>1

(L2) there exists a nondecreasing family {C,.,r > 0} such that

na < Cr(|z] +1)2, zeR%
n _n

lyl<r(lz|+1)

Sup max [ / Y e, (2, dy)

(L3) there exists a constant K > 0 such that

1
supmax s — B (2) = Yen (@) < K(jla| +1), we R¢

. " 2 <K 1 2
Sup max o —[yen (2)” < K(jz] + 1)
and
la(@)]? + | B(2)|| < K(|2] +1)%, = eR%
Theorem 1. (1) Suppose that conditions (L1) — (L3) hold and sup,, | XJ| < o0 a.s.

Then {X,,} is relatively compact in Skorokhod’s space D ([0;1]).

(2) Assume that, in addition, conditions (G1) — (G3') hold. Let X be a limit point
of the sequence {X,} in the sense of the weak convergence of finite-dimensional
distributions.

Then X 1is the solution of the martingale problem for the operator

Af(z) = Z a;(z) fl(x) + % Z Bij(x) fij(x)+

(2) + /Rd (f@+y) — f(x) = f(2)7(y) I(z,dy), xR’ feD,

where D = D(RY,R) s the space of test functions.

Remark 1. If, instead of the series scheme of Markov chains {X]', k <n}, n>1 we
consider a series scheme associated with a triangular array of i.i.d. random variables,
and I(z, dy) = I(dy) is a Lévy measure, then conditions (G1)—(G3') are the conditions
of Gnedenko’s theorem for a triangular array. The form of conditions (L1) — (L3) is a
modification of the standard form of the linear growth rate conditions.
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Remark 2. Note that (2) can be written in the form
- 1
Af (@) =Y ai@)fi(@) + 5 3 Buy(@) [ (2)+
i i

3
) s [ Ut = f@) = £ @rtye) M dy), o€ B,

f € DR, R),
where

a(z) = a(z) — M(z,R*\ B(0,1)).
Let the family {I1(x, dy)}, z € R? be defined by a measure Iy and a function ¢ : RTx© —
R? as follows:
II(x, A) =T1o{0 : c(z,0) € A}.

Then, combining (3) and Corollary 2 §3 Section 5 [3], we obtain that the limit process is
a solution of the SDE

X(t) = X(0) + /0 a(X (s))ds + /0 B(X(s))dW (s)+

(4) +/Ot/901 (X (s=),u) o(du, ds)+
+/Ot/602 (X(s—),u)v(du,ds), with

C1 (IE, ’U,) = C(x7 u)1|c(r,u)\§17 CQ(xv ’U,) = C(IL‘, u)l\c(z,u)|>17
where W is a Wiener process, v is a Poisson point measure with intensity Ily, 0(du,ds) =

v(du,ds) —p(du)ds is the respective compensated Poisson point measure, and W and v
are independent.

Remark 3. The fact that the martingale problem for A is well-posed, together with
Theorem 1, implies the weak convergence of the sequence {X,} to the solution of the
martingale problem. The problem of the weak uniqueness of a solution of the martingale
problem respective to SDE’s with jumps was studied in detail. For typical results in this
direction, we refer, for instance, to Bass (see [5]) and to Gikhman and Skorokhod (see
Theorem 1 §1 section 6 [3]).

3. PROOF OF THEOREM 1

3.1. Relative compactness in D. To prove the first statement of Theorem 1, it is
sufficient, by Theorem 8.6 (see 3 §8 [6]), to show that
(5) lim sup lim sup sup sup E¢? (X, ((7 +u) A1), X, (7)) = 0,

6—0 n—oo TESHF uls
where ¢(z,y) = |xt—y|A1, and S§ is a collection of all discrete §}-stopping times bounded
by 1. Let 7 € S% and {s,, }*_; be the set of all possible values of 7. Then

