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N. V. PROKHORENKO (KRUGLOVA)

ON SOME GENERALIZATIONS OF THE RESULTS ABOUT THE
DISTRIBUTION OF THE MAXIMUM OF THE CHENTSOV
RANDOM FIELD ON POLYGONAL LINES

In this paper we compute the probability P {supte[leTz](w(t) —h(t) < 0} , where
w(t) is a Wiener process and h is a step-wise linear function. We use it to obtain the
distribution of the maximum of the Chentsov random field on polygonal lines. We
have considerably expanded a class of such polygonal lines in this paper.

1. INTRODUCTION

Let w be a Wiener process and let h be a measurable function. The main purpose of
this paper is to find the probability

[T1,12]

(1) P {tesup (w(t) = h(t)) < 0} ;

for a class of step-wise linear functions h. The probability (1) can not be found in
a simple form for general function h. But for special cases useful results were ob-
tained. For instance, Bachelier considered a case when Ty = 0, h(t) = b. Another
result was obtained by Malmquist for a linear function h. Earlier Doob has solved
the same problem for a limiting case. That is, he found the probability of the form:
P {sup[o’oo) (w(t) —at —b) < 0}. An integral equation for evaluating the probability (1)
were proposed in [3], [4] for a large class of differentiable functions h. Klesov and Kruglova
[8] expressed probability (1) in terms of n-tuple integral of a function involving exponents
and standard Gaussian density if i is a polygonal line with n changes of the direction
and 77 = 0.

We want to generalize this result for the case of arbitrary 77 > 0. Previously the
probability distribution of functionals of the Wiener process like max were investigated
on intervals like [0, 7] or [0, 00). We will prove more general result. There are few ways of
obtaining this result, using Theorem 2.1 in [8]. In this article the most simple is shown.

We provide an application of this result for finding the distribution of the maximum
of the Chentsov random field and the Chentsov random field with a linear drift on a
polygonal line with n changes of direction. We discover the exact expressions for the
probability distribution of the maximum of the Chentsov random field on polygonal
lines which begin at arbitrary point (xo,yo) and end at point (z,41,Yn+1). Earlier only
polygonal lines which connected points (0, 1) and (1,0) were considered.

2. DEFINITIONS AND PRELIMINARIES
2.1. The maximum of the Wiener process with a drift. To prove our results the

following lemmas and theorems are needed.
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Theorem 2.1. (Doob’s Transformation Theorem [1]) Let Y (t) be any Gaussian process
with E[Y (t)] = 0, Vt, and covariance function

(2) R(s,t) = u(s)v(t), s<t.

If the ratio a(t) = u(t)/v(t) is continuous and strictly increasing together with its inverse
a=t(t), then w(t) and Y (a=1(t))/v(a=t(t)) are stochastically equivalent processes.

Lemma 2.1. ([3]) Let T >0, a > 0, b > 0. Denote

F(T) = P{ sup w(t) — at > b} :

0<t<T
Then
(3) F(T) =1—®[(aT +b) T2 4+ e 2®[(aT — b)T~/?]

The following Theorem is a generalization of Theorem 1 in [3] to a case when h is a
polygonal line with n changes of the direction.

Theorem 2.2. Letn>1andT > 0. Letty =0; t,41 =T, and let
tj_1<tj, 1§]§n+1

Put At; =t; —t;j_1, 1 < j <n+1. Consider two sequences {a;,1 < j <n+ 1} and
{b;,1 < j <n+1} such that

b1 >0, a; >0, 1<j<n, an+t1 > 0.

