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LOW-CAPACITANCE JOSEPHSON JUNCTIONS

The Josephson effect, as an example of a macroscopic quantum phenomenon, reveals 
itself in the three-layer heterostructures formed by two superconductors coupled by 
a weak link that usually consists of a 1–2 nm-thick insulating barrier. The tradi-
tional way of modelling such-systems’ dynamics is based on an equivalent circuit 
that comprises three parallel elements: a pure superconducting element with a cer-
tain supercurrent-versus-Josephson phase difference dependence, a resistor R, and 
a capacitor C. In this short review, we analyse the practical problem of reducing the 
junction capacitance while maintaining or slightly impairing other characteristics. 
Some arguments are presented to explain why the capacitance should be suppressed 
and how it will affect performance of superconducting quantum interference de-
vices (SQUIDs) and digital electronics circuits. As a solution for low-capacitance 
junctions, we propose a weak link made of an amorphous-silicon interlayer doped 
with nanoscale metallic drops between the two superconducting Mo–Re-alloy elec-
trodes.
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1. Introduction

A conventional Josephson junction is made by sandwiching an ultra-
thin layer of a non-superconducting material between two superconduc-
ting electrodes possessing separate macroscopic wave functions, whose 
phase difference is ϕ (see Fig. 1, a). This elementary (from the first 
sight) device exhibits unique and important features. Brian Josephson 
predicted [1] that electron pairs can flow through the weak link without 
any related voltage drop. The related expression (the first Josephson 
equation) for this DC (direct current) supercurrent being I(ϕ) = Ic sin ϕ 
where Ic is the critical current. When the critical current is exceeded, a 
time-dependent voltage bias develops across the device such that its 
time average follows the second Josephson equation dϕ/dt = 2e 

–
V/ћ. The 

frequency of the AC (alternating current) voltage is about 484 GHz 
at  

–
V = 1 mV. For small-area superconductor–insulator–superconductor 

(SIS) junctions, these two Josephson equations describe completely the 
nonlinear dynamics of Josephson junctions [2].

Although the fundamental nature of superconductivity, and there-
fore that of the junction dynamics, is quantum, in most cases, the Jo-
sephson phase may be treated as a classical continuum variable, especially 
when the temperatures are not too low with respect to the critical 
temperature Tc of the superconducting electrodes. Even more, if a pure 
quantum description is invoked, it is necessary to prove that the results 
obtained cannot be explained in ‘classical’ terms [3]. The modern ‘clas si-
cal’ way of modelling the Josephson systems dynamics is based on an 
equivalent electrical circuit that captures the essential ingredients of a 
real Josephson device. It consists of three elements placed in parallel: a 
resistor R, a capacitor C, and a pure superconducting element with a 
certain supercurrent-versus-Josephson phase difference dependence. 
Such approach, which proved its high efficiency, is usually called as 
‘resistive and capacitive shunted junction’ (RCSJ) model (see Fig. 1).

In this overview, we limit ourselves to this model since the main 
ex periments, we are referring to, were performed on traditional super-
conductors at 4.2 K, when the phase ϕ of a Josephson device is not 
expected to take the attributes of a macroscopic quantum coordinate [3]. 
In the next subsection, we discuss details of the RCSJ model focusing 
on the practical problem of reducing the junction capacitance C while 
maintaining or slightly impairing other characteristics. We present two 
reasons why C should be suppressed and analyse from this viewpoint 
con ventional Josephson sandwiches with insulating (I) or normal-metal 
(N) weak links between superconducting (S) electrodes: SIS or SNS tri-
layer structure, respectively. It is argued that the problem of low 
capacitances cannot be solved within this elemental base and a novel 
solution based on doped semiconductors as non-superconducting inter-
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layers is reviewed in the third subsection. We consider a selection of 
es sen tially prototypical experiments that were carried out with such de-
vices in different laboratories and persuade the readers to make crucial 
steps in this direction. In the fourth subsection, perspectives for practical 
applications of the semiconductor-based Josephson devices are analysed. 
We summarize the main messages of the overview in the conclusion.

2. SIS and SNS Junctions

In Figure 1, we demonstrate a conventional superconductor–insulator–
superconductor (SIS) device proposed by Josephson [1] and an equivalent 
lumped-element circuit model. The junction current reads as [2]

 I = Ic sin ϕ + Iqp(V) + CdV/dt, (1)

where I and V are the current and the voltage bias across the parallel 
combination, C is the device capacitance, and Iqp(V) is the voltage-de-
pendent quasi-particle current. The quantum-phase difference follows 
the second Josephson equation dϕ/dt = 2π 

–
V/Φ0 where Φ0 = h/2e is the 

magnetic flux quantum. For small junctions considered here, the dimen-
sions are less than the Josephson penetration depth so that the phase 
difference ϕ is uniform across the device. The junction is treated as 
being current-biased by the external circuitry. Let us assume that only 
a DC bias is present; thus, in Eq. (1), I = Idc is a constant. 

This equation is nonlinear with nonlinear coefficients. In general, 
the behaviour of the Josephson junction in the voltage state is governed 
by a complex differential equation, which has to be solved numerically 
in most cases. To find the dynamics of the Josephson junction we 
simplify the model by taking the normal resistance R to be constant 
(RCSJ model). The Josephson junction is characterized by the Josephson 
coupling energy EJ = ћIc/2e, the Josephson inductance LJ = ћ/(2e Ic cos ϕ), 

Fig. 1. Three-layer Josephson SIS junction with an insulating 
oxide barrier (a) and its equivalent RCSJ circuit (b) [2]
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and the device resistance R usually taken to be the junction resistance 
in the normal state. This description is indeed an approximation. Never-
theless, the RCSJ model (see Fig. 1, b) results in a still nonlinear but 
tractable differential equation. The equation of motion of the gauge-
invariant phase difference of a Josephson junction is equivalent to the 
motion of a particle, which possesses a mass proportional to the capa-
citance M = C (ћ/2e)2 with a damping coefficient η = (ћ/2e)2/R inverse -
ly proportional to the resistance. A one-dimensional potential U(ϕ) = 
= EJ (1 – cos ϕ – ϕ I/Ic) is known as the tilted washboard potential. 