M
(6) Bg® (Xn((r+u) AL, Xn(1) = Y E(IXa((sm +u) A1) = Xn(s:)| A1) 1o,
m=1
Let Sm € [tjnit(j41)n) and either sy, +u € [tenitriin), 0 < j <k, k< n—2 or
(8m +u) AL € [t(n_1)n; tun]. Then the function 1,—;,, is §}-measurable. Using the above
notation, we have, for the one summand on the r.h.s. of (6),
2

k
(1) E(X"((sm+u) AL) = X" ()| A1) Loee, = E | | 3 &n|AL]| L=,
I=j+1
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For every R > 0, the expression under the sign ( e ) on the r.h.s. of (7) can be estimated
by (1AL |X?1|<R+ I S X7 |>R: Therefore, the r.h.s. of (7) is not greater

than
2

k
2B (| D2 &n| M| Lrms, L xr| <t
® S

+2P (m<ax | X7 > R) P(1=5m).
By Lemma 1 (see Appendix A), the second term in (8) reads

9) lim limsup P <II1<aX|XZl| > R) =0.

R—o0 pooo
Denote the first term in (8) by S;. Fix some r > 1 and put
(10) fzn = &in - 1|5m|gr(\xgzl|+1)1\xggl\gR~

Using this notation, S7 can be estimated as follows:
2

k
Sl S F-FE Z gln 17':8»,n+
l=j+1

(11) 9
k
+F-FE Z flnl\fzn|>r(\Xﬂl\+1) A1l )
I=j+1
Here and below, by F, we denote some positive constant. Denote the first expectation
in (11) by I;. Because 1,5, is §j-measurable, we obtain

k
Il = Z E]-’T:SmEj (El—l (gln)Q) +
(12) =it

+2 Z El,—, E; (|Ep—1épn| ’ |Eq—1€qn|) .
J+1<p<q<k

Let us estimate Ej_4 (éln)Q, I < n. By (10), it is sufficient to estimate
2
Eio18n i <r(ixp, 14+1)-

Recall that &, = mm — Yin(X[",), and the conditional distributions of 7, w.r.t. §
equal Aty 11, (X" 1, dy). Denote

W@ ={y: |y—yn(@)| <r(z[+ 1)}
Then

n 2 n
(13) Ez-1512n1|£zn|gr(\xgzl|+1) = /F o (Y — Y (X["1))” Aty (X[, dy).
In -1

Using (L3), we obtain that there exists ng such that, for all n > ny,
(14) o 1o ()] < 5 (1] + 1)

By ©"(z), we denote the ball centered at 0 with radius r(|z| 4+ 1) :
(15) 0"(z):={y: |yl <r(z[+1)}

Let n > ng. Then, by (14), we have

(16) r(r) €O (x). zeRY
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Hence,
0 [ @) Ml ad) < [ () At ).
T (x) orti(z)
Combining this with (L2), (L3), and (1), we obtain
LO(T) n
(18) Eio1€ g, <X, 1+1) < (IX7 P +1),

where Lo(r) = F - (Cr41 + K). Using (18), we get the estimate for £;_; (fm)Q

(19) B (@)’ < 2 (m2 1),

Further, let us estimate |E,_1&pn|, p < n. As before, we will obtain firstly the estimate
for

(20) Epflgpnl\fpnIST(\X;Lll-H)‘ = / (y 'an( )) Atpnnpn(Xp 1L dy)| .
I (Xp 1)
Recall that

1
Bpn(z) = /]Rd Y (1 A m) Atpp I (z, dy).

Consequently, the integral on the r.h.s. of (20) can be written in the form

Bpn(x) - ’an(ﬂf) + ’7pn(x)Atanpn(x>Rd \ F;Tm(x))_

- yAt nH n xady +
(21) /er+1<z>\rr @ 7 @)

pn
+ / YAty (2, dy) — / Y AtyILn (z, dy).
©r+1(x)\B(0,1) RI\B(0,1) Y|

Here, by B(0,1), we denote the ball centered at 0 with radius 1. Using (14), we have

(22) 07 (z) C I, (2).

Therefore, by (L1),

(23) max Ty (, R\ 7, (2)) < Dy

Thus, we obtain, for the second term of (21),

(24) }'Y;zm Atpnnpn(x R \ F (T ))} < T D% (Jz| +1).

The same argument can be applied to estimate the third term of (21):

F-(r+1)D.

(25) / YA Ty, )| € ——— 2 (] +1).