Set

hi(t) & ajt+b;,1<j<n+1.
Assume that

hj(t;) = hj+1(t;), 1<j<n,
and

hi(t;) >0,1<j<n.
Put
n41
h(t) < by Iy (¢ +Zh (O Lty .15 (t)

Denote B; = hj(tj—1) —uj—1, 1 <j<n+ 1, where ug = 0. Then

P (sup, (wlt) = hie) <o)

0<t<T

A A (1- o {2001 )
e e M ;

J

ant1Atn11 + Brta ani1fmira | nt1Dt1 — Bt
x| ® —e 1P+l P
\V Atn+1 V Atﬂ-‘rl

(4) X H wo,at; (uj — uj_1)duy ... duy,.
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2.2. The maximum of tne Chentsov random field on polygonal lines. Let us
consider a two-parameter Chentsov random field X (s,¢). Denote D = [0,1] x [0, 1].

Definition 2.1. Let {X(s,t) : s,t > 0} be a standard Chentsov random field of two pa-
rameters, that is a separable real Gaussian stochastic process such that:

(1) X(0,t) = X(s,0) =0 for all s,¢ € [0,1];
(2) E[X(s, )}—Oforall( t) € D;
(3) E[X(s,8) X (s1,t1)] = mln{s, s1}min{¢, ¢;} for all (s,t) € D and (s1,¢1) € D.

The probability distribution of the supremum of X (s,t) on a class of polygonal lines
with one change of direction were obtained by Paranjape and Park [3]. Also Park and
Skoug [5] found the probability that X (s, ) crosses a barrier of the type ast +bs+ct+d
on the boundary dA, where A = [0, S] x [0, T] is a rectangle. Later I. Klesov [6] considered
the probability of the form

(5) P(L.g) =P {sgpxw,t) gt < o} ,

where X is a Chentsov random field on D, L is a polygonal line with one change of
direction and ¢ is a linear function on D. Kruglova [7] considered the probability of the
form (5), where g(s,t) = A and L is a polygonal line with several changes of direction.

Let n > 1. Let the polygonal line L have n points of break @1, ..., Q, with coordinates
(21,91), - (Tn, Yn) respectively and be given by the formula:

(6) L={(s,t): t =wv(s),s €0,1]},

n+1
(7) ( _ I{O} Z ( -1 yz) 4 TilYi—1 xz—1y1> I(mi,l;mi](s)-

i Li—1 Ty — Ti—1

Let
(8) O=xzg <z <..<xp<Tpy1=1,
(9) 1=9y0>y1> .. > Yn > Yns1 = 0.

Theorem 2.3. Let {X(s,t) : s,t > 0} be a standard Chentsov random field on the unit
square. Let ug = 0. Let L be a polygonal line, which has n points of break and which

is given by the formula (6). Let the coordinates of these points satisfy the conditions
(8)-(9). Put A; = 7+,i=0,n. Then for all A >0

Pn(A):P{(:SELX sit) </\} / / (1—exp{ 2 (/\—un>}) x

() ()
X H 1—exp{ — = '
i=1

A, (g —ui_1)duy ... du
(Ai_Ai—l) $0,A; Az—l( 1 T 1) 1 ny
_u?
where po A (u) = f/% is the density of a zero mean Gaussian random variable with

variance A.
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3. MAIN RESULTS
3.1. Wiener process.
Theorem 3.1. Letn >1 and 11,75 > 0. Let to =11, tn11 = To, and let
ti—1 <ty, 1<j<n+1
Put At; =tj—tj_1, 1 < j <n+1. Consider two sequences {a;,1 < j <n+1},{b;,1<
j <n+1} such that
by >0, aj >0, 1<j5<mn, an+1 > 0.

