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ON THE STRONG EXISTENCE AND UNIQUENESS TO A
SOLUTION OF A COUNTABLE SYSTEM OF SDES WITH
MEASURABLE DRIFT

We consider a countable system of stochastic differential equations that describes a
motion of an interacting particles in a random environment. A theorem on existence
and uniqueness of a strong solution is proved if the drift term is a bounded measurable
function that satisfies finite radius interaction condition.

INTRODUCTION

The aim of this paper is to prove existence and uniqueness for strong solution of
a countable system of stochastic differential equations (SDEs) describing a motion of
infinite system of interacting particles. Let (Q, F, (F;, t > 0), P) be a filtered probability
space, {wg(t),t > 0}xez be independent Fi-adapted Wiener processes, {ug|k € Z} be a
nondecreasing sequence such that limg_, o ux = 400, limg_, oo ux = —o0.

Denote by M the space of all locally finite measures on R with a vague topology T
defined by

ann/(:)VfEC'c(]R):/fdyn—>/fd1/,n—>oo,
R R

where C.(R) is a set of all continuous functions with compact support.
Consider the following infinite system of SDEs

AX3(t) = a(Xp(t), pe)dt + dwy(t), k € Z,t € [0,T),

(1) It =D kez 0, ()
Xk(()) = Ug, ke Z,

where a : [0,7] x M — R is a measurable function.

Here Xj(t) may be interpreted as a coordinate at the instant ¢ of the k-th particle
that started from uy. If we assume that each particle has a unit mass, then the measure
¢ may be considered as the distribution of mass at the instant ¢.

Note that assumptions of theorems on existence and uniqueness of the strong solutions
of SDEs may be much weaker than the ones for ODEs. For example, if b : [0,00) x R? —
R? is a bounded and measurable function, {W (¢),¢ > 0} is an R%-valued Wiener process,
then SDE

dX(t) =b(t, X (t))dt + dW (t), t >0,
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has a unique strong solution for any Fy-adapted X (0). This result in one-dimensional
case was obtained by Zvonkin [1] and then it was generalized by Veretennikov [2] for the
multidimensional situation (even for non-additive noise).

System (1) can be considered as an SDE in multidimensional space. The analogue of
Veretennikov’s result in a Hilbert space case was proved in [3], however their assumptions
are not satisfied for (1).

We will assume that a function a from (1) satisfies a finite interaction radius condition.
This will allow us to apply Veretennikov’s result if the initial distribution {u} has a lot
of “big gaps”. For example (Theorem 1.3), this condition is satisfied if {uy} are atoms of
a Poisson point measure with constant intensity. Reasoning similar to ours were applied
to a construction of a system of coalescing diffusions with changing mass in [4]. See
also paper [5], where strong solutions to a countable system of interacted SDEs was
investigated.

Equation (1) corresponds to a system, when each particle has a unit mass. The case
when the total mass of a particle system is finite and may be non-atomic was considered,
for example, in [6, 7, 8.

The question on existence and uniqueness of weak solutions for countable system of
SDEs with interaction was considered by different approaches such as Dirichlet forms,
Gibbs measures, etc., see, for example, [9, 10, 11, 12].

1. MAIN RESULTS

Theorem 1.1. Suppose that
1. a is a bounded measurable function:

llal|oo :=sup sup |a(z,v)| < oo;
z€ER veM

2. the finite interaction radius condition is satisfied:
dd>0Ve e RVYv € M:a(z,v) = a(x, Ly_gz1a)V),
where (Ipv)(A) =v(ANB), A, B € B(R);
3. there exists a (random) sequence {yn|n € Z} such that

vneZ inf inf (u+ (w;(t) A0)) — sup sup (u;+ (wi(t)V0)) >2|alT +d
i >Yn t€[0,T] i <yn t€[0,T]
almost surely.
Then there exists a unique strong solution of (1).

We postpone all proofs to the next sections.

Remark 1.1. Condition 2 means that if distance between two particles is greater than d,
then they do not interact.

Remark 1.2. Condition 3 yields that system of particles can be divided into a countable
number of finite subsystems so that distance between any two subsystems is greater than
d for every t € [0, T]. Hence, these subsystems do not interact.

Condition 3 in Theorem 1.1 is the hardest one to check. The following theorems give
sufficient conditions ensuring condition 3.
Denote

R |
(2) pw(t,z) = P(sup w(s) >z) = 2/ exp (—y?/2t)dy, z € R,
s€[0,t] zv0 V2wt

where w is a Wiener process in R.
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Theorem 1.2. Suppose that there exists a deterministic increasing sequence {z,|n € Z}
such that:

1. limy, o0 2, = 400, lim, o 2, = —00.