Within the RCSJ model (Fig. 1, b), the junction operation regime is 
controlled by the McCumber–Stewart damping parameter βc, a product 
of the characteristic Josephson angular frequency ωc = 2eVc/ћ, where 
Vc = IcR, by the decay time τ = RC [4].

 

c
c

2eV RC
β =

ℏ
. (2)

From the derivation of the βc parameter, it appears that non-hys te-
retic I–V behaviour is achieved when βc is less than unity whereas for 
βc > 1 the current–voltage curve will be double-valued. Without any ex-
ternal shunt, R is the device resistance in the voltage range of ope ration 
that is usually limited by eV of the order of the superconducting gap. 
In the subgap region, the resistance of the tunnel SIS junction shown 
in Fig. 1 is huge and, as a result, βc >> 1 [4]. The most popular solution 
leading to single-valued characteristics is to place an external low-resis-
tance normal-metal shunt Rshunt << R in parallel with the jun ction that 
re duces the total resistance R to values appropriate for βc ≈ 1. Unfor-
tunately, such a way results in a considerable complication of the cir-
cuitry design and introduces a parasitic inductance through the junction.

Another possibility is to diminish significantly the SIS junction 
capa citance C, but this is not simple in practice since it weakly depends 
on the oxide-barrier modifications. For Nb/Al–AlOx/Nb junctions, the 
most popular version among the currently known SIS devices, it was 
shown that the specific capacitance Cs is controlled by the device nor-
mal-state resistivity ρN according to the empirical formula Cs = (0.47 − 
− 0.047 log (ρN))

−1 pF/cm2 [6]. As evident, the Cs = cs (ρN) dependence is 
indeed very weak and, even worse, the specific capacitance increases 
when decreasing junction resistivity. The only possibility to suppress 
the total capacitance C is to shrink the SIS junction size but it will 
result in the growth of its resistance R. Therefore, it is necessary to 
look for alternative means to diminish C in order to get rid of the 
hysteresis in the I–V curves, without reducing the product IcR that is 
connected to the switching rate of the device.

Before continuing our discussion concerning possible ways to create 
low-capacitance Josephson junctions, let us emphasize the second reason, 
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for which one needs low-capacitance Josephson devices. From Fi gure 1, 
it is evident that at very high frequencies the capacitance in the circuit 
with a parallel connection starts to shunt the superconducting current 
component due to the reduction of the corresponding reactance inversely 
proportional to C. Hence, to extend the operating frequency range of 
a Josephson junction, its capacitance should be as small as possible. It 
can be realized by replacement of the SIS device with another type 
of Jo sephson device, less resistive and at the same time with smaller 
capacitance.

From the first sight, the simplest way to realize it is to use a normal-
metal weak link [6] instead of the insulating barrier since its resistance 
RN is much lower than Rsg in the tunnel-junction realization, as well as 
its capacitance. In contrast to the sinusoidal dependence in SIS trilayers, 
the supercurrent-phase relation in SNS Josephson devices is a piecewise 
linear function that reflects the proportionality of the superfluid velocity 
with the wave-function phase gradient, but with a 2π periodicity. Due 
to the suppressed McCumber–Stewart damping parameter βc, SNS 
junctions reveal inherently non-hysteretic I–V curves. Moreover, in most 
cases, they also exhibit an extremely small capacitance and thus could 
be incorporated into the RCSJ-like model [7]. Unfortunately, again in 
contrast to SIS devices, quasi-particle excitations from a normal inter-
layer penetrate into the superconducting electrodes, causing suppression 
of superconductivity near SN interfaces. In the dirty case and for con-
ventional normal metals like Au, Ag, Cu, the order-parameter suppression 
can exceed two orders of magnitude at T ≈ 0.5 Tc [7] and it leads to a 
reduction of the high-frequency cut-off by orders of magnitude. This 
proximity effect is weakened with increasing the degree of mismatch 
between the electronic parameters in S and N metals. Hence, to use 
highly resistive weak-link materials is an evident way to diminish the 
impact of an N interlayer on S electrodes. According to estimations [8], 
the resistivity of micrometre-sized SNS junctions should be not less 
than tens of mOhm ⋅ cm while it is ∼10−3–10−2 mOhm ⋅ cm in conventional 
N metals indicated above. The capacitance of such junctions is expected 
to be as low as in trilayers with conventional N metals.

Creating the Josephson SNS junctions with a high-resistive inter-
layer is possible using materials near the metal–insulator transition, with 
a resistivity tuned by adjusting and carefully controlling its stoi chio-
metry. For this purpose, the authors of Ref. [9] proposed epitaxial NbN/
TaxN/NbN trilayers deposited on the lattice-matched MgO substrate. 
Unfortunately, next investigations [8] showed large dispersions in Ic 
and RN values, presumably due to the high sensitivity of the local barrier 
resistivity to TaxN stoichiometry. More prospective Nb/NbxSi1−x/Nb he-
te rostructures with niobium silicide as a high-resistive material near the 
metal–insulator transition have been fabricated and successfully applied 
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at the National Institute of Standards and Technology (U.S.A.) [10]. As 
found, these devices have a wide tunability range through control of the 
barrier composition and thickness [11, 12].

3. Semiconductor­Based Josephson Junctions 
with Low Capacitance

3.1. Proposed Solution

Suppressing the barrier resistance and simultaneously lower the junction 
capacitance is a complicated task. In order to solve it, we have to find a 
technologically acceptable material with a comparatively narrow gap bet-
ween conduction and valence bands and a relatively low permittivity ε 
to reduce the capacitance C. Unfortunately, the dielectric permittivity, 
and hence the capacitance, logarithmically increases with the decrease 
of the forbidden gap [13]. Hence, we should look for a compromise, and 
slightly doped silicon is, in our opinion, an optimal material in this sense.

