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Benropockuii rocy1apCTBEHHbINH HAIIMOHAIIBHBIA UCCIIEI0BATEIbCKUH YHUBEPCUTET
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XapbKOBCKHIT y4eOHO-HAyIHBIH HHCTHTYT T'OCYAAPCTBEHHOIO BEICIIIEr0 Y4eOHOTr0 3aBeeHus "Y HuBepcuTeT 6aHKOBCKOTO Jena’

PEIIEHUE KJJACCUYECKHUX YPABHEHUM JIBAKEHUS JIJIS
AHT'APMOHUYECKHUX OCHUAJJISTOPOB CO CTENEHHOMW HEJIMHEMHOCTBIO
HA OCHOBE METOJA JIMHACTEATA-ITYAHKAPE U UX KBAHTOBAHUE

B pabome memoodom Jlunocmeoma-Ilyankape HatioeHbl peuleHus HeIUHEUHbIX OObIKHOBEHHBIX
OughpepenyuanbHblx YpasHeHuil co CMeNneHHOU HEeTUHEUHOCMbIO, GbINOIHEHO UX K8AHMOBAHUE U NOJYYEHbl

. . -1
onepeemuueckue cnexmpol. Co2nacho 3momy memooy peuwienue neaunetinuix ypaenenuti x" +x+o p-x*" =0,
1=4,6,8 wwemcs 6 sude pasnodicenus no cmenexsam HeKOmopo2o napamempa. B pesynsmame nonyuena cucmema

b

CBA3AHHBIX ODOBLIKHOBEHHBIX Oughepenyuanvhbix ypasHeHuu. Bce ee peuiteHus coodepicam 6eIuyumny, Usparouyio
PONb YACMOMbL U 6 PeuleHUsaxX, KpoMe O2PAHUYEHHBIX CAA2aemblXx 603HUKAIOM CeKYJAPHble UYleHbl, KOmopbie
Heo2cpanuyeHHo pacmym 60 epemenu. Ilosmomy cama wacmoma npeocmagisiemcs maxice 8 6Uoe pazioiceHus. no
napamempy, kaxk u pewenus. Ilpu smom uacmoma evibupaemcs max, ymoobvl AHHYIUPOBAMb CEKYIAPHbLIE YIIEHbI.
Hcnonv3ys 3akOH coXpanenusi dHepeuu, 6 peuieHue G800UMC NOAHAS IHepeUs PAacCMAmpudaembvlx CUCHeM

-1
X" +x+au-x?T =0, u=4,6,8. B umoze nonyuaemcs ocpanuuennoe 60 eépemenu pewienue. Jia mak
NOMYUEHHBIX KIACCUYECKUX DPeuleHUll BbINOHAEMC s K8AHMOBAHUe Npu nomowu uszeecmuo2o npasuna bopa-
o " /J—l _
3ommepgpenvoa u onpedenaiomcs SHepeemuveckue CHeKMpbl KAXCOOU cucmemvl X +X+Q X =0,
U=4,6,8 npu ux keanmogo-mexanuueckom paccmMompenuu.
b

Hna smux ce cucmem bINOIHEHA NPoYeoypa HOPMATUAYUU, NOJYYEeHbl KIACCUYeCKUe HOPMAanbHble
@opmuvl Bupkeogha-I'ycmascona u ux xeanmosvle anano2u. [{iia KGAHMOBbIX AHAN0208 HAUOEeHbl PeueHUs yPagHeHull
LIpedunzepa u nonyuenst opmynsl O IHEPLEMUUECKUX CHEKMPO8.

H3-3a mpyooemKxocmu 8ce paciemuvl npogeodeHsl ¢ UCNONb308aHUEM KOMNBIOMEPHBIX CUCHEM CUMBOTbHO-
yucnennvix goryucienutt REDUCE, Maple.