2.3 >0Vn€Z: [[icp(1 = pu(T, |20 — wil — |lallooT — d/2)) > &

Then condition 8 of Theorem 1.1 is satisfied.

Remark 1.3. If the sequence {x(¢)} is indexed by k& € N instead of k € Z and {ux, k > 1}
is a nondecreasing sequence such that

lim wup = 400,
k—+oo

then Theorems 1.1 and 1.2 are also true.

Theorem 1.3. Let pyg = p, where p = Zj 0u; 1s a Poisson point measure with intensity
measure m. Suppose that (1 is independent of {wy, k € Z} and

3AC,, V]a,b] C R: m([a,b]) < Cpp(b—a+1).

If conditions 1 and 2 of Theorem 1.1 are satisfied, then there exist a unique strong solution
to equation (1) for every T > 0.

For a locally finite measure v denote

A(v) := liririsotip %Z’n])
The value A(v) is an upper bound for the “average density” of the measure v.
For any A > 0 denote
My ={v] A(v) < A}

Theorem 1.4. Suppose that py = ZkeZ Oy, € My with Ad < 1 and conditions 1 and 2
of Theorem 1.1 are satisfied. Then there exists a unique strong solution of the equation
(1) for any T > 0.

2. PROOF OF THEOREM 1.1

Veretennikov’s theorem [2] yields that if a function b : [0,T] x R? — R? is bounded
and measurable, then stochastic differential equation
3) dY (t) = b(t, Y (¢))dt + dW (¢),t € [0,T],
Y(0)=Yo

has a unique strong solution. Here W (t),t € [0,T], is a Wiener process in R%.
It follows from condition 3 that we can represent the set {ur} as a union of disjoint
subsets

(4) {un} = Un {u,, w41, oo Uk -1}
such that for any n # m, and for any k, < i < kyq1, ki < j < kg1 processes X;(t)
and X;(t) do not interact (provided that a solution of (1) exists). Note that represen-
tation (4) is random and anticipating. Hence Theorem 1.1 does not follow directly from
Veretennikov’s theorem and we need to make some additional justification.
For every n € N consider a system of equations

dX7T(t) = a(XI(t), pe)dt + dw;(t), —n <i<n, t €[0,T],

dxP (1) =0, |i] > n,

B = 2ken O0xp (1)

XP(0) = u;, ¢ € Z.
It is easy to see that system (5) is equivalent to a finite system of stochastic differential
equations. So Veretennikov’s theorem yields that there exists a unique solution of the
equation (5).

()
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Denote
Tosns = i0f {t € [0,7] | 3h1 € (n1,mz] 3kz & (1, o]
[th, + Wy (8) — Uy — Wi, (0)| V |, — Uk, — Wiy (8)|V
Vg, + why (8) — iy | V [y — ] < 2l|af|ooT + d} AT.
Let us prove that
(6) VE € [0, Ty my) V1 > Iy Vgl s XMVl = X7 (8) aus.
It follows from the definition of 7,, , that for any n > |ni| V |ng|, k € (n1,ne)
Vi & (n1,n2] ¥s € [0, Tn, n,] [ X[ (s) — X (s)| > d.

Hence,

py = Lixp(s)—d,xXp(s)+d) s = Z Uiy (s)—d,x7 () +d10x7(5)> S € [0, Ty o).
n1<j<ng

So, condition 2 of the Theorem implies that for n > |ni| V |nz2|, ¢ < T,y nyy k € (N1, n2)

X0 = et )+ [ a(XP(s). s =

t
(7) w0+ [ a0, T -ax oapd s
Hence,
t
XP(t) = u + wi(t) + / (X7 S Sxnce)ds, ¢ € 10,7yl
0 ny1<j<ns .

Therefore X}'(t), t € [0, Ty, ny], k € (n1,n2] and X,Lmlv‘"ﬂ(t), t €[0,7nyns], k€
(n1,ng], are solutions of the same system of stochastic differential equations. Thus by
Veretennikov’s theorem we have

(8) x[mWVInl = ()t € (0,7, ] aus.

Remark 2.1. It can be checked that Veretennikov’s theorem is also true for solutions
defined up to a stopping time.