As shown in the recent paper [14], metal nanoscale clusters with a 
characteristic size compared to the barrier thickness are formed in the 
silicon matrix of doped Si-based barrier obtained by sputtering from a 
composite target (Si + transition metal) due to the self-organization 
effect. Tungsten was used as the transition metal in this case. The 
struc tural analysis showed that both silicon and tungsten are in amor-
phous states with this technique. Therefore, at small doping levels, the 
charge flow across the heterogeneous barrier is locally dependent. It 
rather results from transport through a large number of separate, 
actually one-dimensional, paths than from a uniform current across a 
device cross-section [15–17]. Following this hypothesis, we suppose that 
the main part of the eigenchannels within the hybrid barrier has a very 
low transmission coefficient D << 1 while a very small portion of the 
interface is well transparent with D ≤ 1. The latter, most probably 
‘open’ channels, are distributed more or less uniformly in the form of 
filaments or resonance-percolating trajectories [15] having a diameter 
much less than the superconducting coherence length ξS in the junction 
electrodes, whereas the distance between them exceeds ξS. In this case, 
the proximity effect on the S layers should be tiny and the superconduc-
ting order parameter, even near the N/S interface, is untouched. The 
supercurrent that flows through the low-transparency (and thus tunnel-
like) part of the weak link will follow the Ambegaokar–Baratoff theory 
for SIS sandwiches [18] while the transport of Cooper pairs across high-
transparency eigenchannels that realizes internal shunting is following 
the SNS behaviour [7].

In our previous papers [16, 17, 19], we argued that, in strongly 
disordered systems, the channel conductance G depends on a single 
governing dimensionless parameter Z in a universal way, namely, it is 
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a Lorentzian G (Z) = G0 (1 + Z2)−1 with the conductance quantum G0  = 
= 2e2/h. Let us assume next that Z is a random variable uniformly 
distributed from zero to infinity, i.e. that its probability density follows 
the formula ρ (Z) = 2ћ 

–
G/e2 = const [17] with the disorder-averaged macro-

scopic conductance 
0

( ) ( )G Z G Z dZ
∞

= ρ∫ . With the parametrization D = 

= (1 + Z2)−1, one can transpose ρ (Z) into a distribution of local trans-
parencies D, ρ (D) = ρ (Z) (dZ/dD), and obtain at last the bimodal dis-
tribution [17]

 
2 3/2 1/2

1
( )

(1 )

G
D

e D D
ρ =

−

ℏ
. (3)

A large number of ‘open’ eigenchannels with the transparency D ≤ 1 
would reveal themselves, in particular, in the emergence of an excess 
current Iexc, a constant shift of the superconducting I–V curve towards 
that measured in the normal state at V exceeding ∆/e. The ratio Ic/Iexc 
can be calculated using the universal distribution function (3) and 
compared with the related quantity found experimentally: it provides a 
second way to verify the validity of a universal distribution function. 
For a superconducting junction without barrier (D = 1), Ic/Iexc ≈ 1.2 and 
1.3 at 0 K and 4.2 K, respectively, whereas in the tunnelling limit 
(D << 1), Iexc → 0 and, hence, Ic/Iexc → ∞. Averaging the formula for Iexc 
with the distribution function (3), we get Ic/Iexc ≈1.7 and 2.4 at 0 K and 
4.2 K, respectively [18]. Experimental measurements on five Josephson 
junctions formed by superconducting Mo–Re-alloy electrodes and 
several-tens nm-thick Si interlayer doped by tungsten exhibited a good 
agreement with the theoretical prediction [17].

3.2. Materials Deposition

Very encouraging results on Nb-doped Si–Nb junctions have been also 
obtained in Refs. [20, 21]. In our recent papers [22–24], we have used a 
target consisting of a pure Si wafer and a number of tungsten wires in 
order to form Si tunnel barriers with nanoscale W dopants. The tungsten 
concentration cW in the mixture was changed from 0 to 10 at.%. Ten 
nanometre-thick Si(W) interlayers were deposited by DC sputtering at 
pressure of 0.1 Pa in Ar flow. Transmission electron microscopy revealed 
the self-organized formation of tungsten implants inside the hybrid 
layer [23]. Whereas, in ultra-thin Si(W) interlayers, they formed nano-
clusters, their typical size for a 10 nm-thick barrier was of the order of 
the barrier thickness. These results were confirmed by atomic force 
microscopy measurements. The dependence of the nanoclusters formation 
on the tungsten content was explained by substantial difference between 
normal gradients of Van der Waals forces for metallic tungsten and the 
semiconductor matrix [14]. 
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Our first type of Josephson trilayers with 100 × 100 µm2 area was 
created using a traditional mask technology [22–24]. It was found that 
the product of the critical current and the normal-state resistance 
Vc = IcRN for the MoRe/Si(W)/MoRe junctions rises when the rate of 
simultaneous deposition of Si(W) thin films is increased. Typical Vc 
magnitudes as well as specific capacitance Cs and resistance RN values of 
the MoRe/Si(W)/MoRe junctions agreed well with results obtained in 
Refs. [20, 21] for Nb/Si(W)/Nb junctions. However, we believe that the 
replacement of niobium, an active getter, with the Mo–Re alloy leads to 
an increased stability of Josephson junctions.

The history of the discovery of superconductivity in the Mo–Re 
compound and its subsequent research during 70s and mid-80s of the 
last century was resumed in the introduction of the paper [25]. Super-
conducting properties of the Mo–Re alloy were revealed in systematic 
studies of the critical temperatures Tc of transition metals. As found in 
the 1970s, the maximum Tc in bulk and thin film Mo–Re samples is 
reached in the A15 phase and can be as high as 15 K. It was found that 
in the Mo–Re system, the solubility of interstitial atoms, particularly 
oxygen ones, is low so that such contaminations do not depress super-
conductivity in the Mo–Re alloys [26]. The authors of Ref. [25] found 
that the native oxide of the Mo–Re alloy is grown up to a thickness not 
more than 0.5 nm. The latter value is thinner that the oxides on Mo and 
Re surfaces. In order to form a low-leakage tunnel junction based on 
Mo–Re films, they had to cover it with an Al overlayer and to oxidize it.

