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METOJ MHOI'OKPATHOT'O UHTET'PUPOBAHUA
JIJIS1 UCCJEIOBAHUS CUCTEM ITPHU ITPOU3BOJLHOM BO3JIENHCTBUA

B pabome paccmampusaiomcs 80npocyl UCNOIb308AHUSL UHMESPATbHO20 Memoda udeHmugpu-
Kayuu OUHAMUYECK020 00bEeKma 6 npoyecce UCCied08anUsi NePexoOHblX NPOYeccos8 Npu NPOU3B0TbHOM
6X0OHOM B030€liCEUU. YCManasIueaemcs 836 Medlcoy pacCMampusaemvbim Memooom u Memooom

naowiaoeltl.

Knrouesvle crnosa: nepexoonoil npoyecc, nepedamodnas QyHKyus, Memoo MHOZOKPAMHO20 UH-

mezpuposanusi, Memoo nioujadell.

Beenenue. M3yuyeHue nepexomHbIX Ipo-
I[ECCOB SIBIISIETCS BEChbMa Ba)KHBIM, TaK KakK JaeT
BO3MOXXHOCTh YCTaHOBHTBH, KaKHM 00pa3oM Je-
dbopMupyroTcs mo GopMe U aMIUIUTYIE CUTHAIbI
MPH TPOXOXKIICHHH UX Yepe3 yCHUINTENH, QUibT-
pBl M JpyrHe YCTPOKMCTBA, MO3BOJSIET BBISIBUTH
MPEBBIIICHUS HAPSYKSHHUS HAa OTIEIbHBIX Yy4acT-
Kax DJIEKTPUYECKOW IeNU, YBEIWYCHHUS aMIUIN-
TyJl TOKOB, a TaK)Xe ONMPENEUTh MPOIOIIKUTEIb-
HOCTh TIEPEXOJHOro Tpoiecca. [IpumeHeHue
OONBIIMHCTBA TMApaMETPUUECKUX METOJ0B MpPH
WCCIICIOBAHUN TIEPEXOHBIX MPOIECCOB HMEET
CYIIECTBEHHBIC OrpaHHyeHus. X MOXHO WuC-
MOJIb30BaTh IS CHCTEM J0 BTOPOrO TOPSIKA M
TOJILKO MpPH CTYNEHYaToM Bo3elcTBHH. Kpome
TOro, onpeaeiieHue KO3 UIMEHTOB epeaaToy-
HOW (YHKIIMH 3aBHCHUT OT TOYHOCTH OTJHEIHHO
B3SITHIX TOYEK KPHBOM IEPEXOAHOr0 IpoIiecca.
WuTerpupoBanre mnepexomHbIX MPOIECCOB IO-
3BOJISIET OMpPENENIATh JUHAMHYECKHE CBOHCTBA

HCIIBITYEMOTI'O o0BeKTa npu IIPOU3BOJILHOM
BXOJIHOM BO3/E€HCTBHH.
IMocTtanoBka mpodaembl. B paborax

[1; 2] npeanmararoTcsi COOTHOIIEHHUS, MO3BOJISIO-
mHe OonpenensaT KodQUIMEHTH JTHHEHHOTO
mrddepeHMaIBFHOrO YpaBHEHHUS THITA

apy " (0 + ...+ ay' () + y(@) = ke(t), (1)
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YcnoBus (2) 03HAYAIOT, YTO HCHBITYEMBIN
00beKT IpH ¢ <0 U f —> 00 JODKEH HAXOIUThCS
B HEHM3MEHHOM CTallHOHAPHOM COCTOSHHH. B
AQHAJIOTUYHOM COCTOSIHHUH, OYEBUIHO, JIOJIKEH
TaKKe HAXOMUTHCSA BXOMHOM curHan x(f). B uH-
TepBasie 0 <¢ < oo MOBEACHHWE BXOIHOI'O CHTHAja
MOJKET OBITh ITPOU3BOJIBHBIM.

B ykasamHoi pabore paccMaTpHBaercs
ciy4daii, koraa x(0) = x(0) = 0 1 COOTBETCTBEHHO
¥(0) = y(0) = 0.