O+ (2)\[, ()

By (L1'), for the fourth and fifth terms of (21), we have

/ YAt (2, dy) | +
©r+1(2)\B(0,1)

Y
/ = Atpp Il (2, dy)| <
R4\ B(0,1) |yl

F-(r+1)-D
n

(26)
< (lz] +1).

Combining (21), (L3) for the first term and estimates (24), (25), and (26) and taking
(20) into account, we get

(27) Ep1&pnlie, .| <r(x7_1+1) (| o1l 1),
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where L(r) := F - (K + D+ (r+ 1)D% + (r+1) - D). Thus, we obtain the following
estimate for [E,_1&p,|:

L(r)

n

(28) 1By il < X (R4 1),
Combining (19), (28), and the fact that k — j < §5 - n (see (1)), we obtain
(29) I < P(1 = $m)F - (S6Lo(r) + S*6°L*(r)) (R* +1).

Denote the second term of the r.h.s. of (11) by Is. Note that |> | A1 can be estimated
by LUt el >r( X7 +1)} Moreover, because 1,—;,, is §}-measurable, we have that /5
can be estimated in the following way:

(30) Elr—sn EjL e (lenl>r(X7 141}

Using the standard fact that 14 = 1 — 13, taking the conditional expectations w.r.t.
S, l=j7+1,...,k, and using (23) and (1) for Ei—11¢,,|>r(1xp ,|+1)}, We obtain the
following estimate for the expression in (30):

(31) (1 _ (1 _ Sfé>k_j> P(r = s).

Because k — j < §S - n, we finally obtain the estimate I in the form

(32) Iy <F-S*DidP(1 = 5).

Combining (8), (29), and (32) we have finally the following estimate for the r.h.s. of (6):
(33) F- <P (Irl<ax |X7| > R) + (S6Lo(r) + S?6°L3(r)) (R* +1) + S2D;5) :
Passing to the limit as 6 — 0+ and using (9), we obtain (5). O

3.2. Identification of the limit point. To obtain the second statement of Theorem
1, let us firstly note that the family of distributions of {X,,} is uniformly continuous in
probability; that is, for all € > 0,

(34) lim limsup sup P(|X,(t) — X,(s)] >¢) =0.

020 nooo |t—s|<s

This property follows from the stronger one (5), proved in Section 3.1. Thus, by Theorem
8.2 (see §8 Section 5, [6]), it is sufficient to show that, for f € D,

) B (g (00 - 106) - 470G ) [20 0o

The expression under the sign |...| in (35) can be written in the form

B (ﬁ (FOE) = X)) = a7 (XE) PG = 5 3 By ) o)~

(36) N
- /Rd (F(XE +y) = F(XT) = () F/(XE0)) H(Xz?pdy)> = Grn (X1_1)-

Recall that X} = X | + kn — Yen(X}J_1), and the conditional distribution 7y, w.r.t.
§r_y equals Aty,IL, (X7, dy). Hence, the function gx, on the r.h.s. of (36) has the
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form
@) = [ (@ 9= 700(0)) = () Wi )=
(37) —aT(@)f (@) = 3 Y Biglo) (o)

- [, (@)= £@) = ()" (@) (o, ).
For every f € D, there exists f € S such that
f(z) = /]R ) M) F(N)d\  where S =S8(R%R) is the Schwarz space.
Therefore, the first term in (37) can be written as
(38) f( )eie) /R [ei“vy*%n(w)) ~ 1} e (z, dy)dA.

The term under the sign [...] in (38) can be represented as follows:

e Ay=mn (@) _ 1 = =i\ vmn (@) [ei()"y) -1- i(Aﬁ(y))} -
(39) A ;
e i k() [ez(/\mn(aﬂ)) 11— i(/\77'(y))} .

In view of the definition of S8, we get

/Rd i 7(y)) g (2, dy) = W

Using (38) and (39), we obtain, for the function g, the expression

Grn () = f( )e!he) ( A 78n(2)) /Rd [eio"y) -1- z’()\,T(y))} gy (, dy)—

= [ [ =1 )] 1)~

—i(Aya(z)) + %)\TB(x))\—

i ma(a)) 1 [em,m(m)) 1 5,6“(@)} )dA,
Atkn
We note that, for all R > 0,
@) maxBlg, (5 )| < max sup lgu (o) +max [ @)y (do)
k< k<n |z|<R k<n lz|>R

To estimate the first and second summands in (41), we need the following statements,
which will be proved below.