Due to mechanical durability and resistance to oxygen, the Mo–Re 
system was proposed as a candidate for microwave cavities (see Ref. [26] 
and references therein). The reasons for such choice is as follows: (i) Tc 
of a Mo1−xRex film is usually higher than that of bulk samples, whatever 
technique is used for its deposition; (ii) due to the presence of the A15 
metastable phase, the maximum Tc ≅ 15 K is obtained for a wide range 
of compositions with x comprised between 2.5 and 6.2; (iii) high depo-
sition temperatures are needed to achieve the maximum Tc value but 
critical temperatures about 11 K can be obtained with depositions per-
formed at about 300 °C; (iv) Mo–Re alloys exhibit a low value of the 
Ginsburg–Landau parameter and consequently rather high critical field 
Hc1 and coherence length. Due to the latter property, they are not very 
sensitive to small imperfections. Using the literature data for lower and 
upper critical magnetic fields in the Mo–Re compound, the authors of 
Ref. [27] estimated values of the coherence length ξ to be up to 100 nm. 
The energy gap ∆ following from tunnelling measurements of the 
M0.6Re0.4 compound [25] is equal to 1.4 meV. Recent study [28] of full 
Mo1−xRex binary phase diagram showed that critical temperatures of 
Mo–Re alloys form three different contiguous superconducting regions. 
Low-temperature electronic specific heat measurements in Ref. [28] 



ISSN 1608-1021. Usp. Fiz. Met., 2020, Vol. 21, No. 1 11

Low-Capacitance Josephson Junctionsv

revealed a fully gapped superconducting state with a moderate electron–
phonon pairing. The unique properties of this system have attracted a 
renewed interest among experimentalists looking for stable and well-
controlled superconducting heterostructures. For example, the authors 
of Ref. [29] studied electronic transport through single molecules with 
superconducting electrodes obtained by combining gold with the mo-
lybdenum–rhenium alloy.

Our new type of Mo–Re-based submicron devices with doped Si weak 
link were fabricated by a combination of conventional optical litho-
graphy, metal deposition and additional focused ion beam milling steps 
[30]. At the first stage, a three-layer MoRe–Si(W)–MoRe structure was 
obtained by magnetron sputtering technique. After that, pads and 5 µm-
wide stripes were patterned with the lithography, and next, we formed 
sub micron-size contacts by ion milling with the ion beam normal to the 
sur face of the layered structure. At the last stage, the side cuts were 
made with the ion beam close to be parallel to the sample surface. Thus, 
the intermediate layer of doped silicon, enclosed between two side cuts, 
played the role of the Josephson-junction barrier through which the su-
percurrent Ic was flowing. Current–voltage characteristics of fabri cated 
junctions were measured over the temperature range from 1.9 to 9.0 K 
in zero applied magnetic field and at B = 70 mT. They have exhibited a 
clear Fraunhofer Ic-versus-B pattern, where symmetry with respect to 
the central maximum indicates the sample homogeneity [30].

Let us now compare specific capacitances Cs = C/A (A is the device 
area) of Josephson junctions with a doped semiconductor barrier with 
those from oxide-based ones practically used in modern superconducting 
quantum interference devices (SQUIDs) [21, 31–35]. Low values of the 
specific capacitance in the case of a Josephson junction shown in the 
last two lines of Table 1 [21, 34, 35] are due to the semiconducting 
barrier between superconducting electrodes that can be as thick as 20–
40 nm, while in conventional oxide-based trilayers, it is of about 1–2 nm. 
In the next subsection, we show that it allows increasing values Rshunt of 
the shunting resistance, the transfer coefficient and the energy sensi-
tivity of SQUIDs by 3–4 times. Even more, using doped semiconducting 
barriers we can create self-shunted Josephson junctions stable in time 
and not affected by thermal cycling.

4. DC and RF SQUIDs 
with Low­Capacitance Josephson Junctions

The superconducting quantum interference device (SQUID) [31] is a 
very sensitive and fast magnetometer based on superconducting loops 
containing Josephson junctions used to measure extremely faint magnetic 
fields. Some recent applications have focused on magnetic-flux measu-
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rements of superconducting quantum bits (qubits) [36] and microwave 
single photon counters [37, 38]. The readout of macroscopic quantum 
states of a single superconducting qubit or that of a system of coupled 
qubits with the minimum back-action caused by the detector remains 
one of the most important engineering issues in quantum informatics. 
Reaching the quantum non-demolition limit is highly desirable for 
quantum computing [39]. It can be realized when the perturbation of 
the quantum state during the measurement does not go beyond that 
required by the measurement postulate of quantum mechanics, so that 
repeated measurements of the same eigenstate lead to the same outcome 
[40]. SQUID circuits are well suited for integration with superconducting 
qubits due to their low dissipation, scalability, compatibility with the 
qubit fabrication process and their operation in a low temperature 
environment.

The aim of this section is to analyse perspectives of low-capacitance 
Josephson junctions with a doped semiconductor barrier [14, 20, 21, 30] 
for improving SQUID characteristics important for a process of quantum 
measurements. In the following, we focus on two main types of SQUIDs: 
DC SQUID operating with a direct current bias and radio frequency (RF) 
SQUID based on the radio-frequency pumping [31].