IIpogedeno cpasnenue NOIYUEHHbIX CHEKMPOS C AHANOSUYHBIMU Pe3YIbMAMami, KOmopule 6bIYUCIeHbl HPU
nOMOWU Memooa HOPMANLHLIX POPM U OOHAPYIHCEHO OUEeHb Xopouiee CO2NACue pe3yibmamos, 6bl4UCTIEHHbIX 8
000UX N0OX00aX.

Kurouegvie crnosa: memoo Jlunocmeoma-Ilyankape, uenunelinvie 00bIKHOGeHHble Oughepenyuanvhbie
VDABHEHUS U CUCMEMbL  CO CTNENEHHOU HEUHEIIHOCTNBIO, KBAHMOBAHUE, IHEPeMUYEeCKULl CeKmp.
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THE SOLUTION TO THE CLASSICAL EQUATIONS OF MOTION FOR THE
ANHARMONIC OSCILLATORS WITH A POWER-LAW NONLINEARITY BASED
ON THE OF LINDSTEDT-POINCARE METHOD AND THEIR QUANTIZATION IS

In this work, the Lindstedt-Poincaré method has found solutions of nonlinear ordinary differential
equations with power nonlinearity, their quantization and energy spectra have been obtained. According to this
method, the solution of nonlinear equations is sought in the form of an expansion by degrees of a certain parameter.
The result is a system of coupled ordinary differential equations. All its solutions contain a quantity that plays the
role of frequency and in solutions, except for limited terms, there are secular terms that grow infinitely in time.
Therefore, the frequency itself is also represented as a parameter expansion, as a solution. The frequency is chosen
so as to cancel secular terms. Using the law of energy conservation, the total energy of the systems under
consideration is introduced into the solution. The result is a time-limited solution. For the so-obtained classical
solutions, quantization is performed using the known Bohr-Sommerfeld rule and the energy spectra of each system
are determined by their quantum mechanical consideration.

For the same systems the normalization procedure is performed, classical normal forms of Birkhoff-
Gustavson and their quantum analogues are obtained. For the quantum analogues of the solution of Schrédinger
equations and the formulas for the energy spectra.
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Because of the complexity of all calculations performed with standard computer systems symbolic-numeric
computations REDUCE, Maple.

The spectra obtained are compared with similar results calculated using the normal form method and a
very good agreement of the results calculated in both approaches is found. about

Because of the complexity of analytical transformations all calculations are carried out using computer
systems, symbolic-numeric computations.

Keywords: Lindstedt-Poincare Method, ordinary differential equations with power nonlinearity,
quantization, energy spectra.

ITocTranoBKa NMPodJIEeMBbI

Xopomo W3BECTHO, YTO OOJNBIIMHCTBO, OCOOCHHO HENMHEWHBIX An((EepeHIHaTbHBIX YpaBHEHUI HE

JIOITyCKAIOT pemeHnst B TOYHOM siBHOM Buze [1-5]. ITostomy pa3paGoTaHbl pa3iudHble NPHOIMKEHHBIE, Kak

aHanutHyeckue [5, 6-15], Tak W 4yucieHHble MeToAbl [16] I HaXOXIEHHs peleHui andepeHaIbHbIX

ypaBHeHHd. OJHUM H3 KIACCHUYECKUX METOJOB sBisgeTcs Meton Jlmnmacrenra-Ilyankape, KOTOpPBIA B HAaCTOSIIEH

paboTe mpUMEHSIETCs K UCCIIEJOBaHHIO CIIEAYIOIINX HEJIMHEHHBIX OOBIKHOBEHHBIX IH((epeHInaTbHBIX ypaBHEHUN
BTOPOTO MOpPsiAKA

x"+x+ay-x'u_1:O (1)

)

rae o —napamerp, i =4, 6,8 ; ITPUXH 03HAYAIOT BTOPYIO IIPOU3BOHYIO 10 BPEMEHH.
Vpasuenne (1) mpu g =4 ommceBaer u3BecTHOe ypaBHenue JopduHra, a TaKKe OIHOMEPHBIC