Proposition 1. If conditions (G1) - (G3') and (L1) - (L3) hold, then, for all R > 0
and f € D,

(42) Iggg;llipngkn( z)| =0, n—oo.

Proposition 2. Let f € D and gi, be defined by (37). If conditions (L1) - (L3) are
fulfilled, and sup,, | X{| < oo a.s., then

(43) hm hmbupmaxEl{Xn >R}|gkn(Xk ) =0.

R—o0 nooco
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Taking (41) into account, these two statements are sufficient to obtain (35) and, thus,
the second statement of Theorem 1.
Proof of Proposition 1.
For 0 < e <1 and § > 0, consider the function

1, € B(0, )

(44) fi@)=4 1- % € B(0,e+4) \ B(0,¢);
0, R\ B(0,e +0).

Note that, for every z € R?,

(45) f5(@) = 15,(x) as 6—=0.

The function under the sign ( . ) in (40) can be represented in the form
Tin(, ) 1= (e“w"“” [ = @) [0 = 1= i r(0)] )
Rd
- [, = £ [0 =1 =i 7)) H(x,dm) +

+ (e—m,m«n) Y (@) = Ben(@) W”) +

Atpn

(46) —3 T € i )
+ e (>‘7’Ykn(‘ )) » f5 (y) |:€ ()\’y) - 1 - Z(/\JJ)} Hkn(x7dy)_

i 1
_1()\,’Ylm(r)) 1()\7’7kn($)) o 1 -

—( f(w) [0 = 1-i(n )] H(x,dy)> =
Rd

= Jin (2, ) + Spn (2, A) + U (2, X) — U0 (2, \).
Let us prove that for every A € R?

(47) r’?a%(|:|u<pR|Ikn(x LA )| =0, n—oo.

By (L3) and (1), we have
=0.

(48) lim sup max sup ‘1 — o~ kn (@)
n—oo k<n |z|<R

Note that Jy,(z,\) can be presented as follows:
@) [ (1 g3 ) (09 =1 =000 7)) (s, dy) = T di)] +
(e 1) [ g5 [0 1= i 7)) T ).
R4

Using (G1) for the first term of (49) and (48) for the second one, we obtain

(49)

(50) Iglg)f;‘up | Jjn (z, \)| =0, n— 00, XeERY

Note that, for the integrand in (49), the following inequality holds:
(L= f5) [ =1 =i\ 7(@)]| < Lpyse - F-(LVIA), y R
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Here and below, F' stands for some positive constant. By (L1),

2R

Iglgxﬂkn(x,{|y| >e})<D_-, |z|]<R.

Hence, using (G1), we obtain

Jn(x, N)| < F-(1V|)\)D <.
(51) ?22‘;&%' ke (2, N (IVIADD £

Further, applying (G2) and (48) to the function Sk, (x,\), we obtain

. d
(52) Il?ggl(|:|u<pR|Skn(x,A)|_>O7 n—oo, \e€RY

In addition, (L3) implies the inequality

(53) Il?gf|:|u<p3|5k"(x’/\)| <F-(R+ 1AL

Recall the function U (z, \) :

Ui (e, 3) = e O [ fi(y) [O0) —1 (A, )| i, dy) -
(54) "

ot MNven (2)) | Ji( N yen () 1—3 Log .
‘ Atin [e Z(Av%n(af))] + 5 (B@AN)

Adding and subtracting the expressions (’\’2‘”)2 and (’\’7’“;(@)2 from the terms under the
sign [...], respectively, we obtain the following form of Uy, (z, ) :

55 e~ 1Ak (2)) . < -/, fg(y)%ﬂkn(x, dy) + W + % (B(2)\, \) ) +

+ FZ;‘E(I,/\).

Here,
e ) = (10 S (B +
4o i (@) (/ @ (3, Mgy (2, dy)—
Rd

(56) i) | An (@) = (A B (2))?