4.1. DC SQUID

The DC SQUID consists of two Josephson junctions in parallel in a 
superconducting loop with the inductance [31]

 L << LF = (Φ0/2π)2/(kBT), (4)

where Φ0 is the flux quantum as before and LF is the fluctuation 
inductance. The Josephson coupling energy IcΦ0/(2π) should be much 
larger than the thermal energy kBT. If so, then the junction critical 
current Ic strongly exceeds the thermal noise current IT = (2π kBT)/Φ0, 
and it guarantees that the noise rounding of the DC SQUID current–
voltage curve will be very small. Numerical simulations show that the 
condition [40]
 IcΦ0/2π ≈ 20kBT (5)

is sufficient for this aim. In order to eliminate hysteretic electrical 
characteristics and dynamical noise, the McCumber–Stewart damping 
parameter βc (see Eq. (2)) should be less than unity. In SQUIDs with 
conventional SIS junctions, this requirement is usually achieved by using 
external shunt resistors Rshunt ≈ 2 Ohm [39]. However, a shunt with 
Rshunt << R reduces the voltage amplitude of the SQUID signal charac-
teristics, and the shunting resistances can introduce intolerable back 
action that can cause decoherence of qubits. Therefore, the noise gene-
rated by shunting resistors should be sufficiently reduced and/or effec-
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tively decoupled from the flux qubits [36] or from the single photon 
coun ters [14, 37, 38].

In the general case, the DC SQUID circuit is governed by a set of 
time-dependent nonlinear equations that should be solved numerically 
as a function of the McCumber–Stewart parameter βc, the thermal noise 
parameter Γ = (2π kBT)/(IcΦ0), and the screening parameter βL = 2LIc/Φ0 
equal to the geometrical inductance L normalized by the characteristics 
inductance of the Josephson junction. Related numerical simulations in 
the classical limit [39, 40] show that the white noise energy of DC 
SQUIDs has a minimum for βL ≅ 1, βc ≅ 1, and Γ < 0.05 and that the DC 
SQUID maximum response occurs at the time-averaged voltage modu-
lation V(Φex) about IcR. Then, the transfer coefficient is [31]:

 ex/ /V R Lη = ∂ ∂Φ ≈ . (6)

For small signals, the flux noise power spectral density due to ther-
mal current fluctuations reads as [31]

 2( ) 16 /BS f k TL RΦ ≈ . (7)

By using βL = 1 and βc = 1, the white intrinsic energy sensitivity of 
the DC SQUID can be estimated as [40]

 ( )0 c( ) ( )/(2 ) 9 / 2 16B Bf S f L k T I R k T LCΦε = ≈ Φ = . (8)

Thermal noise energy (8) increases with temperature and with the 
LC product of the DC SQUIDs. Equations (6)–(8) suggest that to enhan-
ce DC SQUID performance one should get low-capacitance Josephson 
junctions with the product IcR as large as possible while keeping βc ≤ 1 
and βL ≅ 1. The condition βc = 1 implies that R ∝ C−1/2 and, therefore, 
large values of R require low-capacitance Josephson junctions with a 
doped semiconductor barrier as Nb/Si(W)/Nb [25, 26] and MoRe/Si(W)/
MoRe [14] trilayers. 

4.2. RF SQUID

Low-capacitance self-shunted Josephson junctions based on a doped 
semi conductor barrier can be used for improving RF SQUID noise per-
formance in the ultra-high frequency regime as well. The RF SQUID 
consists of a superconducting loop of inductance L (see Eq. (4)), inter-
rupted by a Josephson junction, with critical current Ic, capacitance C 
and resistance R, coupled inductively with a matching high-quality 
tank circuit LTCT excited by a current generator at the angular frequency 
ω ≅ (LTCT)

−1/2. When an external flux Φex is applied, a screening current 
Is = −Icsinϕ is induced in the loop, whose total flux is finally 
Φ = Φex − LIs. The classical equation of motion for Φ is homologous to 
that of a particle of the mass M = C (Φ0/2π)2 moving with damping R−1 
in a potential U(Φ, Φex) [2]
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 U(Φ, Φex) = (Φ – Φex)
2/2L – (Φ0 I0/2π) cos ϕ. (9)

If the external flux varies slowly in time (RF SQUID with an exci-
tation frequency much lower than R/L), then the equation describing 
stationary SQUID states reads

 ϕ + l sin ϕ = ϕex (10)

with the dimensionless variables ϕ = 2π Φ/Φ0, ϕex = 2π Φex/Φ0, l = 2π LIc/Φ0 
[2]. The quantity l is a fundamental RF SQUID parameter equal to the 
geometrical loop inductance L normalized by the characteristic inductance 
of the Josephson junction. SQUIDs with l < 1 are called non-hysteretic 
ones. Absence of hysteresis on the magnetization curve ϕ (ϕex) means 
that no energy is absorbed by the interferometer, i.e., it can be considered 
as an ideal (without losses) nonlinear reactive element of an inductive 
character [40]. A magnetometer based on such RF SQUID can be used to 
reduce the RF SQUID back action on a measured quantum system.

One can hope that the RF SQUID sensitivity and frequency band can 
yet be improved by increasing the excitation frequency ω. Doing so, the 
normal current through the Josephson junction becomes of great im por-
tance. Retaining the related term, we get the following nonlinear diffe-
rential equation
 exsinq lϕ + ϕ + ϕ = ϕɺ  (11)

with q = ω L/R [2]. It has to be analysed to find the phase trajectory 
within the ϕ (ϕex) plane. As follows from the latter equation, for a small 

Fig. 2. Phase ϕ (ϕex) trajectories for RF SQUIDs obtained as non-stationary solutions 
of Eq. (11) for a traditional SIS junction with a comparatively high capacitance; 
l = 0.5, q = 0.5 (a) and for low-capacitance doped semiconductor-based trilayer; 
l = 0.5, q = 0.1 (b). The amplitude of the ac contribution was fixed to ∼ϕex = 0.025, 
for two different values of the DC term ϕex = 0, 2π, 4π, … (dashed lines) and ϕex = π, 
3π, … (solid lines). Note that the losses, proportional to the area of the ϕ (ϕex) loops, 
are evidently smaller for a low-capacitance device [40]
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ultra-high frequency excitation ∼ϕex(t) = ∼ϕex sin ωt, where ex ex 02 /ϕ = πΦ Φɶɶ  
is the amplitude of the AC contribution to the external flux, the ϕ (ϕex) 
curve approaches an elliptical shape. At l < 1 and arbitrary values of 
q = ω L/R numerical calculations should be performed. Our results for 
SQUIDs based on SIS and MoRe–Si(W)–MoRe junctions demonstrate 
that the presence of a characteristic time of the interferometer flux va-
riations τ = L/R (see Fig. 2) at high ω delays a change in ϕ causing 
thereby the deviation from the stationary solutions (10). As follows from 
Eq. (11), a small periodical excitation ∼ϕex(t) = ∼ϕex sin ωt added to ϕex = 
= const results in the elliptical shape of the ϕ (ϕex) dependence (see Fig. 2).