Condition 3 yields that with probability 1
9) VEeZ Iny <k Ing>k:myn, =1.

It follows from (8) and (9) that with probability 1 there exists ny such that for any
fixed k € Z solutions {X}!(¢), t € [0,T]} coincide for n > ny.

Denote
(10) Xi(t) = lim X}(¢).
n—oo
So,

(11)  Xg(t) = ug + wi(t) +/O a(Xg(s), Z dx,(s))ds, k € (n1,m2],t € [0, 70, ny)-

n1<j<na
Now, using (9), we obtain that X (t),k € Z,t € [0,T] is a strong solution of (1).
Suppose {Yi(:), k € Z} is another solution of (1). Then by the same arguments as
above, for any n; < ny we have a.s. the equality
Xi(s) =Yi(s),k € (n1,n2], s €[0,7n; nsl-

As above, using (9), we get that solutions {Xx(-), k € Z} and {Y4(-), k € Z} coincide.
The Theorem is proved.
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3. PROOF OF THEOREM 1.2

At first let us prove that

(12) Vk>1 P( sup sup (u; +w;(t)) <oo)=1.
1w <z te[0,T]

Let k € N be arbitrary. It follows from condition 2 of the Theorem that

(13) Z puw (T, |2k — wi| — ||la]|eT — d/2) < 400,
U <Zg
SO
(14) > P(sup (u;+wit) > 2k — ||allT — d/2) < +oo.
u; <z t€[0,T]

It follows from the Borel-Cantelli lemma that with probability 1 there is only a finite
number of integers ¢ such that u; < zj and sup,cjo ry(ui +wi(t)) > 21 — [lal|cT — d/2.
Therefore, (12) is satisfied.

Analogously,
B (i:Jng tel[%,T](u tw ( )) OO)

Denote
1 =
(15) &k tgﬁ%(w + wi(t)),
(16) M = tg[lolg](uk +wi(t)),
and
(7)) Ay ={ sup & <z —d/2—|lallT, inf n; >z +d/2+ |lal|lT}-

u; <2Zg LU > 2

To prove the Theorem it is sufficient to verify that

(18) P(limsup Ag) =1
k—o0
and
(19) P(limsup Ag) = 1.
k——o00

We prove only (18). Formula (19) can be proved similarly.

Events Ay, are dependent, so the second Borel-Cantelli lemma can’t be directly applied.
The idea of the proof is to approximate events from some subsequence {Aj, } by a
sequence {A} }, where A) ~are defined in a similar way as Aj, but supremum and
infimum are taken over a finite set of indices. If for different n these sets of indices have
empty intersection, then events A;Cn will be independent.

Let us make the formal reasoning. Analogously to proof of (12) it can be proved that
for every integer k the set {i € Z|u; > zi, 7 < zi + ||al]|loT + d/2} is finite a.s. Hence,

lim &,= lim 7, =400 a.s.
n—-+4oo n—-+oo

So, for any n € Z and & > 0 there exists (n, ) such that

20 Vi >Il(n,e): P( su su < e, P(inf inf <e.
(20) > l(n, ) (n<k§131+l §e # kgn]iz &k) (k>n M # et )

For any increasing sequence {my|k € N} C Z denote
i(k) = im (k) = max{ilu; < zm, }.
Let us select a sequence {my} such that

(21) V> 1 i(k+1) —i(k) > max{l(i(k),1/2%), 2}.
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Then
d ) d
P|VM 3k >DM: sup & < zm, — = — |lalleoT, inf n; > zp, + = + |lal|ccT | >
P|IVM 3k >M: sup & = sup i, inf 7, = inf iy
( i<i(k) S i(k—1)<i<i(k) S i>i(k) i i(k+1)>i>i(k) n
su i < Zm, — d/2 — ||a]|sT, inf i > Zm, +d/2 4+ ||a|lT ] >

e <r<i) § < amy —df2 = flallooTy il 2 2 /2 [l ) -
(22) > P(B; N By),
where
23 By =<3dMVk>M: sup & = sup i, inf m; = inf i P
(23) ! { igi(k)g i(k71)<i§i(k)§ Z'>i(k)n i(kJrl)Zi>i(k)77 }