B atoM cnyyae koaddunmeHT ycuieHus
OIIPENENICTCS U3 PABCHCTBA

0

jydt
k=0 . 3)

o0

j xdt

0
Hus  onpenencaus koddduimenta a;
BHaJaJie MHTErpupyercs ypaBHeHue (1) B mpene-
JIax oT ¢ JI0 o0:

~a,y ") —a, "D 1) -

—...—aly(t)+jydt=ijdt ’
t t
a 3ateM ypaBHeHue (4) B mpeaenax ot 0 1o oo:

a = OOL(TT ydi® - kﬁxdﬂ). 5)
jydt 0¢ 0¢
0
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[Tpu BerunceHnn Kod3dPUIMEHTa a, U TIO-
CIICIYIOUIMX JJIsl CHUYKCHMSI MOPSAKA MPOU3BOI-
HOW TIpU ompeaeasieMoM ko3 UIIMEHTE a; 10
HYJICBOT'O BBIMIOJHSETCS /-KpaTHOE MHTEIPUPOBA-
HUe 00enx yacTel ypaBHenus (1) B mpenenax ot ¢
0 oo, a 3aTeM B (/+1)-i pa3 — B mpeaenax ot 0 go
co. B pesynbrare
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Si=[[..[ v,
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Sl(x)=”...j xdt!.
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Heano padoThl SBISETCS IaNbHEHIIEE
pa3BUTHE METO/Ia MHOTOKPaTHOTO MHTErpHupoBa-
HUSI, PACIIUPSIONIEe BO3MOXHOCTH €T0 IpHMe-
HEHHUSI.

Ilepexoannlie mpouecchl mpu x(0) # x(w).
[lepexomapie mpoIecChl MPU  MPOU3BOIHLHOM
BXOJTHOM BO3JICHCTBUM C IPOM3BOJLHBIM YCTaHO-
BHBIIIMMCSI COCTOSIHUEM B Hayayie ¥ B KOHIIE IIPO-
1ecca OTHOCATCST K Oojiee oOIeMy ciydaro DKC-
MIePUMEHTAIHHOTO UCCIIEIOBAHU. AHAIN3 TaKUX
MIPOIIECCOB TPOIIE aHaIM3a MPOIeCCOB, Y KOTO-
poix ¥(0) = y(0), Tak Kak TpedyeT ompenencHus
MEHBIIIEr0 KOJTMIEeCTBa HHTETPAJIOB.

N3 odeBHUIHBIX COOOpaKEHHIH HAaXOIUTCS
KO3(GHUIIUEHT YCUIICHHUS CHCTEMBI

= 2O = y(»)

. 8
x(0) — x(o0) ®
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Jnst onpeneneHusi ocTambHBIX K03ddu-
LIUEHTOB HE0OXOANMO Ipeo0pa3oBaTh ypaBHEHUE
(1). BBenmenme HOPMHPOBAHHBIX IEPEMEHHBIX

x1(2) u y1(?)

n=1-22
5 o
X

x1(2) —1—@

MPH HE CKa3bIBAIOIIEMCsl HA OOIIHOCTH TPEAIo-
noxxenun, uto x(0) = y(0) = 0, mo3BomsieT 3amu-
caTh ypaBHeHue (1) B Bune

a0 + ...+ ayi (1) + 31 (6) = 11 (1) (10)

Benuunnbl xi(0) u yi(0) cormacuo (9)
paBHBI HYJIIO, M 3TO TO3BOJISIET MHTETPHPOBATH
ypaBuenue (10) B nmpenenax ot 0 (uu ¢) 10 oo.

B pesynbraTe MHOTOKpaTHOTO HHTETPHPO-
BaHUS OIPEICISIOTCS IIOCJIEZI0BATEIIBHO
koo dunmenter ypaBHenus: (10), s KOTOPBIX
MOXeET OBITh 3aIMCaHa CIEAYIoMmas peKyppeHT-
Has ¢opmyIia:

-1
a = (D[S = > (D aSp_i (),
(=12

(11)
., Nn).