Set
def .
hi(t) = ajt+b;,1<j<n+1

Assume that

hj(t;) = hjta(t;), 1<j<n,
and
hj(t;) >0, 1<j<n
Put
n+1
h(t) S bid gz (8) + 3 by, ) (1):
j=1

Denote 35 = hj(tj—1) —vj_1, L <j <n+1, where vg = 0. Then

P(, sup (o)~ n(0) <o)

T, <t<T>

_ /m(tl)m/hn(tn) ﬁ (1 _eXp{—25j5j+1 })
o —o 33 At
< | ® tlhl(Tl) — U1T1 _ e,%q) blAtl - Tlﬁg
Tyt (t, —Th) Ty (t — 1)
< [ ® a”JFlAthFl + B:Hrl . e—2an+1B:+1(I) CLn+1Atn+1 — B:;+1
\/ Athrl AV4 Atn+1

(10) X H @O,Atj (’Uj — ’Uj_l)d’Ul . dvn.
j=1

Proof. By the full probability formula

B p (n s (u(t) ~ A1) < 0)
B /h(Tl) r < sup (w(t) —h(t)) < 0/w(Tr) = u) wo,1, (u)du.
Denote

Aw) &P ( sup (w(t) — h(t)) < 0/w(Ty) = u)

T1<t<T>

=P ( sup (w(t) —w(Ty) — h(t) +u) < 0/w(Ty) = u)
T <t<T>

:P( sup (w(t)—h(t+T1)+u)<0>.

0<t<To—T
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It is clear that

n+1
h(t+T1) —u = b Loy () + > (hi (1) + 0Tt — ) e,y 7y -1 (1)

j=1
Using Theorem 2.2:
T:Tngl, ti%tifTh ZZO,’H,+1,

a; — a;, b; > a;T1 +b; —u, i=1,n+1,
hi(t:)) = hi(ti) —u,  i=T1,n+1,
1 —> b1 +arTh — u, Bi— Bi—wu, i=2,n+1,
At; = Aty, i=2,n+1, Aty =t —T7.
After that we get

aw = [ i / S (1 - xp { 200000 ) )

« (1 ~exp { e “><hA1§t11> — w1 — ) })

« (I) an+1Atn+1 + 5n+1 —u _ 6_2a7l+1(6"+1_u)q> anJrlAthrl - (BnJrl - u)
V Athrl \V4 Atn+1

n
X H $0,At; (Uj - ujfl)dul o dUg,.
j=1

So
a1T1+by
B = / vo,1, (u)A(u)du.

After the changing the variables in this integral

v = Uuj + U, 7 =1,n,

and using the fact that

hi(ty) —vj = hjp(ty) —v; =B,  J=1Ln

hl(tl) hn(tn) n —2ﬂ*/8*
B:/ / (1—eXp{j]+1}>
S | Al

J

< | ® an+1Atn+1 + B’;‘H’l _ 6_2an+16:;+1q) an+1Atn+1 — 6:+1
\V4 Athrl V Atn+1

n
X H vo,at, (v; —vj—1)dvy ... duy,
=2

a1T1+b1 B B .
X / wo,1, (U)ot —1, (V1 — ) <1 — exp {W}) du.

— 00

we get:

The computation of the last integral reduces to the statement of Theorem. O
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3.2. The maximum of the Chentsov random field with linear drift. Let us gen-
eralize Theorem 2.3. Denote f; = yg + %" +F,i=0,n, where E,F >0 and G > 0.

Theorem 3.2. Let {X(s,t):s,t > 0} be a standard Chentsov random field on the unit
square and g(s,t) = Es+ Ft+ G. Let L be a polygonal line, which has n points of break
Q1, ..., Qn with coordinates (x1,Y1), .-, (Tn,Yn) and which is given by the formula (6).
Let the coordinates of these points satzsfy the conditions (8)-(9). Put A; = %4 =0,n.
Let ug = 0. Then

Pn(g)=P{ sup (X (s;t) — g(s,t)) <0} =

(s;t)eL

:/_;/_; (1—exp{—2(G+E) <G—fo"+F—un>}) «

2

ﬂ!
£

where po A (1) = is the density of a zero mean Gaussian random variable with

variance /\.

s

2w A

Proof. Using the notations of Theorem 2.3 we can write

n+1
1— Yi TiYi— Ti—1Yi
)+ Z < (Yi—1 — i) + Yi—1 — 1Y >I(I¢1;xi](s)'

