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OPTOIITUYHI KPUBI KYBIKA YUPHI'AY3EHA
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BuBeneno napameTpuyHi piBHSHHS, SKi ONHUCYIOTh OPTONTHYHI KpuBi KyOiku Uuparaysena. [ToOynosa-
HO iX rpadiky 3a JOIOMOro0 KoMil toTepHol MatemarnyHoi cuctremn MathCAD, nocnmizkeHo BIacTHBO-
cti. [TokazaHo, 0 OpTONTHYHI KpHBi KyOiku UnpHTay3eHa HE OMUCYIOTHCS aireOpaidyHUMH PiBHSIHHIMHU
JPYTOTO TOPSIKY, K BKAa3aHO B JOBiAKOBIil miTeparypi. BuBeneHo HaOmkeHi PiBHAHHS, IO OMHUCYIOTh
opTonThuHi KpuBi KyOiku UnpHray3eHa y 1eKapToBiif CHCTeMi KOOPAUHAT 3 IOCTATHBOIO JUIsl TPAKTHYHOTO

BUKOPUCTAHHSA TOYHICTIO.

KuirouoBi ciioBa: optontuyHa KpuBa, Kybika YupHrayseHa.
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Beryn

Cepen KpMBUX JIiHI, 5SKI YTBOPIOIOTBCS 32 JIOIIOMOTOIO
MIEPETBOPEHHS KPUBHX, 1110 BXKE ICHYIOTb, IIIKABUMH, aJie Ta-
KAMM, IO 3aJMIIAIOThCS e HEIOCTaTHbO BUBYCHUMH, €
I30IITHYHI Ta OPTONTHYHI KpwBi. [3omTHduHa 3amaHoi mIO-
CKO1 KPHBOI — 1€ Taka TPAEKTOPIs MEPEeMIillieHHS B IUTONIHUHI
BepinHA Kyta «« C (0, 7), KoM B OyAb-KOMY MOJOXKCH-
HI CTOPOHM KyTa JOTHMKAlOThCS JI0 33jaaHoi kpuBoi [1, 2].
SIkio KyT npsiMuil (o = 7/2), i30NTHYHA Ha3UBAETHCS Op-
TONTHYHOI0. XO4a i30NTHYHI KPHBI BIIEPIIE OIMCAHO IIE
Ha nouarky XXVIII ct., iM nmpuzineHo HeOIOCTaTHRO yBaru
B JIOBIIKOBIH JiTeparypi Ta B iHTepHeT-pecypcax. s Ga-
raThOX KPHUBUX THI TXHIX 130NTHYHUX Ta OPTONTHYHUX HE
BUSIBJICHO, JIJIS IIIe MEHIIOI KUIBKOCTI HaBEJEHO MareMaTH-
9Hi (opmynn. 30KkpemMa, B JOBITHHUKY [ 1] HaBeneHO piBHSH-
HS I30NITUYHUX KOHIK (KPUBUX 2-TO TIOPSIKY), OPTONTHIHIX
€ITi- Ta TIMOIMKIIOIN, CHHYCOINAbHUX CITipaiel, y JOBiTHU-
Ky [2] — ¢bopMynu OpTONTHYHUX KOHIK Ta JIOrapu(MIuHHX
cripaneii, B [3] — TUIbKM Ha3BaHO THITH 130IITUYHHX Ta Op-
TONITHYHUX JIESIKMX KpUBUX. B iHTEpHET-pecypcax, 1o cTo-
CYIOTBCSl KpUBHUX JiHIA [4-6], mepeBaxHO TEepepaxoBYIOTh
THITM 130NITHIHUX Ta OPTONTHYHUX 0€3 HaBEACHHS (HOpMYIT,
AKMMH X OmHcaHo, Jume B [5] momaHo (GopMynu i30mTH-
YHHUX KOHIK 3 IMOCHJIAHHAM Ha JoBinHUK [1]. B poborax aB-
TOpa JIETAJIbHO JOCHTIHKEHO BIACTUBOCTI 130NTHUYHUX KPH-
BHUX 2-10 mopsaky [7, 8], a TakoX PO3IIAHYTO i30NTHYHI
NeSTKUX TDIOCKUX KpHuBHX 3-T0 1 4-ro mopsnky [9, 10].