Therefore, even in the non-hysteretic mode, a fraction of the external 
field energy has to be dissipated by the resistance R. It is quite natural 
for such shunting of the normal current to increase the ultra-high fre-
quency SQUID nonlinearity and to reduce its response to an external 
ma gnetic flux and sensitivity. MoRe–Si(W)–MoRe junctions allow to 
raise values Rshunt of the shunting resistance and characteristic frequencies 
by 4–5 times and respected SQUIDs with low specific capacitance and 
high characteristic frequencies could be applied for improving measu re-
ments of magnetic flux variations for flux qubits and single microwave 
photon counters.

5. Superconducting Digital Electronics 
with Low­Capacitance Josephson Junctions

Another domain that requires ideally low-capacitance Josephson devices 
is superconducting digital electronics based on the generation, transfer 
and storing of magnetic flux quanta, known as single-flux-quan tum 
(SFQ) logic, proposed in 1991 by Likharev and Semenov [41]. In this 
technology, the magnetic flux quantum Φ0 is the physical quantity used 
as a vector for bits. It can take the form of quantized picosecond pulses 
propagating at the speed of light within the solid-state super conductor 
digital circuit, or of a permanent current circulating in a su per conductor 
loop, depending if it is moving or being stored, respec tively. When it is 
moving, the presence of a picosecond pulse passing between two given 
instants, usually fixed by a clock, is defined as a digital ‘1’, while the 
absence of pulse corresponds to a digital ‘0’.

5.1. On the Maximum Speed and Thermal Noise

SFQ logic requires Josephson junctions with non-hysteretic current-vol-
tage characteristics to maximize the speed of circuits and to avoid slow 
relaxation processes. To do so, the Josephson junction should be shunted 
usually by adding externally in parallel a shunt resistor [42]. On the 
other hand, if the shunt resistor value is too low the recombination time 
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of quasi-particles into Cooper pairs is slower and the circuit becomes 
slow again. The best trade-off is obtained for a McCumber–Stewart dam-
ping parameter βc close to 1. In this case, the optimum shunt resis tance 
is given by [43]

 0 0
shunt

c s c

1

2 2
R

A J C I C

Φ Φ
= =

π π
, (12)

where A is the junction area, Jc and Cs are the critical current density 
of the junction and its specific capacitance, respectively. Both parameters 
depend on the junction barrier in an intimate way: Jc is tightly connected 
to the barrier thickness while Cs depends on its physical properties. The 
corresponding ultimate frequency of switching is [43]

 c c shunt c
max

0 s 0 02 2

J I R I
f

C C
= = =

πΦ πΦ Φ
, (13)

where C is the total junction capacitance. It is well known in digital 
electronics that a high Rshunt Ic product is needed to obtain ultrafast cir-
cuits. In practice, it means (see the left term of Eq. (13)) that the cur-
rent density should be very high while the specific capacitance should 
be low. The best case is realized when both conditions are met simul-
taneously.

The McCumber–Stewart parameter given by Eq. (2) can also be 
written under the following form [43]

 c

J0/

RC

L R
β = , (14)

where LJ0 is the Josephson inductance for small currents, corresponding 
to a Josephson junction difference of phase close to 0. It is the ratio of 
two time constants of a parallel RLC circuit. From an electrical point of 
view, there are several ways to obtain the best performance corresponding 
to βc ≈ 1 in digital mode since there are three parameters in the problem: 
R, C, and LJ0. The Josephson inductance is proportional to the inverse 
of the critical current of the junction; it is fixed by noise considerations. 
For reasons close to ones mentioned for SQUIDs in subsection 4.1, the 
ratio of the critical current Ic to the thermal noise current IT should be 
large enough, typically of the order of 500 at 4.2 K in digital electronics 
[41], to avoid unwanted switching of Josephson junctions by thermal 
noise. This condition allows keeping an acceptable bit error rate (BER). 
At 4.2 K, IT ≈ 180 that corresponds roughly to a minimal critical current 
of Ic = 90 µA and a maximum Josephson inductance LJ0 = 3.7 pH. 
Increasing the area of junctions will make them more immune to noise, 
but at the price of a lower integration. This limits in fact the range of 
values accessible to LJ0. As a result, the minimum critical current is 
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fixed, as well as the maximum Josephson junction inductance. Then, 
there are only the capacitance C and the resistance R as free parameters. 
To obtain the maximum speed, both time constants of Eq. (14) should be 
about equal, leading to the determination of the resistance R, whose 
expression is given by Eq. (12). Then, the only remaining free parame-
ter is the junction capacitance C. The optimum resistance value is a 
function of this capacitance, as can be seen in Eq. (12). Noticeably, the 
capacitance is in fact the only free parameter since noise considera -
tions must be taken into account and they constraint the value of the 
critical current largely. That can also be seen with the maximum fre-
quency of Eq. (13).