By = <YM Jk > M : sup & < zm, —d/2 — ||a||sT,
i(k—1)<i<i(k)
24 inf i > Zm, +d/2 Ts3.
(24) eI 2 o 4 42+ ol T |
Event B; means that all but a finite number of the events
sup & = sup i, inf n; = inf i
{igi(k)g i(k—1)<i§i(k)£ Z'>i(k)n i(k+1)2i>i(k)n )
occur. Event By means that events
{ sup & <z —d/2—af|T, inf  mi > zm, +d/24 |lal|T}

i(k—1)<i<i(k) i(k+1)>i>i(k)

occur infinitely often.
From (20) and (21) we obtain that

. ) i . i ) <
»op <{ sup & #  sup  &PU{ inf #i(kﬂgfm(k)m}) <

o1 i<i(k) i(k—1)<i<i(k) i>i(k)
> (/28 +1/2%) < +o0.
k>1

It follows from the Borel-Cantelli lemma that P(B;) = 1.
Consider now event Bs. Denote

Cr={  sup §i < Zmyy, —d/2 = [lalloT,
i(2k—1)<i<i(2k)

inf i > Zmoy, +d/2 4 ||a]|ooT}

i(2k+1)>i>i(2k)
Events {Cj, k > 1} are mutually independent. If we prove that
(25) > P(Cy) = 400,
k>1

then the Borel-Cantelli lemma will imply P(Bz) = 1.
Let us estimate probability P(C}) from below:
i(2k)
P(Cy) =P (N { max (u; +wi(t)) < zm, — d/2—Taflec}N
i=i(2k—1)+1 tel0.7]
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i(2k+1)

(N { min (wi+wi(t)) > 2z, +d/2+ Tlallo} | =
. te[0,T]
i=i(2k)+1

i(2k+1)

I[I O pu(@lzm, —wl—d/2=Tla])) =

i=i(2k—1)+1

H (1 = pu(T, |2m,, — wil —d/2 —Tlalls)) > €,

i€z

where & > 0 is from condition 2 of the Theorem. Hence (25) is satisfied and consequently
P(By) =1.

Therefore, P(B; N By) = 1, and (22) yields that events Ay occur infinitely often a.s.
when k — 400. The case kK — —oo can be considered similarly. This completes the proof
of the Theorem.

4. PROOF OF THEOREM 1.3

If intensity of a Poisson point measure is a finite measure, then u has a finite number
of atoms a.s. In this case existence and uniqueness of a strong solution of (1) follows
from Veretennikov’s theorem. Further we consider the case when m([0, +00)) = 400 and
m((—o0,0]) = +o0. The proof for the case when m([0, +00)) < oo or m((—o00,0]) < oo
is similar.

Let = > ez 0u,- Without loss of generality we will assume that {ug, k € Z} is a
non-decreasing sequence. Since {ug,k € Z} and {w;,i € Z} are independent, it suffices
to construct a o(ug, k € Z)-measurable sequence {z,|n € Z} that satisfies conditions of
Theorem 1.2 a.s.

Denote

A=d/2+ al| T,
Diwr)= ] (1-pulT.le - ul - A)),

|u; —x|>r
Dy(z,r)= [ (1= pu(T |z —ul-A)),
Ju,—z|<r
D(z) = [[(1 = pu(T, |z — us| — A)).
€L

Lemma 4.1. Let p be a Poisson point measure that satisfies conditions of Theorem 1.3.
Then for all B >0, x € R:

pr(T, |x —u;] — B) < 400 a.s.
‘€T
Proof of Lemma 4.1. Denote fr(y) =m([0,y))Iy>0 — m([y,0))1,<o. Without loss
of generality we can assume that

w([y1,2)) = ([ fr(v1), fr(y2))), [y1,92) CR,

where II is a Poisson point measure with intensity 1. The application of the strong law
of large numbers yields that

P(limsup p([z —n,z +n])/2n < Cy,) = 1.
n—oo

Hence,
PEQ>0¥neN p(lz—n,z+n]) <2Qn) =1.
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Then with probability 1

pr(T,\m—ui|—B):Z Z pw(T, |z — u;| — B) <

€L keN  i:lx—u;|€[k—1,k)
> i le —wil € [k—1,k)}puw(T,k —1—B) <> 2Qkpy(T, k-1 - B) < +ox,
keEN kEN
because
VI ,
26 Puw(t,y) ~ exp (—y“/2t), y — +4o0.
(26) (ty) Ty (—y~/2t)

The Lemma is proved.
Let x € Z be fixed.
Denote
[+ ko+k+1), k
(27) (k) = (x—1,z+1), k
(x—k—-1,2—k|, k<
Let {&x|k € Z} be independent Poisson random variables, & ~ Pois(2C,, — m(I,(k))),
where m is intensity of p. Assume also that {{x|k € Z} are independent of u. Set

pae(R\Z) = 0 and i, ({k}) = p(Lo(k)) + &k, k € Z.
Observe that pu, is a Poisson point measure with intensity 2C,, (5m + Zkez 5k) and

> 1,
= O7
1.

