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A CLASSIFICATION OF CONFORMAL VECTOR FIELDS
ON THE TANGENT BUNDLE

KITACUDIKALIA KOH®OPMHUX BEKTOPHHUX I10J1IB
HA TOTHUYHOMY PO3IIAPYBAHHI

Let (M, g) be a Riemannian manifold and 7'M be its tangent bundle equipped with a Riemannian (or pseudo-Riemannian)
lift metric derived from g. We give a classification of infinitesimal fibre-preserving conformal transformations on the
tangent bundle.

Hexait (M, g) — pimanis maoroBuz, 7'M — HOro JOTHYHE PO3IIAPYBaHH 3 PIMaHOBOIO (200 MICEBIOPIMAHOBOIO) METPHKOIO
HiTHATTS, KA MOPOKY€EThest g. HaBeneHo kmacudikalliro HECKIHUEHHO MajuX KOH(GOPMHHUX MEPETBOPEHbD, 110 30epiratoTh
[Iapy Ha JOTHYHOMY PO3LIApyBaHHI.

1. Introduction. Let M be a Riemannian manifold with a Riemannian metric g and X be a vector
field on M. Let us consider the local one-parameter group {¢;} of local transformations of M
generated by X. The vector field X is called an infinitesimal conformal transformation if each ¢,
is a local conformal transformation of M. As is well-known, the vector field X is an infinitesimal
conformal transformation or conformal vector field on M if and only if there exists a scalar function
p on M satisfying Lxg = 2pg, where Lx denotes the Lie derivation with respect to X. Especially,
the vector field X is called an infinitesimal homothetic one when p is constant and it is called an
isometry or Killing vector field when p vanishes.

Let T'M be the tangent bundle over M and ® be a transformation of T'M. If the transformation
® preserves the fibres, it is called a fibre-preserving transformation. Consider a vector field X on
TM and the local one-parameter group {®;} of local transformations of TM generated by X. The
vector field X is called an infinitesimal fibre-preserving transformation if each ®; is a local fibre-
preserving transformation of TM. An infinitesimal fibre-preserving transformation X on T'M is
called an infinitesimal fibre-preserving conformal transformation if each ®; is a local fibre-preserving
conformal transformation of T'M. Let § be a Riemannian or pseudo-Riemannian metric on M. X
is an infinitesimal conformal transformation of 7'M if and only if there exists a scalar function €2 on
T'M such that L g = 2€0g, where L ; denotes the Lie derivation with respect to X. An infinitesimal
conformal transformation X is called essential if 2 depends only on (') with respect to the induced
coordinates (x%,4") on T'M, and is called inessential if Q2 depends only on (%), that is, 2 is a
constant on each fibre of 7M. In this case, €2 induces a function on M.

Let (M, g) be an n-dimensional Riemannian manifold. There are some lift metrics on T'M =
= Uyear TeM as follows: complete lift metric or go, diagonal lift metric or g; + g3, lift metric
g2 + g3 and lift metric g; + g2, where

g1 = gygda'da?,  go = 2gydaty’, gy = gijdy'oy’

are all bilinear differential forms defined globally on T'M. Yamauchi [21] proved that every infinite-
simal fibre-preserving conformal transformation on 7'M with the metric g; 4 g3 is homothetic and it
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induces an infinitesimal homothetic transformation on M. Also, in the case when M is a complete,
simply connected Riemannian manifold with a Riemannian metric, Hasegawa and Yamauchi [6]
showed that the Riemannian manifold M is isometric to the standard sphere when the tangent bundle
TM equipped with the metric g; + g2 admits an essential infinitesimal conformal transformation.
In [3], Gezer has studied a similar problem in [20, 21] with respect to the synectic lift metric on
the tangent bundle. Also he represents the classification of infinitesimal fibre-preserving conformal
transformations on the tangent bundle, equipped with the Cheeger — Gromoll metric [4].

In [1], Abbassi and Sarih classified Killing vector fields on (7'M, gcoc); that is, they found
general forms of all Killing vector fields on (7'M, go). Also, they showed that if (T'M, gog) is
the tangent bundle with the Cheeger — Gromoll metric go of a Riemannian, compact and orientable
manifold (M, g) with vanishing first and second Betti numbers, then the Lie algebras of Killing
vector fields on (M, g) and on (T'M, go¢) are isomorphic. Finally, they showed that the sectional
curvature of the tangent bundle (7'M, go) with the Cheeger — Gromoll metric go of a Riemannian
manifold (M, g) is never constant.