The current state of the art for robust fabrication processes used in 
digital electronics is based quasi-exclusively on Nb/Al–AlOx/Nb trilayers 
[42, 44–52]. They exhibit specific capacitance typically in the 50–90 fF/µm2 
range, depending on the current density Jc of the Josephson junctions, 
with an empirical non-physical law given by Eq. (15) for THz receiver 
technology [53], and more recent physical laws based on more mea-
surements with Eq. (16) for Hypres Digital Foundry Technology [42], 
Eq. (17) for MIT-Lincoln Laboratory Foundry [48], and Eq. (18) for 
Electrotechnical Laboratory in Tsukuba (Japan) [54], where Jc is in 
kA/cm2 and Cs is in fF/µm2. They are shown in Fig. 3,

 Cs = 50 + 5 (Jc – 1), (15)

 Cs = 1000/(24.7 – 2 ln (10 Jc)), (16)

Fig. 3. Empirical laws giving specific capacitance for different Nb/
Al–AlOx/Nb processes: Paris Obs. process [53], MIT-LL process 
[48], Hypres process [42], and Tsukuba process [54]
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 Cs = 1000/(17.2 – 4.3 log10 Jc), (17)

 Cs = 1000/(20 – 4.3 log10 Jc). (18)

Other barriers have been proposed for digital technology. For in-
stan ce, NbN/MgO/NbN junctions have been developed but they exhibit 
a higher specific capacitance of the order of 130 fF/µm2 [55], which 
ultimately limits the speed of circuits (see Eq. (13)). Consequently, most 
of the work to upgrade fabrication processes has focused on the increase 
of the critical current density with the known robust barriers based on 
Al and Nb oxides. By doing so, the thickness becomes so low that some 
pinholes can be present. Generally, the conduction mechanisms are dif-
ferent from those of a pure insulating thicker barrier (see the discussion 
in Sec. 2). The barrier becomes naturally resistive [46] and the junction 
starts to be self-shunted. This can be of great help to increase the in teg-
ration density by removing the external shunt. In this case, the pertinent 
parameter is RNIc instead of Rshunt Ic. Unfortunately, it is not easy to con-
trol independently the current density and the specific capacitance. The 
very thin barrier for high current densities leads also to dispersion of 
parameters incompatible with the requirements for large digital circuits. 
On the other hand, other self-shunted barriers can be engineered, as those 
based on silicon, which are discussed in Sec. 3. They are consequently of 
particular interest for digital electronics. As stated above, an ideal bar-
rier should simultaneously exhibit a high critical current density and a 
low capacitance. So far, barriers based for instance on Si1−xNbx did not 
achieve yet this objective since their RNIc stayed at modest values below 
0.36 mV [46], while high current density Al–AlOx barriers which can 
achieve RNIc in the 1 to 2 mV range do not exhibit low capacitance. Hen-
ce, the main task is now to engineer new barriers that can simul ta neous-
ly meet both requirements. Figure 4 shows the maximum fre quency for 
digital operation based on Eq. (13) calculated for different current densi-
ties and specific capacitances, considered as two independent parameters. 

The prospects to obtain very low junction specific capacitances of 
the order of 6 fF/µm2 (see Table) is appealing since, even with a lower 

Table. Specific capacitance of Josephson junction barriers

Tunnel junction Barrier Specific capacitance, fF/µm2

Nb/oxide/Nb Nb oxide 100 [31]

Nb/oxide/Nb Mg oxide 80 [32]

Nb/oxide/Nb Al oxide 60 [33]

NbN/Si/NbN amorphous Si 40 [34]

metal/doped Si/metal Si doped with W 6 [21, 35]
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current density of the order of 1 kA/cm2, they could exhibit RNIc pro-
ducts close to 1 mV and work at the same frequency of about 400 GHz, 
like the most advanced Nb/Al–AlOx/Nb process with a current density 
of 20 kA/cm2 [48].

5.2. On the Engineering of Self­Shunted Barriers

The main effect of using intrinsically self-shunted junctions is the sup-
pression of external shunts. This allows reducing the corresponding 
area by one to two orders of magnitude. Doing so, the parasitic inductance 
associated to the external shunt resistor is also suppressed which has a 
positive impact of the circuit performance by reducing the junction 
BER due to noise [56]. Since the nature of self-shunted barriers defines 
simultaneously the critical current, the capacitance and the resistance, 
the free parameter of the external shunt adjusted to reach the maximum 
speed disappears. This implies that the engineering of new barriers must 
tackle this additional issue. In the case of a self-shunted barrier, the 
optimum value of the resistance of Eq. (12) becomes

 0

c s2
t

J C

Φ
ρ =

π
, (19)

Fig. 4. Maximum expected frequency of a digital circuit as a function of the current 
density of a Josephson junction for different specific capacitances. Cs is considered 
independent on Jc. Experimental values of some of the current digital electronics 
fabrication processes are added as markers. Expectations with a low capacitance 
barrier made of silicon doped by tungsten implants are shown as well. The symbols 
correspond to actual fabrication processes: triangle up [42, 45], triangle right [42], 
triangle down [47], triangle left [48], and circles [55]
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where ρ is the barrier resistivity and t is its thickness. This condition is 
to be taken into account to adapt the structure of the engineered 
barrier.