—Ti-1 Tj — Ti—1

Let us denote the restriction of the function g(s,t) to L by gr(s). Then g1 (s) = Es +
Fv(s) + G. Denote a(s) = oty We can rewrite a(s) in an explicit form:

s (1—zp)s
(s) + mf[zml)

(s).

n
1
s(yi—1—yi) 4+ TiYio1—Tioay [wi—1.2:)\8

i=1 Ti—Ti1 Ti—Ti1

For a(s) the inverse will be the function:

-1 g S(xz'yiq - xiflyi) SYn
= E : Iia. ) _vIn g .
) — 5(Yi—1 — Yi) + T — Ti1 [AHAz)(s) + Sym + 1 — 2 [Amoo)(s)

The functions a(-) and v(-) satisfy the conditions of Doob’s transformation Theorem [1].
Let us denote the restriction of the Chentsov random field X (s;t) to L by X(s). Thus,

n+1
*loy . s(Yi—1 — ¥i) + i — i1 s(TiYi—1 — Ti_1Yi)
X(s) =) o o XL (Wit — ¥i) + T — Ti1

i—1 TiYi—1 — Ti—1Yi S\Yi—1

1—(En SYn
Iia, oA, X\l 1)
X [Al—lvAl)(s) + (S + Un, ) L <Syn +1- xn)

and w(s) are stochastically equivalent processes. So

Pa(g) = P{ sup (X (s;1) —g(s,1)) < 0}

(s;t)eL

= P{ sup (X (s;v(s)) — g(s)) < 0} =

s€[0,1]

=P { sup (Xr(s) —gr(s)) < 0}

s€1[0,1]
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s€[0,00)

= P{ sup (X (a7'(s)) —gr(a(s))) < 0} =

) Xp (a7(3)  gula\(s)) )
‘P<ﬂ{ v@i(s)  v(ai(s) <0}> -
ol o (Xe@6)  gula () )
‘P{sew,‘;)( v () a—1<s>>> <0} B

—e{ (w0~ i) <o) -
G(zi — zi-1) b ( G(yi-1 — i) +E> :

TilYi—1 — Ti—1Yi TiYi—1 — Ti—1Yi

:P{w(s)<F+

s€(Aim1;4],i=1,n;w(s) < G(ly_xn)—l—F—l—s(G—i-E),s>An}

Using Theorem 2.2:

_ G(yi-1— i)
LilYi—1 — Li-1Yi
Glziq1 —xs
b= G =) L p 1
LilYi—1 — Ti-1Yi

+FE, 1=1,n,

) G+ Ex,
Bi = fi-1 —wi—1, 1=1,n, Bn-‘rl:F_un“‘T,
G(1 -z,
ant1 =G+ E, bn+1:¥+ﬂ

Yn

and passing to the limit as T — co we get:

P.(g9) =P { sup (X (s3t) —g(s,1)) < 0} =
(s;t)eL

[ (e b (CE o))

X H (1 — €Xp {—Q(fi_l — Ui_l)(fi — ul) }) P0,A;—A;_1 (Uz' - Ui—l) duy ... duy.
i=1

(A — A1)
|
Example 3.1. Let a polygonal line have one change of direction and be given by the

formula:
1-— 1-—
(11) L= {(s,t)|t = Io(s) + (—S( ) 1) L0:ay) + (yl( S)> I(M]}.
X1 1-— I

And let g(s,t) = s +t. We need to find the probability:
Pq sup X(s,t)—g(s,t)<0,.
(s,t)EL
Therefore by Theorem 3.2 with £ = F =1 and G = 0:
r1
P sup X(s,t)—g(s,t) <0, = " oA, (u1) X
(s,t)eL —00

2(%+1—u1)

X(l—exp{—Q(xl—i—l—ul)}) l—exp ——mM————~— =
Y1 Aq
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o (VA) e -ane e (S0 ) e d e (S22,

1

3.3. The maximum of the Chentsov random field on the broadest class of
polygonal lines. Let us consider a polygonal line L with n changes of direction, which
begins at point (¢, yo) and ends at point (41, Ynt1)-

Let
(12) O0<zp<m1<..<Tp < Tpi1 <1,
(13) 1> Yo Z U1 Z 2 Yn Z Yn+1 > 0.