Vr >0 p(le—rx+7]) <pg(lx —rx+1)).

Let pie = D pcg Oy (a)s Where {vg(z),k € Z} is a non-decreasing sequence. Denote

Di(z,r) = H (1 = pu(T, |z — vi(z)| — A)),
|vi(z)—x|>7
Dy(x,r) =[] (1 =pu(T |z —vi(z)] - A),
vi(z)—z|<r
D¥(z) = [[(1 = pu(T, |z — vi2)| — A)).
i€Z

The distributions of DY (x,r), DY(z,r) and D" (z) are independent of x € Z. Moreover,
(28) Ve € ZVr>0: Di(z,r) > Di(x,7), Da(x,r) > D3 (z,r), D(z) > D"(z).

It follows from Lemma 4.1 that Dy (z,r) — 1, » = +oo with probability 1. Hence,
there exists an increasing sequence {r;,i > 1} (independent of z) such that

(29) Vie NVoe € Z: P(DY(x,r;) < 1/2) < 1/2"
Combining (28) and (29) we obtain
Vi e NVz € Z: P(Dy(x,r;) < 1/2) < 1/2".
Let us construct a sequence {x;|i > 1} C Z in a following way:
21 =0, Tpy1 =T+ + 7 + 1, K> 1.
Then it follows from the Borel-Cantelli lemma that
(30) P(3ko Yk > ko Di(wp, ) > 1/2) = 1.

Choose A > A = ||a||ooT + d/2 such that p,, (T, A — A) < 1/2. Without loss of generality
we can assume that {ry, k > 1} were chosen so that A < ry, for all k¥ € N. Let us estimate

P(DQ(.’L‘k,Tk) > 1/2) >

P (M([l’k — A,y + A]) = 0, Da(wy, i) > 1/2) >
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P (u([mk A+ A) = o) P [I (- pulT e —vilx) - 4) > 1/2
A<|vi(z)—a:|<rk
(31) > exp(—Cm(2A +1))P(DY(z, A) > 1/2).

Events {Da(xy,r;) > 1/2} are independent and the estimate of probability (31) is
independent of k. Hence, by the second Borell-Cantelli lemma

P(Dy(zg,ri) >1/2 10.) =1
Combining this with (30) we obtain
P(D(z3) > 1/4 1.0.) = P(Dy(xk,7%)Do(n, ) > 1/4 i0.) = 1.

It follows from the construction of {xj} that there exists o{ug, k € Z}-measurable
subsequence zj, = ,, that a.s. satisfies conditions of Theorem 1.2 for £ > 0 and € = 1/4.
Negative indices can be considered analogously. Theorem 1.3 is proved.

5. PROOF OF THEOREM 1.4

Let us verify conditions of Theorem 1.2 for some T = Ty. Denote Ar = ||a||coT +d/2,
fr(x) = pu(T, x| — Ap) AN 1/2.
It follows from (26) that

= / fr(z)dx < +oo, I,(T) ::/ fr(x)dz < +o0.
R |z|>n

Denote
x) = Zf;p(x — ;).
i€Z
Then
x)dx = Z fT (x — u;)dx < Z / fr(x — u;)dz+
-n i€Z i €[—n,n]

(32) Z Z /|mui|>k fr(x —u;)de <

kENi:|u;|€(k+n—1,k+n]

{i s wi € [n,nHI(T) + ) i s Juil < &+ n} (D).
keN
Choose € > 0 such that A(1+¢) < 1/d. Since p(0) € My, there exists ng = ng(e) such
that

Hi:u € [—n,n]}t <2nA(1+¢), {i:|uw]| <k+n} <2(k+n)A(1+¢)

for all n > ny(e).