Peyghan, Tayebi and Zhong introduced a class of g-natural metrics G, on the tangent bundle of
a Finsler manifold (M, F') which generalizes the associated Sasaki—Matsumoto metric and Miron
metric and They investigated Killing vector fields associated to G,y in [11]. Two first authors
introduced two vector fields of horizontal Liouville type on a slit tangent bundle endowed with a
Riemannian metric of Sasaki— Finsler type and proved that these vector fields are Killing if and only
if the base Finsler manifold is of positive constant curvature. In the special case of one of them, they
showed that if it is Killing vector field then the base manifold is the Einstein— Finsler manifold [14].
For the other progress, see [5, 7-10, 12, 13, 15-18].

In [2], Bidabad introduced a new Riemannian (or pseudo-Riemannian) lift metrics on T M, g =
= agy + Bge + ngs, where «, 8 and p are certain constant real numbers. That is a combination of
diagonal lift, and complete lift metrics. He had proved that if (M, g) is an n-dimensional Riemannian
manifold and T'M is its tangent bundle with metric g, Then every complete lift conformal vector
field on 7'M is homothetic.

The purpose of the present paper is to characterize infinitesimal fibre-preserving conformal trans-
formations with respect to the lift metric g.

2. Preliminaries. Let M be a real n-dimensional manifold of class C'*°. We denote by
TM — M the bundle of tangent vectors and by 7: TM\{0} — M the fiber bundle of non-
zero tangent vectors. Let V,TM = kernw! be the set of the vectors tangent to the fiber through
v € TM\{0}. Then a vertical vector bundle on M is defined by VT'M := UUGTM\{O} Vo TM. A
nonlinear connection or a horizontal distribution on 7'M \{0} is a complementary distribution H7 M
for VT'M on T(TM\{0}). Therefore, we have the decomposition

T(TM\{0}) =VTM & HTM.
. . o o 0
Using the local coordinates (z',3") on T'M we have the local field of frames 90 i [ 0
€ oy

TTM. 1t is well-known that we can choose a local field of frames {551, 882} adapted to the above
Tt oy

J
55 € ['(HTM) and aaz € I'(VT'M) set of vector fields on HT'M and VI M,
€ Y

decomposition, i.e.,
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where

o 0

0
= — N —
ozt  Oxt b Oyl

and Nij (x,y) are the nonlinear differentiable functions on 7'M, called coefficients of the nonlinear
connection.

.0 .
Let X = X Z—a - be the local expression in U C T'M of a vector field X on M. Then the
T

vertical lift X7, the horizontal lift X" and the complete lift X of X are given, with respect to the
induced coordinates, by

X”:Xia.
oy’
.9 . 9
h __ k
X = X VT X g
) ) 5 )
XC = X' T 4 0, X = X' 4+ SV X
ot TV O G = XtV X g

where F;k are the coefficients of the Levi— Civita connection V of g.
Suppose that we are given a tensor field S € S4(M), ¢ > 1, where SH(M) is the set of all
tensor fields of type (p,q) on M. We define a tensor field 7S € I5(TM) on 71 (U) by

0 0 : ,
i 7
ayﬁ@...@—ayjp@dx ®Q...Qdx'"

7S = (y827 )

with respect to the induced coordinates (z°,y*). We easily see that yA has components, with respect
to the induced coordinates (%, "),

(vA) = (0,y°4)

for any A € 3}(M) and (yA)(f?) =0, f € SY(M), i.e., vA is a vertical vector field on T'M.
The bracket operation of vertical and horizontal vector fields is given by the following formulae:

{5 5}:_3/5]%,1 )

0 0 9
Szt oyl | T oy’

o 0
[ayay} =5

where R’s”i ; denotes the components of the Riemannian curvature tensor of g defined by

R(X,Y) = [VX,VY] - V[X,Y]'

ISSN 1027-3190. Vkp. mam. scypn., 2020, m. 72, Ne 5



A CLASSIFICATION OF CONFORMAL VECTOR FIELDS ON THE TANGENT BUNDLE 697

3. A lift metric on tangent bundle. Let (), g) be a Riemannian manifold. In this section
we introduce a new Riemannian or pseudo-Riemannian metric on 7'M derived from ¢g. This metric
is in some sense more general than the other lift metrics defined previously on T'M. By mean of
the dual basis {dz’,dy’} analogously to the Riemannian geometry the tensors; g; = g;;dz’da’,
g2 = 2g;;dz"6y’ and g3 := g;j0y'dy’ are all quadratic differential tensors defined globally on T'M,
see [3]. Now let’s consider the Riemannian metric tensor g with the components g;;(x,y). The
tensor field § = ag) + S92 + pgs on T'M, where the coefficient «, 5 and y are real numbers, has

the components
(ag 59)
Bg g

with respect to the dual basis of 7'M. From the linear algebra we have
det § = (ap — )" det g%

Therefore, § is nonsingular if ay — 32 # 0 and it is positive definite if «, p are positive and
ap — B2 > 0. Indeed § defines respectively a pseudo-Riemannian or a Riemannian lift metric on
TM.