Sk mpaBuII0, 130NTHYHI Ta OPTONTUYHI KPHBI ONMUCYIOTH
JIOCTaTHBO CKJIATHUMHU (OPMYyJIaMH i BiTOOpaXKaroTh JOBO-
7 cxmagHuMu Tpadikamu. [IpuKiragoM KpuBoi, Ky MOXHA
OTIMICATH TIOPIBHSAHO MPOCTUMHU (HOPMYIIaMH, Tpadik SKoi 10-
CTaTHBO MPOCTHUH 1 HAOUHUH, € opTonTHYHA KyOikm UmpH-
ray3ena. Kybika UupHray3eHa BU3HAYA€ThCS K KPUBA, IS
sKoi mapabola CIyrye Hoiepoo BiTHOCHO BIIACHOTO (hOKY-
ca. Kpim Toro, BoHa € karakaycTukoro mapadomnu. LlikaBo,
10 TIOBEPXHIO 0OEpPTaHHA ITi€l KPUBOI MOXKHA CIIOCTEpira-
TH y CKJISHII 3 PIIHHOIO, SIKY IIBUAKO ITOMIIIYIOTh JIOKKOIO

[2]. B noBigauky [1] HaBemeHO (OPMYIH, SKHMH OITUCYIO-
TBCSI OPTONITUYHI CHHYCOINaIbHUX clipaiieil. OCKUTBKH Ky-
0ixy YumpHray3eHa MO)KHa BBa)KaTH YacCTKOBUM BHITAJIKOM
CHHYCOINAJILHUX cripajiel, HaBexeHa B [1] ¢opmyna mae
3MOTY ONMCAaTh i OPTONTHYHY SIK KPUBY 2-TO TIOPSZIKY, a
came mapa0oiry. ABTOp TakMif BUCHOBOK CTAaBUTb IiJ CyM-
HiB.

Mertoto 1MofaHoi poOOTH € OCHIHKEHHSI OPTONTHYHHUX
KpHuBHX KyOikn UupHrayseHa.

I. IlapamMerpuuHi PpIBHAHHA OPTONTHYHMX
KPUBHUX KyOiku UupHraysena

Jlnst mockoi KpuBoi, 3a/1aHol B I€KapTOBii cucTeMi Ko-
OpIUHAT MapaMETPUIHUMHU PIBHIHHAMHI

r=v(p), y=up),

130NTHYHI KPUBI MOXKHA OIKCATH NTapaMeTPUYHUMU PiBHSH-
HSIMH, OTPUMaHUMHU B [9],

o BT Y= k1g2 — kaqu )
k1 — ko’ ki—ke
NPUYOMY KyT MiK MOTHYHMMH — TOCTiHA BENMYHHA

a = 1 — P, oe 1 1 B2 — KyTH MiX Biccro abcuuc i Biano-
BIJHO MeEpIIOIO0 Ta APYror AOTHYHUMY; k;= tg(B;)=ul/v},
Ie v;, u; — 3Ha4eHHS QYHKIIH, SKIO © = @;; 1 = 1,2 —
IHJICKCH, 1[0 BiAMOBIIAIOThH NEPIIii Ta qPYTiil JOTHYHIMH,

’

2
U; (K

4 = () F— 2
U v;

3okpema, Ui KyOikn UupHrayseHa, napaMeTpu4Hi piBHSH-
HA sIKOi [2]
_asin(3p/2)
© 2sin®(p/2)’

~acos(3p/2)

© 2sin®(p/2) @

y popmymnax (1) sriguo 3 [9] BemumunnHm k; = tg ; mpudo-
MY @9 = @1 — & + T, a — CTajla BEJIMYUHA, SIKa YUCEIHHO
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OptonTuuHi Kpuei Kybikn UnpHrayseHa