Omnpenenenue ko3 PUIHEHTOB Nepena-
TOYHOH (yHKIUM C NOJJMHOMOM B YHCJHTEJIE.
UccnenoBanue cucrem Oonee obliero Buaa 3Ha-
YHUTENHFHO YCIIOXKHSIETCS, TaK KaK B 3TOM cCllydae
HE CYIIECTBYET PEKYPpPEHTHOH (QOpMYIbl JUIs
BBIYUCIICHUS KO3 PUIIMEHTOB YUCIUTES M 3Ha-
MeHaTeNs epenaTouHon QyHKIUY.

Hns  onpenenenust n  KoddunreHToB
3HaMeHaTeNsl U m KOd(PQUIIMEHTOB YHCIUTEIS
COCTaBIISIETCSL n+m ypaBHEHHH, CBSI3BIBAIOIINX
ornpezenseMble KOd(P(GUIHUEHTbI ¢ YUCICHHBIMU
3HAYCHUSIMU WHTETPaIoB THITA (7),
BBIYHMCIICHHBIMH T10 JAHHBIM DKCIIEpUMEHTa. B
MOCJIEHUX M YPaBHEHUSX CHCTEMBI Bce m+n
KO3 HUIIHESHTOB CBSI3aHBI OJTHOTHITHBIMHU
3aBHCUMOCTSIMH,  OTJIMYAIONMMHUCS  TOJBKO
MOPSIIKOM UHTETPAJIOB.

CtpykTypa TaKWX CHCTEM YpaBHEHUU
JUIL  TIPOM3BOJIbHBIX  BXOAHBIX  BO3JEHCTBUI
tuna x(0) = x(c0) mpuBeneHa B Tabm. 1, a aus
x(0) # x(o0) — B Tabm. 2.
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Tabauna 1

CTpykTypa cucTeM ypaBHeHU 1Jis1 onpeaeieHus ko3¢ uumuenToB nepeaaTouHoi (PyHKIHUHN ¢ MTOJTUHOMOM B YHCJIMTEIE
npu BXoAHOM Bo3aeiicTBuU THIA X(0)=x(0)

KoadgPpuuuenrs! npu onpeaenseMbix napaMmeTpax

= a a a, by b, b,
= ITpaBsbie yacTn
s = YPaBHEHHUI
i
m -51(7) 0 0 kS1(x) 0 0 kS>(x) = S2(»)
“$200 | 51 0 kSy(x) | kS 0 KS3() = S3(»)
—S, 1) | Sm_2() 8 kS 1(0) | —kSm—2(x) 9 kS py (x) = S, ()
~Su( | Sma() KSp() | ~KSmo1(%) (=)™ kS (x) kS 1(X) = Spp41 (7)
nm [ =S () | Sw) ' K1) | = kS (x) 1)Lk, (x) KSm+2(%) = Sp2(3)
85,1100 | Spm2() 0 KS,-1(¥) | —KSa(®) s kS, (2) = ()
=5, | Su ) DS | KSx) | kS (0) ) e kS 1 ()= Sy1 ()
(1) kSp—m+1(x)
m = Sp+1() Sn(y) -1)"Sy(y) | KSnt1(x) —kSp (%) " kS, o (X) kSp12(x) =Sp42(y)
~Spim ) | Snam1() S 1) KSam(x) | ~KSpym-1(2) ' KS w4 m1(X) = Sy 1 ()

D" kS, 41 ()

MINVINIOdU BHHIUEVdUA V1 BHHVYEOIUITON IHhULVINILVYIN
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Tabnuna 2

CTpyKTypa cucTeM ypaBHEeHHUH /i onpeneaeHUs KO3(hGHUIEHTOB nepeAaToYHOH (PyHKIMH ¢ TOJMHOMOM B YHCJIHTENe

Nnpu BXOAHOM Bo3aeiicTBuu Tuna x(0)#x(co)