Definition 3.1 [2]. Let (M,g) be a Riemannian manifold. Consider tensor field § = agy +
+ Bga + pgs on TM, where the coefficient o, i and (3 are real numbers. If apu — B> # 0, then
g is nonsingular and it can be regarded as a pseudo-Riemannian metric on TM. If o and p are
positive such that oy — 32 > 0, then § is positive definite and it can consequently be regarded as a
Riemannian metric on T'M; § is called the lift metric of g on T M.

4. Main results. Let X be a vector field on TM with components (v", w") with respect to
the adapted frame {(;;, 6?/1} Then X is a fibre-preserving vector field on TM if and only if v
depend only on the variables (2"*). Therefore, every fibre-preserving vector field X on TM induces

0
a vector field X = vh—a - on M.
T
Let M be an n-dimensional manifold, X a vector field on M and {¢;} a 1-parameter local
group of local transformations of M generated by X. Take any tensor field S on M, and denote by
@7 (S) the pulled back of S by ¢;. Then the Lie derivation of S with respect to X is a tensor field

LxS on M defined by

G )

t—0 t

a9 .,
LxS = a@ (S)

Y

t=0

on the domain of ¢. The mapping Lx which maps S to Lx(S) is called the Lie derivation with
respect to X. Then we obtain the following.
Lemma 4.1 [20, 21]. The Lie derivations of the adapted frame and its dual basis with respect

~ 0
to X = vhw + wha—yh are given as follows:
0 ) b ba boa . OWT\ O
1) L‘f(rajh = —8hv 75:6(1 — <U Rbh +w th + 5ash>8ya7

0 ow*\ 0
2) L = (T — — | =
) X ayh (1} bh 8yh) aya’
3) Ldeh = Opolda™,
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ox™

Sw® h
4) Lyoyh = <va;;m +wbTh 4 S )da;m - (Mrgm _ Ow >5ym.
Y

Lemma 4.2. The Lie derivative L ;g with respect to the fibre-preserving vector field X are
given as follows:

- Jw? L
Lgg= (aLxgij + 2B9ai (Upjo +wPTy; + W))dxzdxj—i—
ow®
+2 (ﬁ <LXgij — gia Vv + gaii&yﬂ' >+
» pa pra , OW” is g
+Mgaj v Rpi +w Fp’i + @ dx (5y +

ow? ow? o
+u (gajayi + gaiayj> Sy oy’

Proof. The statement is a direct consequence of Lemma 4.1.
Let T'M be the tangent bundle over M with the lift metric g, and let X be an infinitesimal
fibre-preserving conformal transformation on (7'M, §) such that

Lsg=2Qg. 4.1)
By means of Lemma 4.2, we have
2anZ~jdxidxj + 4BQgijdaci6yj + QMQgij(Syi(Syj =
_ D Da P dw” @717
= OZLXgij‘{'Qﬁgai (0 Rpj+w ij-{—w dx'dx? +
+2( Bl Lxgii — giaViv* + i +
X9i5 — Gia Vj Yai 8yj
D Ra o3 pled dw” 15,7
ow® ow® S
+1 (gajayi + gm-ayj> 6y"oy’.

Comparing both sides of the above equation, we obtain the following three relations:

ow?
aLxgij + 2B9ai <vagj +wPTy; + 500 > = 2a0g;;, (4.2)
a 0 D Pa PTG dw®
B LXgij — gmvjv + gaiaiyj + HGaj | U RPi —+ w Fpi —+ 5 = QﬁQgij, (4.3)
ow® ow?
M(gajayi + gaiayj) = 2p82g;;. 4.4
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Theorem 4.1. Let (M, g) be a Riemannian manifold and TM be its tangent bundle equipped
with the lift metric g. A vector field X on TM is a fiber-preserving conformal vector field with
respect to g if and only if