JIOpiBHIOE (HOKANTBHOMY TapaMeTpy napaboiu, 1o € Toje-
poto KyOiku UupHraysena. [TincraBuBiim 3HaueHHs k; Ta q;,
Ko o = 7/2 B cucremy (1), micist mepeTBOpeHs OTpUMa-
€MO TIapaMeTPHYHI PIBHIHHS OPTONTHYHHUX KPUBUX KyOiKd
UupHrayseHa

cos ¢ — sin p 4 sin 2¢
(1 +sing)(1 —cosp)’

r=a

cos ¢ + sin p — cos 2¢p
= . 4
Y a(1+sin<p)(1—cosgp) @

II. BaacTuBOCTi OPTONTHYHHX KPHBHX KYOi-
kM YupHrayseHna

3a pesyneraramu oouncieHs 3a popmynamu (1)—(3), Bu-
KOHaHUX y CEPEIOBHIIl KOMII'IOTEPHOI MareMaTH4YHOI CH-
cremu MathCAD, moGynoBaHo rpadiku i30NTHYHAX KPUBUX
kyOiku UnpHraysena (puc. 1).

v v

e 2N

Puc. 1. I3onTuyni kpuBi KyOiku YupHray3eHa

Ha puc. 1 ToBcTOIO CYLITBHOIO JIIHIEIO MTOKa3aHO Tpadik
KyOiku UwupHray3zeHa, TOHKUMH CYLUIBHHUMH — TiIKA OpPT-
ONTHYHOT KPHBOI, INTPUXOBUMH JIHISIMU — 130NTHYHI KPUBI
3a pi3HHUX 3HaYeHb KyTa . Kybika UupHray3eHa nepeTuHae
Bich abcrmc y mBox toukax — Bepumni A(—0,5a;0) i By-
3noBiit Touni B(4a;0) (puc. 2). Oprontuyna kybiku YupH-
ray3eHa CKJIaJa€eThCs 13 IBOX TiJIOK, CHMETPHYHUX BiTHOCHO
oci x, BepmHY sikux (Touku C' 1 D) po3ramioBaHi 1o pi3Hi
CTOPOHH BITHOCHO BEPILIMHH 1 By3JI0BOi TOUKH KYOiKH, OTHa
3 TLJIOK IOTHKAETHCS 10 KyOiku B 1BOX Toukax E'(5, ba; —a)
i G(5,5a;a) (puc. 2), KOOPAUHATH SIKHX MOXXHA BH3HAYHUTH,
MPUPIBHIBIIN & = v Y = £

KoopamHaTtH TOYOK EpeTHHY OPTONTUIHOI KPUBOI 3 Bic-
cro abcuuc = — BepuuH ABOX ii rijok C' 1 D MOXXKHA BU3HA-

YHUTH, 3aIMCABIIN PIBHAHHSI JOTUYHOI A0 KyOiKd MPsIMOT:
Y —u=—(X—v). %)

me X, Y — npsAMOKyTHI KOOpIAMHATH TOYOK TPSAMOi, JOTH-
gHOi1 0 KyOikm UwmpHaraysena. [[isa mpsmoi, HaxuiaeHol 10
oci abcruc min kytom 45°,

u
i 1. (6)

[pomudepenmiroBaBmy piBHAHHS (4) 1 MACTaBUBIIA B
(6), orpumaemo ctg ¢ = 1, 4oMy BiZlITOBiAAIOTH /1Ba 3HAYCH-
HS KyTa 1 = 7/4, @3 = —3n /4. IligcTaBuBIIY i 3HAYCH-
Hi 'y piBHHHA (5) i Y = 0, miciist nepeTBOpeHb OTpUMae-
Mo X1 = —2a(v/2—1), Xo = 2a(v/2+1). OTxe, Bepmmuu
rinok opronruyHoi — Touku C'(—ac; 0) i D(a(4 + ¢);0), ne

c=2(v/2-1) (puc. 2).

ri
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(/’_f_’_c i 47 _ —
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Puc. 2. I'padix kyOiku UnpHraysena ta il OpTONTHYHUX
KPUBHX

VY cepenoBHIIi KOMIT IOTEPHOI MaTeMaTHUIHOI CHCTEMH
MathCAD ckiageso nporpamy, sika 3 BAKOPUCTaHHAM (op-
Mmyn (3) i (4) Oynye rpadiku xyOiku UmpHray3eHa Ta Bif-
MOBIMHUX TH OPTONTHYHHX KPUBUX Ta OOYHCIIIOE KOOP-
JUHATH iX To4ok. OTpuMaHi 3a pe3yiabraraMu OOYUCIICHB
rpadiku eKCIIOPTOBaHO B KOMIT FOTEpHY TpadiuHy cucTeMy
AutoCAD, B skiii KpuBi JJsi OUTBIIOT HAOYHOCTI HaBene-
HO cruiaiiHaMu. ['padiku kyGiku UupHrayseHa 300pakeHO
Ha puc. 2 CYIUILHUMH JIiHISIMH, a BIAMOBIIHUX T OPTONTH-
YHUX KPUBUX — IITPUXOBHMH.