TaMHJIBTOHOBBI CUCTEMBI ¢ (GYHKIUAMH ['aMuIbTOHA!
1
H#=5p2+x2 +ax* =E, 1=4,6,8, @)
rae x(f), p(f) — KAaHOHWYECKH COIPSDKEHHBbIE KOOpAWHATA M HMITYJIbC. 3aMeTHM, 4To (QyHKuuu [amumnbroHa (2)

ONMCHIBAIOT aHTAPMOHUYECKUE OCLHMIUISATOPBI CO CTENEHHON HEITMHEHHOCThIO H=456, 8. Ypasuenue droddunra,
AHTapMOHHMYECKHE OCLHUIUIATOPBI, JOCTATOYHO YaCTO MCHOJB3YIOT B KAayeCTBE TECTOBOM MOIEIU AJISl MPOBEPKH
Pa3INYHBIX TPUOIMKEHHBIX METOJIOB, @ TAKXKE JaHHbIC YPABHEHHUS MPEJICTABIAIOT U CAMOCTOSATEIBHBIA HHTEPEC.
Heap uccienopanus

[To metony JIunacrenra-Ilyankape HaiTH pemeHus: ypaBHeHHH (1), BRIMOTHUTH KBAaHTOBAHHUE MOTyYCHHBIX
KJIACCHYECKUX TPACKTOpUH (HAWTH MOIMyCTHMBIC 3HAUEHWS SHEPTUH E, TO €CTh PHEPreTHHYeCKHi crhextp). s
¢ynkuuii ['amMuibToHa (2) HAWTH KITACCHYECKYI0 HOPMAIIBHYIO ()OPMY. TOCTPOUTH KBAaHTOBBIH aHAJIOT HOPMaJIbHOM
(hOpMBI, C TIOMOIIBIO KOTOPO# Takke HalTH dHepreTHdeckuii criekTp. [IpoBecTH cpaBHEHNE CIIEKTPOB, NOTYUYEHHBIX
B O6OI/IX noaxogax KBaHTOBAHUA.

M310:%eHne 0CHOBHOTO0 MATEPHAJIA HCCIICI0BAHMSA

OcHoBHas wunes Meroaa Jlunacrenra-lIlyaHkape 3akiroyaeTrcss BO BBEJCHMHM HOBOIl He3aBUCUMON

NepPEMEHHOI:

l‘=T(1+6‘0)1+820)2 +..), 3)
rac a)l, 0)2, — IOCTOSAAHHBIC, KOTOPBIC MOXKHO BLI6paTL TaKuUM 06pa30M, 4TOOBI M30aBUTLCS OT CCKYJISIPHBIX

YJICHOB.

Pemenne ypaBaenus (1) crnemyer UCKaTh B BUAE aCHMIITOTHYECKOTO psijia

(e 0]
k
x=x(r,&)= Ze x; (1), G
k=0
B KOTOPOM Bce (GyHKUMU X (7) SIBISIIOTCS IIEPHOAMYESCKUMU C rieprogoM 277/ @ rae @ =1+ gw; + 820)2 +....

>

Janee mepeiinem B ypaBHeHuu (1) k mepemerHoil 7 . Torma momydaem:

d? 5

—2 X _1 dx
(1+sa)1+52a)2 +) —to x=¢f x,(1+ga)1+82a)2 +..) 1=
dr

(6))

