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Mean value theorems for polynomial solutions
of linear elliptic equations with constant
coefficients in the complex plane
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Abstract. We characterize solutions of the mean value linear elliptic
equation with constant coefficients in the complex plane in case of regular
polygon.
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Introduction

Let n € N, n > 3. There is well-known result in theory of har-
monic functions, that was proved independently in works of Kakutani
and Nagumo [1], Walsh [2] and Privalov |3, Chapter 3, §11]: a function
f € C(C) is a harmonic polynomial of order < n — 1 if and only if the
mean value of the function f taken over vertices of any regular n-gon
equals to the value of this function at its center.

Ramsey and Weit obtained the similar result with the radius R = oo
of the disk: the function f € C(R?) satisfies

1 N 2wki
]\H—lkzof <Z+€N+1§> = f(2)

for all z € C and || = R for some fixed R > 0 if and only if f is a
harmonic polynomial of degree not exceeding V.

Then Volchkov V. [5, Part 5, Chapter 5, assertion (1) of Theorem 5.9|
obtained the following local variant of their result.
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Let V- ={0,v1,...,vn}, A, are motions of the regular n-gon in the disk
B,.

Let R > inf{r > 0 : cl{UN\,V} = B;}. Then set of the functions,
which satisfy the equality

= %Zf (Arv;)
=1

for almost all motions Ag, coincides with a harmonic polynomial of degree
at most n — 1.

In present paper we prove the new similar theorem, which describes
classes of polynomial solutions for homogeneous linear elliptic equations
with constant coefficients on the complex plane. The left hand side of
these equations is representable in the form of the product of some non-
negative operators of complex differentiation. In case of Laplace operator
this theorem coincides with above Volchkov result [5] and hence contains
the all above results of the works [1,...,4]. The analogue of this result for
the circle domains is represented in [6].

The author is grateful to A. V. Pokrovskii for attention to this work.

1. Main results

Let B :={2€C:|z|<R},mneN seNy,n>3 s<m<n+l,
dy, == 2(5 + 4cos %)_1/2 for odd n, d,, := 2(4 + 5 cos? %)_1/2 for even n.
Denote by E(n,m,s) the set of all pairs of integer nonnegative numbers
(k,1), such that the following conditions hold: & < m — s or [ < m;
k<n+sl<n-—s.

Theorem 1. Let R > 0, f € C?"*"%(Bg), r € (0, d,R). Then the
following assertions are equivalent:

1) for all z € Br and o € [0, 27) such that {z +peiotity 4 C Bg we
have the equality

m— n—1

Z p—3) 'plﬁp SOPf(2) = Z(T62a+lm) f(z—i—remH%Tu); (1.1)

= v=0
2) the function f is represented in the form
f)= > i, aueC (1.2)
(k,l)EE(n,m,s)

It follows from the definition of the set E(n,m, s) that functions satis-
fying the condition(1.1) form a finite-dimensional linear space over field C,
whose elements are polynomial solutions of the equation 9" 59" f=0.
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2. Auxiliary results and constructions

Let U € R", ¢ € &'(R") and A,(U) = () Dy, (U). Let di be
T€SO(n)
a dimension (over C) of the vector space of all spherical harmonics of
degree k. We associate with each function f € Lj,.(U) its Fourier series
into spherical harmonics and Fj;,(x) denote the term of the Fourier
series, where F*!(z) = Fy;(z), z € U.
Consider the following Proposition (see p. 34 in monograph [5]).

Proposition 1. Let f € A,(U). Then the following assertions hold.

1) 0f/dxj € Ay,(U) forall j €1,...,n.

2)D;if € A,(U) for alli,jel,.. n.

3) FRle A,(U) forallk € Zy, 1 € 1,...dg. 4) Ifn >3, and f € Lipe(U)
then Fi1, € A (U) for allk € Z, I,p € 1,...,dy.

5)Ifn=2, f € Li,.(U), and

(¢, 9(z1, —22)) = (@, g(z1,22))
for each g € ER™), then Fip, € Ap(U) for allk € Z, l,p € 1,...,dy.

To each function f € C(Bg) we assign its Fourier series

+oo
F)~ Y Tulp)e™, (2:3)

k=—o00

where z = pe’? is the trigonometric form of z,
1 , A
fr(p) = 2/j‘"(pe“f)e—“:kdt (2#0, keZ:={0,£1,%£2,...}).
i

For z = 0 we define the Fourier coefficients by continuity, i.e., fo(0) =
f(0), fx(0) =0 for all integer k # 0.

Formulate the following well-known property of the Fourier coeffi-
cients [5, Part 1, §5.1].

Lemma 1. If f € C®(Bg), then for any k € Z the function f,(p)e™* is
infinitely differentiable with respect to x andy (z = x+iy = pe'¥) and the
Fourier series (3) converges to the function f in the space E(BR), i.e.,
converges uniformly together with its all partial derivatives of arbitrary
order on each compact subset of the ball Bg.

Let vi,..,vym € R™, where v; # vj for 1 <7, 7 < m, i # j and let
e>0. Forv=1,..,mweset Q. ={z €R": |Jv,| —e < |z| < |v,| + &},
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v =1,...,m. In addition, we set H;(U) = spanc{Hx1(U), ..., Dr.q,(U)},
where $;,,(U) = (LlocﬂD;g,l(U)) (I €1,...,dx). Consider the following
Lemma (see theorem 3.1 on p. 250 from the monograph [5]).