III. Ha6uau:keHi piBHSIHHSA OPTONTHYHUX KPH-
BUX KYOiku UmpHray3eHa y aekaproBii
CHCTeMi KOOpAMHAT

Ky6ixy UmupHray3eHa MO)KHA BBa)KaTH YaCTKOBHUM BH-
MaJIKOM CHHYCOINAJIBHUX CITipasiei, sSKi OIUCYIOTh IOJISp-
HUM pIiBHSHHAM 7 = a” cos(ny), skuo n = —1/3. 3rigao
3 moBimHWKOM [1] opTromTHYHA CHHYCOiZampHOI cripaii —
TaKOX CHHYCOiJaJlbHa CITipajb, 10 OMHCYETHCS PiBHIHHIM
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p = acos®(¢/k), ne k = (n + 1)/n. lllo6bu 3acymuisatH-
csl y NIPaBWJIBHOCTI i€l (OpMyIH, TOCTaTHBO PO3IVISIHYTH
HaWIPOCTIMNI YacTKOBMH BHMIAJIOK — KOJO, Kolmu n = 1.
Tomi k = 2, a piBHIHHA HOro OPTONTHYHOI 3rimHO 3 [1]
p = acos?(p/2). Ase e PiBHAHHS ONHUCY€E Kapioidy, Toji
SIK OPTONITHYHA KOJIa pajiiyca a — KOHIIEHTPUYHE KOJIO, pajii-
yc sIKoTo nopiBHIOE \/2a. Jlis OpTONTHYHOI KpHBOi KyGiKu
YupHraysena k = —2 i BoHa 3rigHo 3 [1] omucyerbes no-
JAPHUM piBHAHHAM p = a/[cos?(p/2)], To6TO 1e apaboia,
SIKi¥ y TeKapTOBil CHCTEMi KOOPIUHAT BIAIOBIIA€E PiBHIHHS
y? = 4ax. Sk BUAHO 3 pHC. 2, TiNKHM OPTONTHYHOI KyOiKH
YupHray3eHa crpaBlii CXoxi Ha napabouu, aje iX BepIIMHU
pO3TaIlIOBaHi HE B MOYATKy KoopauHar, a B Toukax C' i D,
TOOTO IM MOXKYTh BiJIIIOBiaTH PiBHSIHHS Y2 = —by (z + ac)
ta y?> = ba[z — a(c + 4)]. Kpim Toro, B [9] BUCIOBIEHO
TIPUITYIIICHHS, 10 OPTONTHYHI KpHBi KyOikn UupHray3eHa —
T'UIKK Tinep6oit 3 mapaielTbHUMH aCUMIITOTaMH.

IIpote gocmimkenHs rpadikiB 3acodamMu mapaboTiuyHOT
iHTeprossinii y cepenosumi cucremu MathCAD moxasaio,
IO TUIKH OpTONTHYHOI KyOikn UMpHray3eHa He OIHCYIO-
TBCS PIBHSHHAMHU JIPYTOTO TIOPSIKY, a HAaBiTh PiBHAHHAMH
3-6 mopsakiB. Kpim Toro, BUsBIEHO, MO iX MOXKHA KyCKO-
BO apOKCHUMYyBAaTu MapadosiaMu 3i 3MIHHUMH BEIHYHHAMU
by = bi(x) ta by = ba(x), rpadiky SKUX HPEACTABIECHO HA
puc. 3.