Atgp 20ty )
2

=803 = 1500 [400 <1 =it + B2 ana

W (2, A) = €OV ) — 1 — (X, (@) + %

In addition, for some F' > 0 and for all § > 0 and € > 0
@2 (y, M| < F - AP 1y1PLy <cts,
win (@, A)| < F - (AP la (@), y €RY, Ja| <R
Furthermore, by (G2), there exists N such that, for all n > N,
(58) (A Yn () < (X, Brn () + (At - (A, a(2))) + At [Ton ()] A,

where

(57)

(59) max E\ungTkn(x) — 0,n — .
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Combining (56) with (48), (57), conditions (G3), (G3'), and (58), we obtain

(60) lim lim max sup lim ‘Fif(x,)\)’ =0, MeR%

e—>0n—o0 k<n |r|<R54}0

Passing to the limit as 6 — 0+ in the first term of (55) and using (45), by (G1) and
(60), we obtain

(61) lim lim max sup ’UZ;?(&:,)\)‘ =0, AeRL

e—=+0n—o0 k<n |z|<R

In addition, using (54), we obtain that there exists positive F' such that, for all k¥ < n,
and n > 1,

‘UE;{S(I,A)’ < F- (/ Ay [T (2, dy)+
ly|<e+d
(62)
1
+FI/\I2lvkn($)I2 + IIB(x)|||A|2>7 lz] < R.
kn

Hence, by (L2) and (L3), we have

(63) max sup ’U;;f(x,)\)‘ < F-(R+1)2\A
k<n |z|<r

Here, again, F' is a positive constant.
Finally, using

15 ) [0 =1 =i 9)]| < yieral APl
(G1'), and (45), we obtain

. . 5 i d
(64) i%;&pl%%%ws (z,\)] =0, AeR%

It follows from (L2) and (G1) that there exists some F > 0 such that

sup |U%(z, \)| <F(R + 1)%|)\%.
(65) sup |15, 0] <F(R 17

Combining (50), (52), (61), and (64), we obtain the needed convergence (47). In addition,
from (51), (53), (63), and (65), we have

supmax sup |, (z,\)] < P(N),
n kSN |g|<R

where P()) is some polynomial w.r.t. A. Because of f € S, the function f- P(\) € S is
integrable on RY. Then, using representation (40), convergence (47), and the dominated
convergence theorem, we obtain the statement of the proposition. O
Proof of Proposition 2.

We will show that, for some ny,

< 00;
(66) Sup max sup, |kn ()| < 00

this, together with Lemma 1 below, would provide the required statement. For a given
f €D, take Ry such that

(67) f@) =0, fl(2)=0, f'(x)=0, [z]|>Ry.
Combining (67) and (37), we obtain

(68) g;m(x):/Rdf(x—ky—vkn(x))ﬂkn(x,dy)—/Rdf(x—ky)ﬂ(x,dy), | > Ry.
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If |z +y| > Ry, then the term f(z+y) under the second integral vanishes. If |z +y| < Ry
and |y| < (]| + 1), then

2| < 2R +1.
This means that, for || > 2R; + 1, the second integral in (68) equals

/ o+ y)Tia dy).
ly|>3(|=+1)
From (G1) and (L1), we obtain

(69)

[z +y)l(z, dy)
Rd

< sup |£(2)] - Dy
zER?

A similar argument can be applied to the first integral in (68). Using (L3), we obtain
that there exists ng such that |y, ()| < (2| + 1) for n > ng. Then, for |z| > 4Ry + 3,
the first integral in (68) equals

/ £ 4y = e () g ).
ly|>3 (Jz|+1)
Using (L1), we obtain

[+ 5= (o) < sup |70 D).

1
z€R4 2

(70)

APPENDIX A. COMPACT CONTAINMENT CONDITION

Lemma 1. Let sup,, | X{'| < 0o a.s., and let conditions (L1) — (L3) be fulfilled. Then

lim liminf P <I]113x|X,?l < R) =1.

R—00 m—oo

The proof.
The proof consists of three steps.
Step I.  Fix any r > 1. For all n, denote, by 7;;, a Markov time w.r.t. {§}, &k < n}.
We have

7, = inf{k < n || < (I XG4+ 1), [&k-1n| < 7(IXF o] + 1),
|&kn| > r([XE_1[+ D},

if the set is nonempty, and 7, = co otherwise. Put Ern = Ekn - 1i7r5). We denote

k=1

(71)

Note that
< > o< — .
(72) Plpax Xt < 1) > P {paxl 3] < 1) ik = o) )

Clearly, when 7, = oo, we have X}’ = X,? Consequently, the probability on the r.h.s. of
(72) is equal to

73) P (e 531 < RHO(71 = 3 ).