X =X%4+~A4+ B,

where B, X € S§(M) and A = (A}) € V(M) such that:
1) if u =0, then

BLRBgi; + aLxgi;j = 2082g;j, 4.5)
VP Rispj + 9aiV; Py =0, (4.6)
9ajViv® + gai Pj' = 2Qg;5; 4.7)
2) if u#0, then
BLpgij + aLxgi;j = 2a8g;;, (4.8)
VP Rispi + 9aiV; Py =0, (4.9)
B(Lxgij — 9ai V0" + gaz'Pf) + 119a;ViB®* = 28Qg;5, (4.10)
gaZP + 9a; P = 2Qg;;, (4.11)

where A} = P — VX%
Proof. We consider the 0-section (y* = 0) in the coordinate neighborhood 7~ !(U) in TM and

its neighborhood W. For a vector field X = v 5% +w g on TM, and (z,y) = (2%,y%) in W,
T yh

we can write, by Taylor’s theorem,
V() = 0" (2, 0) + (9;0") (2, 0)y" + 5 (3 B;0") (2, 0)y"y® + .. + [#]1n,
1 .
w'(z,y) = w"(@,0) + (Grw") (@, 0)y" + 5 (8,0,0)(x,0)y"y" + ... + [,

where [], h =1,2,...,2n, is of the form

ho_ 1 " a g by, i1, i2 im
[*]m_@ 8yi18yi2...8yim (a;, (x,y)y )y ys.. .y,

where 1 < iy, ..., i, < n. Tanno [19] Proved that in this situation the following:
X = (X'(z)) = (v'(z,0)), Y= (Y(2)) = (w'(z,0)),
K = (K(z)) = ((0;0:0')(x,0)),  E = (Ep(2)) = ((9;0,0")(,0)),
P = (Pi(z)) = ((0;w')(x,0) — (8,0")(x,0))

) 0
are tensor fields on M. So for a fibre-preserving vector field X = " Soh + wh Huh On TM, we can
Y
write
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v (z,y) = X", (4.12)

1
w'(z,y) = B" + Bly" + QLY + .+ [, (4.13)

where P! and Q" are given by P! = (9,w")(x,0) and QF, = 9,0,w")(z,0). By putting (4.12)

T

and (4.13) into (4.2)—(4.4), we have

alxgij + ﬁ(gaiva“ + gajViB“) + 269aiy° (UpRij + Vjpg — N}@,gPS“)%—

+B89aiy°y" (VjQps + N9, Q5) = 20045, (4.14)

B(Lxgij — 9ai V0" + gaiPf') + By 9ai (05 PF + Q5s) + 11y°gaj (VP RS, + ViP¢ — Ni O, P! )+

p
FHGaiViB + G 9aiy"y O + %gaijyS(viQ?s — N{9,Q},) = 28Qgi;,  (4.15)
1" (9aj (@5 + B PY) + 9ai( Q5 + 05 P)) +
1YY (900,005 + 9ai05Q75) + 14(P]'gaj + Pf'gai) = 21945 (4.16)

Casel. If ;1 = 0, since apu — % # 0, we have 3 # 0, so from (4.15) we get

1
(Lxgij — 9aiV 0" + 9aiP}) + ¥°94i (0; P8 + Q) + §gainySan?s = 2Qg;;. (4.17)
Putting (4.17) into (4.14), and taking into account the part which does not contain 4", we obtain
BLpgi; + gai V0" = agai PL. (4.18)

Therefore, P} depends only on the variables (zh).

Taking into account the parts which contain y” and y"y*, we get

WPRE, + V,;PY =0,

spj
5s = 0.
Since 9; P = Qf; = 0. So, (4.17) turns to
Gaj Viv® + gain“ = 2Qg;j. (4.19)

From (4.18) and (4.19), we have
BLRBgi; + aLxgij = 208)g;;.
Case?2. If yu # 0, then from (4.16) we have
(P{'gaj + Pf'gai) + 2y"(905Q% + 90iQ5,)+
+9"Y*(9050;Qrs + 94i0;Qrs) = 28gij- (4.20)
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Putting (4.20) into (4.14) and taking into account the part which does not contain y", we obtain
aLxgij + BLBgi; = a(9aiP§ + 9aj PY),
therefore, P;" depends only on the variables (z"). We get

0; Py = Qj, = 0. (4.21)
Thus (4.20) turns to
9ai P + 9o P = 2Qgj. (4.22)

Putting (4.20) into (4.15), and taking into account the part which does not contain y” and (4.22), we
obtain