Lemma 2. Assume that the functions F, € Lipc(e), v = 1,...,m
satisfy the following conditions:
(1) there exists q € Zy such that

F, € spanc{$H0(e),....99(Q )}

forallv=1,..,m;

(2)

m

ZFy(w +v,)=0

v=1
for almost all x € B;.
Then F, is a polynomial in Q, . for allv =1,...,m.

3. Proof of Theorem 1

Proof. Let R > 0, and r € (0, R) with following property: set of points
U.({z + Teia+i2%}’;;é U {z}) with all such z € Br and a € [0, 2m),
that {z + rei“+i%TV}Z;é C Bg, coincides with the disk Bg. It is clear
that all sufficiently small values r satisfy this condition. Assume that
f € C®(Bg). Let F,(2) = f,(p)e'?¥ is Fourier series g-summand of
the function f(2) (z = 2 +iy = re®?, 0 < p < R, ¢ € Z). Then
F, € C*(BRr) (see Lemma 1), and from Proposition 1 function Fy(z)
satisfies the general mean value condition on polygonals (1.1) for all
z € Bg and «a € [0, 27) such, that {z + rem*i%Ty}ﬁ;(l) C Bg.
Let t, = rei%Ty, v=20,1,...,n—1, t, = 0. Define the functions

Fou(z) ==t Fy(2), v=0,1,...,n—1,

nr2p =
— p—s HP
Fyn(z): pz oo 8)!p!a IPE,(2).

Then we have from (1.1)

n
> 5 Fu(z+1,)=0

v=0

Using for these functions Lemma 2, similarly to constructions on p. 406
of the monograph [5], we obtain, that Fy(z) is a polynomial. Therefore
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it follows from uniqueness theorem that we can consider R = co. Using
again Proposition 1 we conclude that all functions Okgqu(z), k,l € Ny
satisfy general mean value condition on polygons for all z € C and « €
[0, 27). This implies that all elements of the expansion for polynomial
F,(z) in powers z, Z satisfy equation (1.1) for all z and « too.

Suppose that polynomial z*z! satisfies general mean value condition
on polygons. Then all polynomials 2729 with j < k, ¢ < [ also satisfy
this condition. Hence we have from binomial formula that polynomial
2F7! satisfies general mean value condition on polygons if and only if all
polynomials f(z) = 2729 where j < k, ¢ < [ satisfy condition

— n?“2p = nl . - 27U . S 2TV
ST P f(0) = Y (re TR ) fret TR (3.4)
= (p—9)'p! —

This implies that or k¥ < m — s or | < m, because otherwise function
ZMT9Z™ satisfies general mean value condition on polygons, but left side
(3.4) is equal zero and right side is not equal. On the other hand we have
from (3.4), that all functions 2P~%zP, s < p < m satisfy this condition.

Consider the case k + s # [. Then left side of (3.4) equals to zero.
Then we have from geometric progression formula that right side of (3.4)
equals to zero only if (k — [+ s)/n is integer. This implies k + s < n,
[ — s < n, because otherwise for functions 2"~% and z""* left side of (3.4)
is equal zero and right side is not equal. Thus polynomial f(z) := z*Z!
satisfies general mean value condition on polygons if and only if £ < m—s
orl<m,and k<n-—s,l<n+s.

From the above we have statement from our theorem for the function
f € C*°(BRg) and for the following r: A4, := UZ({Z—G-Teia"'iQ%}Z;éU{Z} =
Bpg with all such z € Bg and « € [0, 27), that {z+reia+i27rTu "5 C Bg.
Consider the least upper bond for r.

Let regular n-gon P, C By with the center Oy and the radius r of the
circumscribed circle is a symmetric with respect to axis Ox and has two
vertices on the circle |z| = R in right half-plane. Then we have condition
from geometric considerations for A, = Br. There are

r < 2|00y (3.5)

for odd n, and
r cos% < 2|00+ (3.6)

where |00 | is the Euclidean distance between center O; of n-gon P,
and origin O. Using elementary calculations we have

/ o T T
|00:| = y/R? — r2sin®? — — rcos —.
n n
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Then for odd n we obtain from (3.5):

Lo T T
r<?2 R2 —r2sin®? — —rcos — |,
n n

r (1 —|—2COSE) < 4| R? —rzsinQE,
n \ n

r? <1 + 4 cos T + 4 cos? E) < 4R? — 4% sin® E,
n n n
r? (5 + 4 cos I) < 4R?,
n

—1/2
r<d,R, dn:2<5+4cos%> .

Similarly, for even n we obtain from (3.6)

7r o T T
2rcos — < R2 —r2sin®? — —rcos— |,
n n n

r? <9 cos? © + 4 sin? E) < 4R?,
n n

T\ —1/2

r < dyR, dn:2<4+5cos—> .
n

Thus we proof the Theorem for f € C*°(Bg).
For the general case we for R > 0 and r € (0, d,R) fix g € (0, R)
(r < dp(R — €0)) and real nonnegative function ¢ € C§°(By) such, that

/ /(C p(2) dody = 1.

we(2) =¢™" //c w(z/e) dxdy 0<e<ep.

Using convolution’s standard properties we have, that function

Let

fo(@) = f % pela) = / f(@ - y)pe(y) dy

is defined in the disk Br_., belongs to the class C*°(Bgr_.) and f. — f
for € — 0 uniformly on compact subsets of the disk Br. On the other
hand, we have a proof, that every function f. has the form (1.2). Thus
we justify that function f has this form. O
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