Combining (73) and the fact that P(A( B) > P(A)+ P(B) — 1, we obtain the following
estimate for P(maxy<, |[X}| < R):

(74) P(I;1<aX|X;?| SR)ZP(I]??X|X]?| SR)—FP(T;:OO)—I.
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We claim that
(75) lim liminf P (7] = c0) = 1.

r—00 N—oo

Indeed, {7}, = 00} = Ny, {léknl < 7 (|Xf_1|+1)}. Then, to obtain the lower bound
for P(1} = 00), it is sufficient to obtain the upper bound for Ek_lllfk Sr(IXp 1 41)" By
n k—1

(L3) and (1), we obtain |yin(2)| < c¢(Jz| +1), n > 1, where ¢ = VK S. Hence, using
(L1) and (1), we have

SDr+c
(76) Ek*ll\ﬁkn|>T(|X;?,1|+1) < o .
Consequently, we obtain
D’I‘ c "
(77) P =o0) > (1—S—+) .
n

Thus, (75) holds.
Let us take (74) into account. To obtain the statement of the lemma, it is sufficient to
show that

(78) lim limsup P <r]£1<ax|)~(,?| > R) =0.

R—o0 psoo

Step II.  The proof of (78).
Denote

k
Vk1n = Br1€kn, MP = XJ — Zwi—m,
i=1

and notice that M’ is a martingale w.r.t. §}. Using Doob’s maximum inequality for the
martingale part of X' and Chebyshev’s inequality for the predictable part of X}, we
obtain

2
a0 F ny2 S
P (x| %31 > ) < 45 | BOR + £ (glj |wk_m|>

Here and below, F' is some positive constant. Note that
2

n 2 n
(Mp)? = (Xﬁ - Z¢(k1)n> <2 (Xﬁf +2 <Z |¢(k1)n|> .
k k=1

=1

Using the inequality (a1 + ...+ a,)? <n-(a? +...+a2), we get

a0 F a0 2 S 2
We will show in Step IIT below that there exists ng such that, for n > ng, the following
L \2
estimates hold for ¢y_1, and E (X,’j) :

(80) E (Xg)2 < La(r) (1 n Llér)y . k<n,
(81) 243, < 20 (1 - Lln”)k, k<n,

where L;(r),i = 1,2, 3 are positive constants.
Using (79), (80), and (81), we obtain (78).



WEAK CONVERGENCE ... 99
Step III.  The proof of inequalities (80) and (81).
In the above notation,
Yh—1n = Ep—18pn = 1{7—5>k—1}Ek71£kn1|5kn|ST(‘X;:71‘+1)~

Using (27), we get that there exists ng such that for n > ng
L(r)
n

(82) [Vk—1n| < Lirrsp—1y
where L(r) := K + Dy + (r + 1)Dy + (r + 1) - D. Because | X} 1irrop13] < [XP ],
we obtain
(83) [Yr—1n| <
To prove (80), we note that

E|X1? - X}?—1|2 = E|Xl?|2 - E|Xl?—1|2 — 2E|¢k—1n] - |X1?—1|
Using (83), we have

(IXEa ] +1),

L(r)

(15l +1).

~ L(r ~
(54) B 1ol 10 < 227 (1%, 1)
On the other hand,
E|X}! — Xi1|* = EEy1(&kn)? =
2
= Bk Bo-1&n i, <r(1xp_, 141)-
Using (18), we get

(35) BIXE — X1 < [Lo) BIRIL P + Lo(r)]
where Lo(r) = C,41 + K. Combining this with (84), we have

(86) EIXpP < (1 + LlT(T)) E|Xp i+ LlT(r)
Tterating the estimate in (86), we get

(57) BIXEP < La(r) (1+ LlT”)k k<n,

where L;(r),7 = 1,2 are positive constants. Inequality (81) follows from (83) and (87).
O
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