6. Conclusions

In this overview, we have analysed the specific capacitance of Josephson 
trilayers with different types of weak links. The above arguments on 
the example of DC SQUIDs, RF SQUIDs, and digital electronics circuits 
demonstrate practical relevance of reducing the junction capacitance that 
is often ignored in searches for optimal Josephson devices. As a so lution 
of the problem, we have proposed a weak link made of an amor phous 
silicon interlayer doped by metallic nanoscale drops in-between two super-
conducting Mo–Re alloy electrodes. At comparatively small doping levels, 
the charge current across the composed barrier is locally dependent under 
the form of transport through a large number of sepa rate, actually one-
dimensional paths rather than through a uniform cur rent across a device 
cross-section. The supercurrent that flows through the low-transparency 
(and thus tunnel-like) part of the weak link follows the conventional 
theory for SIS sandwiches while the transport of Co oper pairs across high-
 transparency eigenchannels (in fact, internal shunts of the junction) 
follows the SNS behaviour. We must also point out that another practi-
cally acceptable way for controlling resistances and capa citances of 
trilayers with an oxide barrier could be the voltage-induced resistive 
switching effect in ultra-thin transition-metal oxides [57, 58]. Coexistence 
of memristive and meminductive memory effects is impor tant for the 
development of adaptive super conducting devices and circuits [59].
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Äæîçåôñîí³â åôåêò, — ïðèêëàä ìàêðîñêîï³÷íîãî êâàíòîâîãî ÿâèùà, — ñïîñòåð³-
ãàºòüñÿ ó òðèøàðîâèõ ãåòåðîñòðóêòóðàõ, óòâîðåíèõ äâîìà íàäïðîâ³äíèêàìè, 
ñïîëó÷åíèìè ñëàáêîþ ëàíêîþ, ÿêà çàçâè÷àé ñêëàäàºòüñÿ ç ³çîëÿö³éíîãî áàð’ºðó 
òîâùèíîþ ó 1–2 íì. Òðàäèö³éíèé ñïîñ³á ìîäåëþâàííÿ äèíàì³êè òàêèõ ñèñòåì 
áàçóºòüñÿ íà åêâ³âàëåíòí³é ñõåì³, ùî âêëþ÷àº òðè ïàðàëåëüíèõ åëåìåíòè: ñóòî 
íàäïðîâ³äíèé åëåìåíò ç ïåâíîþ çàëåæí³ñòþ íàäñòðóìó â³ä Äæîçåôñîíîâî¿ ð³æ-
íèö³ ôàç, ðåçèñòîð R ³ êîíäåíñàòîð Ñ. Ó öüîìó êîðîòêîìó îãëÿä³ ìè àíàë³çóº-
ìî ïðàêòè÷íó ïðîáëåìó çìåíøåííÿ ºìíîñòè ïåðåõîäó ïðè çáåðåæåíí³ àáî íå-
çíà÷íîìó ïîã³ðøåíí³ ³íøèõ õàðàêòåðèñòèê. Íàâåäåíî äåê³ëüêà àð´ó ìåí ò³â, ÿê³ 
ïîÿñíþþòü, ÷îìó ºìí³ñòü ìàº áóòè çìåíøåíîþ òà ÿê âîíà âïëè âàòèìå íà ïàðà-
ìåòðè íàäïðîâ³äíîãî êâàíòîâîãî ³íòåðôåðîìåòðà. Çàäëÿ âèð³øåííÿ ïðîáëåìè 
ïåðåõîä³â íèçüêî¿ ºìíîñòè ìè ïðîïîíóºìî ñëàáê³ ëàíêè, ñòâîðåí³ ç àìîðôíîãî 
êðåìí³éîâîãî ïðîøàðêó, ëå´îâàíîãî íàíîðîçì³ðíèìè ìåòàëåâèìè êðàïåëüêàìè, 
ì³æ äâîìà íàäïðîâ³äíèìè åëåêòðîäàìè ç³ ñòîïó Mo–Re.
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ÄÆÎÇÅÔÑÎÍÎÂÑÊÈÅ ÏÅÐÅÕÎÄÛ ÍÈÇÊÎÉ ¨ÌÊÎÑÒÈ

Ýôôåêò Äæîçåôñîíà, — ïðèìåð ìàêðîñêîïè÷åñêîãî êâàíòîâîãî ÿâëåíèÿ, — íà-
áëþ äàåòñÿ â òð¸õñëîéíûõ ãåòåðîñòðóêòóðàõ, îáðàçîâàííûõ äâóìÿ ñâåðõ ïðîâîä-
íèêàìè, ñîåäèí¸ííûìè ñëàáûì ñâÿçóþùèì çâåíîì, êîòîðîå îáû÷íî ñîñòîèò èç 
äèýëåêòðè÷åñêîãî áàðüåðà òîëùèíîé 1–2 íì. Òðàäèöèîííûé ñïîñîá ìîäåëèðî-
âàíèÿ äèíàìèêè òàêèõ ñèñòåì îñíîâàí íà ýêâèâàëåíòíîé ñõåìå, êîòîðàÿ âêëþ-
÷àåò â ñåáÿ òðè ïàðàëëåëüíûõ ýëåìåíòà: ñóãóáî ñâåðõïðîâîäÿùèé ýëåìåíò ñ 
îïðåäåë¸ííîé çàâèñèìîñòüþ ñâåðõòîêà îò äæîçåôñîíîâñêîé ðàçíîñòè ôàç, ðåçè-
ñòîð R è êîíäåíñàòîð Ñ. Â ýòîì êðàòêîì îáçîðå ìû àíàëèçèðóåì ïðàêòè÷åñêóþ 
ïðîáëåìó óìåíüøåíèÿ ¸ìêîñòè ïåðåõîäà ïðè ñîõðàíåíèè èëè íåçíà÷èòåëüíîì 
óõóäøåíèè äðóãèõ õàðàêòåðèñòèê. Ïðèâåäåíî íåñêîëüêî àðãóìåíòîâ, ïîÿñíÿþ-
ùèõ, ïî÷åìó ¸ìêîñòü äîëæíà áûòü óìåíüøåíà è êàê îíà áóäåò âëèÿòü íà ïàðà-
ìåòðû ñâåðõïðîâîäÿùèõ êâàíòîâûõ èíòåðôåðåíöèîííûõ äàò÷èêîâ (ÑÊÂÈÄîâ). 
Äëÿ ðåøåíèÿ ïðîáëåìû ïåðåõîäîâ íèçêîé ¸ìêîñòè ìû ïðåäëàãàåì ñëàáûå ñâÿ-
çè íà îñíîâå àìîðôíîãî êðåìíèåâîãî ñëîÿ, ëåãèðîâàííîãî íàíîðàçìåðíûìè ìå-
òàëëè÷åñêèìè êàïëÿìè, êîòîðûå íàõîäÿòñÿ ìåæäó äâóìÿ ñâåðõïðîâîäÿùèìè 
ýëåêòðîäàìè èç ñïëàâà Mo–Re.
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