dr

O6e dYacTH TIONYYEHHOTO YpaBHEHHWA pa3IoKUM B psAA 1O CTENEeHAM « . 3aTreM NpUpaBHIEM
KO3 GUIMEHTHI IPU OJMHAKOBBIX CTEIICHAX MapamMeTpa. Toria NoxyYuM peKyppPeHTHYO CUCTEMY YPaBHCHHUIA:
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xp +xo =0,
x| +2x0 @) + X =—4ax(3),
n n 2 " 2 (6)
Xy + 2)61 ) +\0p —20)2 xXo + X =—12x0x1,
X3 +2x5 o) + (wlz +2m, )x{' +2(w3 + @@y ) xf + x5 =—12 (xoxl2 + xgxz),
B KOTOPOH HEU3BECTHBIE YUCHA @], W) ,... HAWIYTCS U3 YCIOBUSA OTCYTCTBHS CEKYJIAPHBIX YIEHOB.
[lepBoe ypaBHEHHE JaHHOW CUCTEMBI (6) OyIET UMETh CIICAYIOUIHIA BU/:
2
d*x
20 + a)2x0 =0. (7
dr
Pemras ero, Haxonum x(y (7) = a cos o(r — 7)) .
B nocraBieHHo#t 3ajaue nMeeM CleyIoIUe HadyallbHbIe YCIOBHS:
x(0)=a, x(0)=0. (®)

Hcxozist 3 KOTOPBIX, MOJTy4aeM pelienne: X (7)=a cosar .

Bropoe ypaBHeHHe paccMmarpuBaeMoll cucteMbl (6) Oyner conepxarh (yHKimio f (x)=—12x3x1 u

OyZeT UMeTh CIIeAYIOIIHNN BU/:

d? d
);1 + a)2x1 :—2(01(02 X0 +f(x0,ij ©)
dr

! dr

®ynkuus [ B npapoii yacTu Gy/eT NEPUOMYHA N0 T U UMETh nieprol 277/ @ . Paznoxum Qynkiuio f
B psg Dypee:

f[xo,i;—oj: Z(fnl CoSnT + f, sinnwr). (10)
v n=0

OdeBHIHO, YTO BTOPOE YpaBHEHHE CHUCTEMBI (6) OymeT WMMeTh MEePHOINYECKOe PElIeHHEe B TOM ciydae,
KOTJIa TpaBas YacTh HE COMACPKUT TapMOHUK COS®T u Sinn@7 . CliegoBareibHO, JOKHBI BBIMOIHATHCS

CIEIYIOIEe YCIOBUS:

—2ey0°a+ [ (a)=0, f, (a)=0. a1

W3 ycnosuit (11) maiimem a, ;. Hanee MoxHO Haiitn Xx(7). 3areM U3 CHCTEMBI ypaBHCHMII
nocnegoBarensHo Haxoxum X((7), x1(7), x(r),... pemas Bropoe ypaBHeHHe CHCTeMbI (6) C HadaIbHBIMU
yeaosusimu X1 (0) =0, x1(0) =0.

B pesyibrare penieHus CHCTEMbI ypaBHeHuid (6) 11 (4 = 4 1osy4yaeM pelieHue:
1 3
X =4 (t)=Acos(t—ty)+a| Acos(t —ty) + §A cos(3(t —ty)) |+

2 21 5 3 3 1 5
+a“| Acos(t —ty)+| ——A~ +—A" |cos(3(t —ty))+— A cos(5(¢t —t¢ +
( (t—1p) [ a 2 j (Bt —19)) a (5( 0)))

417 105 3

3 7 5 3
+a’| Acos(t —ty)+| ——A" ——— A~ +— A7 |cos(3(t —ty)) +
( (t—1p) [512 o 1 j (3(t—19))

43 7 5 5 1 7
+|———A" +— A7 |cos(5(t —ty))+——A" cos(7(t—t +
( 1 o j (5(t—19)) =D (7( 0)))
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4 7 7 65 o 1 9
+a ——— A" ———— A7 |cos(7(t —tp)) + A
[( j (7(t—19)) 2006

cos(9(¢t —tn)) +
512 4096 O =10))

2919 7 7797 o 5 3 315 s
+ Acos(t —ty) + A - A +— ———A° |cos(3(t —tp)) +
(t=10) (512 4096 4 64 (=)
15 5 301 4 335 11
+|—A" ——A"+—A4 cosSt—t cos(11(¢ —t¢p)) +
(64 5127 1024 N 0))J 37657 sl =10)