Theorem 3.3. Let {X(s,t) : s,t > 0} be a standard Chentsov random field on the unit
square. Let ug = 0. Let L be a polygonal line, which has n points of break Q1, ..., Q, with
coordinates (x1,Y1),..., (Xn,Yn), starts at point (xo,yo) and ends at point (Tpy1, Yni1)-
Let the coordinates of these points satisfy the conditions (12)-(13). Then for all A > 0

P,(\)=P (Sl;p X(s;t)<Ap = / / H‘PO,AﬁAi_l (u; —ui—1) X
s;t)eLl —o00 —00 j_q

<o 7/\0 u;ii” _exp{—Q)\(xl—xo)()\—ulyl)}q) %—%4—%
Vl/Ao—l/Al xl(xlyOfx(Jyl) \/1/A0—1/A1

A A 2\
< | ® Yn41 — Un —exp { *2>‘(yn - yn+1)()‘ B unyn) } i) Yn+41 T Yn + Un
An—‘,—l - An Yn (anrlyn - CEnynJrl) An+1 — An

(2 ) )
XH 1—exp{ — = ’ duy ... duy,
i=2

(A — A1)

w2

e 28

where po.a (u) = NI

Proof. Let us follow the line of the proof of the previous Theorem. Let the restriction
of the Chentsov random field X (s;t) to L be denoted as X (s). Then the covariance
function of this process is:

cov [ X (s1), XL(s2)] = s10(s2),0 < 81 < 59 < 1,

where

n+1
5(yi—1 — yi) TilYi—1 — Ti—1Yi
= — Tip. .
v(s) Z( P ) (@i-1;2:] (5)

Function a(s) = 7508 € (20, Tp+1), is continuous and strictly increasing with inverse:

n+1

-1 s(Tiyi—1 — Ti—1Ys)
a S) = IA,;_ A
(#) ; s(Yic1 — Yi) + @i — @y EAY

Process

* e s(Yi—1 — Yi) + T — T S(TiYim1 — Tiz1Yi)
X (3) = Z XL S( I[AFI’AI.)(S)

P TilYi—1 — Ti-1Yi Yie1l — Yi) + Ti — i1

and w(s) are stochastically equivalent processes. Thus,

P,(\) = P{ sup X (s;t) < )\} = P{ sup X (s;0(s)) < )\}

(sst)eL s€[xo,Tny1]

:P{ sup ]XL(5)</\}=P{ [sup XL(al(s))</\}:

s€[T0,Tn41 Ao,An1]
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-z (o) <o)

Mzy — 24— As(Yi—1 — Y . —
—P{w(s)< (x; — xiz1) i s(yi-1 — ¥i) ,SG(qu—l;Ai]aZ_lanrl}'
TilYi—1 — Ti—1Yq TilYi—1 — Ti—1Yq

Using Theorem 3.1: t; = A; = 2—,2 =0,n+1,

N1 — s
P St DI sy |
LilYi—1 — Ti-1Yi
Mz — - [
b= 2T T oy
LilYi—1 — Li-1Yi
we complete the proof. O

Let L be a polygonal line, which has n points of break Q1,...,Q, with coordinates
(1,Y1),+s (Tn,yn) respectively and which is given by the formula:

L= {(s,t) ct=plioy(s) +

= s(Yic1 — Yi) | TilYio1 — Ti1Ys
+ Z <_ + ) I(wi71;wi](5)>3 € [0, 1] .

i1 Ti— Ti—1 Li — Ti—1
Let
(14) O=20 <21 < ... <Tp < Tpi1=4q,
(15) P=Y0 = Y1 > o = Yn > Yns1 = 0.