Koadgdpuuuenrs! npu onpeaenseMbix napaMmerpax

= a a a, b b, b,
= 5 IIpaBble yacTu
s = YPaBHEHHUI
i
m - S51n) 0 0 S1(x1) 0 0 Sp(xp) =S1(n1)
-S201) Sio) 0 Sa(xp) =5101) 0 S2(x1) = S2(01)
SO | Smo201) 0 Sp-1(x) | ~Sm-2(x1) - Sm-101) = Sm-1 (1)
—Sm (1) Sm-11) S, (x1) = Sp-1(x1) (=D " S1(x) Sy (1) =S, (1)
nm | =Sp1(n) Sm(11) 9 Sm+1(x1) =S (1) 17185 (x) Sm+1(x1) = Spm+1(1)
~Su1 D) | Spma(n1) 0 Spc1() | = Sua(x) (_l)m—l; 1) Sn1(x1) = Sp—1 (1)
=S, (1) Sp-10r1) (=D"S1(»1) Sy (x1) = Sp-1(x1) 1 ! Sp(x1) =S, (»1)
D™ Sp—m+1(x1)
m = Sn+1(r1) Sn(v1) ~1)"Sy(y) | Sn+1(x1) = Sn(x1) " ls, oGy | Snrt (D) T Spr1 (1)
=Spaem WD) | Spam-101) (_l)nSr'n—l(yl) Sn+m(X1) | = Sptm-1(x1) (—l)m_llg,ﬁ_l(xl) Sn+m (1) = Spem (V1)

MINVINIOdU BHHIUEVdUA V1 BHHVYEOIUITON IHhULVINILVYIN
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Jnst Beruucnenus: kKodG UIMEHTOB mepe-
JIaTOYHON (YHKIWH 1O GopMyiam, ToTy4aeMbIM
B KaXX/IOM KOHKPETHOM CJIydae W3 MPUBEACHHBIX
CHCTEM YypaBHEHHUH, IEeNecoo0pa3HO HCIOIb30-
BaTh DBM.

CBsi3b M€T0Ja MHOTOKPATHOI'0 HMHTEr-
pUpOBaHuUs ¢ MeTOA0OM Iuiomaneii. O6a mHTe-
TpaJIBHBIX METoAa — MeToj Iutomanei [3; 4] u
METOJ/I MHOT'OKPATHOTO WHTEIPUPOBAHHS — OIle-
PHUPYIOT C OJHOTHITHBIMH HHTETpajaMH W pelia-
10T OJIHY 3a/1auy — onpeaeieHne Ko3ppuImeHTon
nepenaToyHoi GpyHkuu. [Ipencrapuser naTEpec
YCTAHOBUTH CBSI3b MEXAY OTHMU METOJaMU B
sIBHOU (popme.

[IpeobOpazyeM BbIpakeHHE sl MHOTO-
KpaTHOTO HWHTErpana ¢ MepeMEHHBIM HUKHUM
npenenoM. B pesynbraTe mepBoro HHTErpUpOBa-
HUA 10 yacTsaM uHTerpai Si(y) (7) mpumer Bug

S| ()= j j | v =
t

l 1

0 0 0
=tj...j ydtl‘l|zo+jt
t t 0

B cuiy 3KCHOHEHIIMANIBHOTO XapaKTepa
3aTyXaHus IEPEMEHHOH )y TMEPBOE CllaraeMoe B
HpaBOﬁ qacTu paBHO HYJHO HC TOJIBKO B HUXKHEM,
HO U B BepxHeM mnpezene. [locimenoBaTenbHbBIM
I/IHTerI/IpOBaHI/IeM I10 4acCTiaM BBIpa)KeHI/Ie JJIA
Si(y) cBenmeTcs K BUAY

g2 g2 ®
z(y)—(l 2),jy j(l 2),jy =
R - -1 © 1

2(1—1)!y|0+£(1—1)!