B(Lx9ij94iVjv® + gaiPf') + 1194;ViB®* = B(90i P + 9aj Pf) = 2890945
Taking into account the part which contains y" and (4.21), we have

’UpRgpj + VJPS = 0

In both situation, we set A“; = Pja — V,v* and obtain

1 0
X = h Bh Ph s -Mna ,r,s —
v +< 4-sy+2@wy>8w

0 0 0

s h s Ah h
=v'— 4+ y’Va'"— +y’ A — + B"— =
v gy oyM Y S Oyh oy™

= XY +~yA+ B

Conversely, if X = X% + A + BY is given such that X, B and A satisfy in (4.5)—(4.7) or
(4.8)—(4.11), with a simple calculation we see that

L g =2Qg,

thus X is a fiber-preserving conformal vector field with respect to §.

Theorem 4.1 is proved.

Corollary4.1. Let (M, g) be a C* Riemannian manifold, T M its tangent bundle and § =
= ag + 209 + pg the Riemannian (or pseudo-Riemannian) metric on T M derived from g. Every
infinitesimal fibre-preserving conformal transformation on (T M, g) is inessential.

Proof. By taking into account proof of Theorem 4.1, we deduce that 2 depends only on the
variables (z"). Thus X is inessential with respect to the induced coordinates (z*,7") on T'M.

Corollary4.2. Let (M,qg) be a C* connected Riemannian manifold, T'M its tangent bundle
and § = ag + 289 + pug the Riemannian (or pseudo-Riemannian) metric on T M derived from g.
Every infinitesimal fibre-preserving conformal transformation on (T'M, g) is homothetic if p # 0.
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Proof. By using Corollary 4.1, we deduce that  depends on the variables (z"). Applying the
covariant derivative Vg to the both sides of part (4.11) from Theorem 4.1, we obtain

VP gaj + Vs P gai = 29i5V Q.
By using (4.9), we get
9aiVs P} = —0" Rijps.
Therefore,
20i;VQ = —vPRijps — v Rjips = 0.
o0

We get V,Q = e = 0. Since M is connected, the scalar function €2 is constant.
x

Corollary 4.2 is proved.

Corollary4.3. Let (M,g) be a Riemannian manifold and T M be its tangent bundle equipped
with the Riemannian (or pseudo-Riemannian) lift metric §. A vector field X on TM is a fiber-
preserving Killing vector field with respect to g if and only if

X =XY+4+~4+ B,

where B, X € S§(M) and A = (A}) € V(M) such that:
1) if u =0, then

A= (A}) = —g"Lxgin,

aLxgij + FLpgij = 0,
LxT% = 0;

2) if u# 0, then

aLxgij + BLpgi; =0,

LxT% =0,
B(9aj Viv® + gaiPf) + pga;ViB* =0,
9ai Pj' + g4 Pi* = 0,

where Aj := P} — V0"
Proof. A vector field X is a Killing vector field on TM with respect to § if and only if

- 0 0
L§ = 0. By Theorem 4.1, we say that X = v"—- + w”—— is a fiber-preserving Killing vector
X oxh 3yh
field on T'M with respect to g if and only if the following relations hold:

X =X%+4+~4+ B,
where B, X € S{(M) and A = (A9) € 31(M).
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Casel. If y = 0, then
BLpgij + aLxgi; =0,
VWRispi + 9ai Vi Py =0,
9ajViv" + gaiPj' = 0.
Since oy — 3% # 0, then we get 3 # 0. Thus, by (4.25) we have
P =V — g"Lxgij,

Thus we set Aj := —9"Lx gij.
Now, by putting (4.26) into (4.24), we get

0 =v"Rispj + 9iaVjVs0® = V;Lxgis =

= " Rispj + Gia(LxTjs — VP Rispj) + gja(Lx L5 — VP Rjspi) =

= _gasLXF?j

from which it follows that L XF% =0, i.e., X is an infinitesimal affine transformation on M.

Case?2. If u # 0, then
BLpgij + aLxgij =0,
VWRispi + 9ai Vi Py =0,
B(Lxgij — 9aiV;j0" + 9aiP}) + 119a; ViB® = 0,
9ai P} + ga; P = 0,
where A? = P! — V;, X“. By the same method used in case 1, we have
aLlxgij + BLpgi; =0,
LxT; =0,
B(9ajViv® + gai P}') + pgajViB®* = 0,

9aiPj' + g4 Pi* = 0,

where A7 := P — V;0v".
Corollary 4.3 is proved.
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