Hence
n

(33) Sr(x)dr < 2nX\(1+)I(T) + Y 2(k +n)A(1 + ) x(T) < +oo.
-n keN

The finiteness of (33) follows from the definitions of I(T), I}(T), and relation (26).
Denote

(34) flae) = i fr(e) = SWicaps

Notice that I(T) = d and Ix(T) — (d — 2k)j<q/2 as T — 0 + .
Denote S(z) = > ;cp f(@ — us).
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Combining (33), (34), and using Lebesgue dominated convergence theorem, we obtain

S( )dx = hm/ St(x

Let us prove that

(35) %iinw lim sup fn(ST(x;n_ S@)de = 0.
Denote
K(T) = r(x) — f(x))dz, K,(T) = T(x) — f(x))dx.
(1) /R(f (2) — f(x))de, K, (T) /me[n’m)(f (2) - f())

Analogously to (32) we have

% " (r(2) — S())de < il{i tui € [=n,n]} K (T)+

—n

Z > > K ( 5 A1+ enK(T)+

kENz u; €(k+n—1,k+n] j>k

%ZKNT) S itlul € (b+n—1k+n]}| =

JEN 0< k< j

1
S A1+ ek (T +—%K Wi s |ug) € (n—1,j +n]} <
J

1
2n)\(1+5 K (T —I——%K Wi |ug| <5+n} <
J

. %m + K (T) + % ST2N(14€)(j + n)ES(T), n 2 nole).

JEN
Hence,
1 n
m 7n(ST($)—S( x))dx < A1 +¢) /2( +ZK )
JEN
+EZK T) < A1+ e)K(T) 1+€ZK ). n > no(e).
JeN jEN

It follows from Lebesgue dominated convergence theorem that K(T) — 0 as T'— 0.

Using the definition of K;;(T') it is easy to see that suppe(g,1)D_ ey JK;(T) < +oo0.
So, (35) is proved.

Observe that

36 li 7ffﬂ S(a)dz Ad/2 < 1/2
(36) Jim o —— = Ad/2 < 1/2.
Denote H(x) =sup{T >0 | K(T) < z}. It follows from (35) and (36) that
1—M\d " Sr,(z)dx

—— ) I = < 1/2
(37) VIo < H (2/\(1 n 6)) 111r1n_>solip 5 <1/2
Set \d

1 1-
To=-H|——].
072 (2/\(1 + 5))

Then

(38) Vno 3z, |z| > no : Sty (x) < 1/2.
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It follows from the definition of St(x) that if Sr(x) < 1/2, then
Vi > 1 py(T, | —u;| — Ap) < 1/2.
Note that
In(1 —y) > —2y, y €0,1/2].
Hence if St,(z) < 1/2, then
Zln(l — pw(To, Ju; — 2| — Ag,)) > — Z2pw(T0, |u; — x| — Ag,) = =257, (2) > —1.
i€l i€Z
It follows from (38) that we can construct a sequence {z,,n € Z} such that
z0 € {z € R|S,(2) < 1/2},
Znt1 €{2 > 2n + 1S, (2) < 1/2}, n > 1,
Zn—1 € {z <z, — 1|81, (2) < 1/2}, n <.
Then
[T = pu(T 20— wil = llallocT — d/2)) = e
i€l
Theorem 1.2 yields that there exists a unique strong solution to (1) for ¢ € [0, Tp].
Lemma 5.1. Let {Xj(t)|t € [0,T),k € Z} be a solution of (1), A(uo) < +oo. Then
Pt € 0,7]: Also) = ) = 1.
Proof of Lemma 5.1. Since A(ug) < +o0o we have
X5 (0) 2

1 f = =1 f > .
|1c1fr—1>£rnoo k |kl\rggloo E o~ A(po)

Hence
V5 >0 ZP sup |wg(t)] > 0] X% (0)] | < 4o0.
beZ te[0,T]
It follows from the Borel-Cantelli lemma that a.s.

sup _|wy(t)] < 6| X5(0)]
t€[0,T)

for all k except of maybe a finite number.
Hence

sup | Xk(t) = Xp(0)] < llallocT + sup fwi(t)] < [laf|ocT + 6| Xk (0)]-
te[0,T] te[0,T]

Therefore there a.s. exists ng such that for any n > ng

{k |Xk(0)] < f%} C {k | Xu(t)] < n} C {k:|Xx(0)] < n(l +26)}.
So,
b P) g 002000200
Analogously o

. pe([=nn]) o Alpo)
fimsup =57 = =95
Since § > 0 is arbitrary, we obtain A(u:) = A(po).
The Lemma is proved.
It follows from Lemma 5.1 that pug, € M. Hence the solution of the equation (1) can
be extended in a unique way to the interval ¢ € [Tp, 21p], then it can be extended to the
interval [2Ty, 3Tp], and so on. Theorem 1.4 is proved.
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