b,

26\
26 \
\ b
—

2

16—
12

0 =

a4+C 30 60 90 120 X

Puc. 3. 3anexHicts Beauuud by ta by Big x

SAx OaumMo, HaBemeHi Ha puc. 3 Trpadiku MOX-
Ha aIpOKCHMYBaTH 3a [OIIOMOTOI0 CTENeHeBOi (yHKIi
b1 2 =2+ my/my™", a HeBinomi KoedimieHTH BHU3HAYUTH
3acobamu iHTepmoaii my; = 0,5; my = 2; mg = 0,01.
OTxe, HaOMMKEHI DPIBHSAHHS, LIO ONHUCYIOTH OPTONTHYHI
KpuBi KyOiku UupHray3eHa B JCKApTOBIM CHCTEMi KOOP.IH-
HAaT, MOKHA 3aIIHCaTH TaK

yi=(2+ Ja(z +¢),

2. 20,011

1

ys = (2— W)a(x—c—@. (7

1 1 1 1
L 20 40 540 \'

Puc. 4. IopiBHsaHAEA rpadikiB OPTONTHIHUX KYOIKH
UwupHray3eHa, MoOyJJOBaHUX 3a JTOTIOMOTOI0 TOYHHX 1
HaOMKeHux GopMyn

Ha puc. 4 cBiIMMH MTPUXOBUMH IHISIMH TOKa3a-
HO Trpadikd OPTONTHYHHX KPUBHUX, IMOOYTOBaHI B CHUCTEMIi
MathCAD 3a nabmmkenumu ¢Gopmynamu (7), a 4JOpHUMHU
MIyHKTUPHUMH JIiHIIMH — Irpadiki OPTONTHYHHX, T00yI0Ba-
Hi 3a TouHUMH (opmyaamu (4), CBITIIMM MMyHKTHPOM ITOKa-
3aHO camy KyOiky UupHraysena. [TopiBHsHHS TpadikiB, no-
OymoBaHHMX 3a TOYHHMH 1 HaOmMmkeHUMH (popMyrnamu, Io-
Ka3ye JOCTATHIO AJSI MPAaKTHIHOTO BUKOPUCTAHHS TOYHICTh
HaOmmwKkeHux (HopMysa, MaKCUMaJIbHE BiAXWJICHHS Ha HEBe-
JMKIA OiasHii He nepesuinye 5%, a Ui MepeBaKHOT Oilb-
HIOCTi TOYOK BOHO MeHiue 3a 1%.

BucHoBkn

BuBeneHno napameTpuyHi piBHSIHHS OPTONTHYHOT KPHBOT
KyOiku YupHraysena, nodynosato ii rpadiku. OprontuuHa
KpuBa KyOikn YupHrayseHa CKIaIaeTbesi 3 IBOX T'UJIOK, CH-
METPUYHHX BITHOCHO OCi aOCIMC, BEPIIMHH SKUX PO3TALIO-
BaHi Mo OOWIBI CTOPOHU BiI BepUIMH KyOiku, OIHA 3 TLIOK
JIOTHUKAETHCS 110 KyOikn y ABOX Toukax. [loka3aHo, mo opro-
NTHYHI KpHB1 KyOikn UnpHray3eHa He ONMUCYIOThCS PIBHSH-
HSIMU JIPYTOr0O HOPSIKY, SIK 3a3Ha4Y€HO Yy JTOBIJKOBIH JiiTepa-
Typi. BuBeneno mpocti HaOMMKeH! piBHAHHS Yy JEKapTOBIii
CHCTEMi KOOpIOHHAT, SKi HAlOTh 3MOTY 3 JOCTaTHbOIO IS
MPAKTUKU TOYHICTIO OyayBaTu rpadikud OpTONTHYHHX KpHU-
BuX UnpHrayseHa Ta JOCIIKyBaTH TXHi BJaCTHBOCTI.
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ORTHOPTIC CURVES OF TSHIRNHAUSEN’S CUBIC

I. Y. Vrublevskyi

Hetman Petro Sahaidachnyi National Army Academy
32, Heroes of Maidan Str., Lviv, 79012, Ukraine

The parametric equations describing the orthoptic curves of Tschirnhausen’s cubic are obtained. Their
graphs are constructed with aid of the computer system MathCAD. The properties of the orthoptic curves
of Tschirnhausen’s cubic are investigated. It is shown that they are not described by the equations of
2nd order as it was proved in existing reference manuals. The approximate equations that describe the
orthoptic curves of Tschirnhausen’s cubic in Cartesian coordinate system are obtained with the sufficient

accuracy for practical use.

Key words: orthoptic curve, Tschirnhausen’s cubic.
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