9

ydt=j y
o (D!
HIJIN
0 -1
Si(y)= 1(1—1)!
0

Takum 00pa3om, MHOTOKpaTHbIC MHTErpa-
16l S(y) 1 S)(x) YUCIEHHO paBHBI MOMEHTaM [-TO

ydt =1y . (12)

36

0
j ydt t.
t

MopsAZKa OT COOTBETCTBYIOIMX BenuyuH. OnHa-
KO, B OTJIMYME OT METOoJa IIoUmajeH, 3/1ech Mo-
MEHTHI BBIYUCIISAIOTCS A7l TPOU3BOJIBHOIO (B Ya-
CTHOM CJly4yae CTYIIEHUaTOro) Bo3/eicTBuUS.

VYyureBas paBeHcTBO (12), MOXHO 3amu-
catb pekyppenTtHbie Gopmynsl (6) u (11) B mpy-
roit gpopme:

az=((— 741 () - Z( D a1 ()],

=0 (13)
x(0) = x(o0) = 0;
-1
ar =)' () = > (D am_i()]
=0 (14)
x(0) # x(c0).

U3 pacemotpennus (13) u (14) moxHO cae-
JIaTh BBIBOJl, YTO METOJ IUIOIIANCH SIBISETCA
YaCTHBIM CIy4aeM METO/Ja MHOTOKpPAaTHOTO WH-
TerpupoBaHus. J{elCTBUTENBHO, MPU MOJCTAHOB-
ke B (14) 3HaueHUit MOMEHTOB OT BXOJHOI'O CTY-
MEeHYaTOr0 BO3ICHCTBHUS

rn(x))=0 (=1,2,3,...).
[IpeobOpazoBanHas Gpopmyia s a;

I-1
I-1-i
ap =) (0" am_i(n)
i=0

(15)

COBIQJIaCT C COOTBETCTBYIOIIEH (opMynoil me-
ToJa Iulowmanel (B naHHOM ciyyae y| =1-h u

q1 =ap).

BriBoapl. I'1aBHOE JOCTOMHCTBO METOJA
MHOFOKpaTHOFO HHTCFpHpOBaHI/H[ COCTOHT B TOM,
YTO OH MO3BOJSIET MCCIEAOBaTh IEPEXOIHBIE
Hpoueccm, BbI3BAHHBIC BXOJIHBIM BO3)Z[CI710TBI/ICM
MIPOU3BOJIBHOTO XapakTepa. DTO OYECHb Ba)KHO
MIPH TIPOBE/ICHUH UCTIBITAHUI 00BEKTa B yCIOBU-
aX €ro HOpMaHBHOﬁ SKCHJIyaTaHI/II/I Hu, B 4aCTHO-
CTH, TP HATypHBIX UcHbITaHusIX. Kpome Toro,
JAHHBIA METOJ [I03BOIIET H30€XKaTh IOrpEILIHO-
CTel, CBSA3aHHBIX C HETOYHBIM (UKCHPOBAHUEM
BXOJHOT'0, HaIpuMep, OBICTPO HM3MEHSIOIErocs,
CHUTHAaJlIA.
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THE METHOD OF MULTIPLE INTEGRATION FOR SYSTEM STUDY
IN CASE OF RANDOM EFFECT

One way of calculating of parameters of transfer function with the gain in the numerator of a
linear object that is in invariable stationary state at the beginning and end of the process is multiple
integration of corresponding linear differential equation. The purpose of this study is the further de-
velopment of the method of multiple integration, extending its application.

In the analysis of transient responses for random input effect with a random steady state at the
beginning and end of the process is offered to pre-normalize variables of differential equation, and
then to use recursive formulas derived from multiple integration in the range of 0 (or t) to «.

The study determines the structure of the systems of equations for finding the coefficients of
transfer function with a polynomial in the numerator for input effects of the type of x (0) = x () and x
(0) #x (o).

The link between the above method and the area method has been established. Multiple inte-
grals are numerically equal to the moments of corresponding values. However, unlike the area method
while using the method of multiple integration moments are calculated for a random effect. Thus, the
area method is a special case of the method of multiple integration.

The main advantage of the proposed method is that it allows to explore transient responses
caused by input effect of random nature. The proposed method can be effectively used during object
testing in conditions of its normal operation. In addition, errors due to inaccurate fixation of input, for
example, fast-paced, signal can be avoided.

Keywords: transient process, transfer function, multiple integration method, area method.
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