Corollary 3.1. Let {X(s,t):s,t > 0} be a standard Chentsov random field on the unit
square. Let ug = 0. Let L be a polygonal line, which has n points of break Q1, ..., Q, with
coordinates (1,Y1),---, (Tn,yn). Let the coordinates of these points satisfy the conditions

(14)-(15). Denote A; = 2+, i =T1,n. Then for all A >0

A 2 n
P,(\) = P{ sup X (s51) < )\} = /Jl .../m HSD()’Ai*Az‘—l (u; —ui—q) X
oo J—oo o

(s;t)eL
(e {5 (5 )})
X|1—exp——|— —u,
q Yn

() )
X H 1—exp{ — = ’
i=1

duy ... duy,,

_u?
e 2A

where po A (u) = -

Proof. Using Theorem 3.1 z,,41 = ¢, yo = p and passing to the limit as x¢ — 0 we get:

A wyn
. T T
lim @ | So—% | =1,
xo—0 P _ Y1
Zo 1

A 02X\ w1y

lim @ [ fo 2o |
x0—0 P Y1
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So

i [ @ e _exp{—%(m—xo)(/\—uun)}q) T
z0—0 V1/Ag—1/A z1(T1Y0 — ToY1) V1/Ag—1/A

:1_am{_2MA—uwﬂ}.

pr1

Passing to the limit as y,+1 — 0 we get:

A — Un
lim & 2t = | =1
Yn+1—0 q _ ZTn ’
Yn+1 Yn
A 2h
lim & [ ¥t ¥ | —1
Yn+1—0 q  _ ZTn
Yn+1 Yn

So
A
m @ [ e )
Yn+1—0 An+1 — An
A 2\
—exp { _2/\(yn — yn+1)()‘ — unyn) } o | Yt T yn +un _
yn(xn—i-lyn - xnyn—i-l) An+1 — An

({2 (2w))

Using this results we get the statement of the corollary. O

Ezxample 3.2. Let us compute the probability of the type:

P sup X(s,t) <Ay =P (N),
(s,t)eL

considered in Theorem 3.3, in the case n = 1.
Using the result of this Theorem we can write:

2 A wmyn
a6 P = [" <<I> (ﬁ/& ;/A1> -

exp{_Q)‘(ml_xO)()‘_ulyl)}q) ;TAO_% ualci?l %
z1(T1Y0 — Toy1) V1/Ag—1/A
A
% (w) | ® e
et U\ var A
A 22
—exp { ~2My — 92)A— } v tn du;.
Y1 (z291 — 21Y2) VA — Ay

It will be interesting to consider some limiting case of this probability. Passing to the
limit in (16) as yo — 1, zg — 0, z2 — 1 and y2 — 0 we get:

A Uiy
lim & 222 | =1,
x9 — 0, V1/Ag —1/A

yoﬁl
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A 22 w1yl

lim @ Tt ) =1,
xg — 0, V1/Ag —1/4q
yoﬁl

m o m" 1

im —= | =1,
To — 1, VAy — A
y2—>0

A 22

TR TR THU
To — 1, VAz — Aq
yQ—)O

So

A
lim () = _
(z0,90) — (0,1), A (1)<\/=’Ty1)

(z2,92) = (1,0)
B P T T YT S

2)\2 )\(1 - 21‘1 - 2y1))
+expd —— (w1 + typ—1) D .
Xp{x1y1 (1 +y1)(z1 + 01 )} ( 7

This result agree with statement of Theorem 2 in [3].

CONCLUSION

In this paper we have obtained an expression for the probability of Wiener process
crossing stepwise linear barriers. We have applied this result to the derivation of the
distribution of the maximum of the Chentsov random field and, also, of the Chentsov
random field with a linear drift on a polygonal line. We have expanded a class of polygonal
lines on which it is possible to find the exact distribution of the maximum of the Chentsov
random field.
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