P L7385 o, 2747 A” cos(7(t—t0))+
128 4096 32768
(2919/17_70173 9,15 3 735 5 136113

1006 A° cos(9(t —t(y)) + Acos(t —t(y) +

A2 +=4 A cos(3(t 1)) +
128 4096 8 64 32768

64" 128 10247 32768

Vcnonp3ys HaiiieHHyIO0 KIacCHYecKylo TpaekTopuio (12) mpous3BoamM ee KBAaHTOBAaHHE IIPH ITOMOIIU
ycJoBUsl KBaHTOBaHus bopa-3ommepdenba:

S|

2 1
(@) dr=n+—, (13)
V4 2
rane I —nepuox xonebanwmii, n=0,1, 2,
HonyqaeM YpaBHCHUC OTHOCUTECIIBHO E .B PpE3yJIbTaTC HAXOAUTCHA SHCpFCTH‘{eCKI/Iﬁ CIICKTP:
_ 1 3 1) 51 3 1 3
EFD cpns 20| n?+n+=|-=a?|Zn+n’+—n+>|+
2 2 2 2 4

+%a3(n4+2n3+ln+ IJ 10689 4(32 > +48n* +48n° +24n +6n+1)

27 716) 2048
s(87549 ¢ 267647 5 1313235 4 437745 5 1313235 , 262647 87549
n° + n> + n"+ n’ + n‘ + n+ -
64 64 356 128 1024 1024 4096

63132399 7 21926793 ¢ 65780379 5 109633965 4 109633965 3 65780379 ,
- n + n- + n- + n + n- + n
256 512 1024 2048 4096 8192

21926793 3132399} 7(238225977 g 238225977 7 1667581839 ¢ 16677581839 5 8337909195 4
n+ +a n + n + n + no+ n
16384 32768 2048 512 2048 2048 16384
1667581839 3 16677581839 , 238225977 238225977
+ n + n-+ n+ . (14)
8192 32768 32768 524288

i i EA

OJIyYCHHBIC 3HAYCHUS BHEPIeTHYCCKUX ypoBHEH L (14) cpaBHHBAIOTCSI C pEIIEHHEM 3TOTO

ypaBHEHHsI METOJIOM HopMallbHbIX (opMm Bupkroda-I'ycraBcona Ep_(; , BEIMUCIEHHBIM B pabote [17], a Takxe ¢

pelleHreM 3TOM JKe 3ana4u TpyInod uHiuiickux marematukoB [18]. CpaBHenue pe3ynbratoB st (=4 mpu

a =0,001 npuseneso B Tabn. 1. ITorpemiHOCTH OTHOCHTENBHO PE3yJIbTarToB paboThl [18] BBIUHCIAIOTCS 110
Ef~ Ep ¢

dopmynam:  g[LINDA]=——100%, ¢&[B—-G]=—""—"—100%. Ilomy4yennsic QopMyisl st
Banerjee Banerjee

JHEPreTUYECKUX CIICKTPOB, HAlICHHBIC METOIOM HOPMaJbHBIX (JopM M Ha ocHOBe Merona Jluuacrenra-Ilyankape
MOJIHOCTBIO COBIMAJIAIOT A0 CEABMOI0O MOPSIKa MO Mapamerpy o .
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Tabuuna 1
=4 .
CpaBHeHHE pe3yIBTATOB PHEPTETHIECKOTO CIieKTpa F ,f’ AHTaPMOHMYECKOTO OCIIMILISATOPA CO CTEIIEHHOM

HenuueHocThio (2) wist 1 =4 npu o = 0,001, koTopsIii GbUT BEIYKCIIEH HA OCHOBE MeTo/1a JIMHICTEATa-

Iyankape ¢ pesyabratamu E, . , HallIeHHBIMH C HCIIOJIB30BaHHEM HOpMalbHbIX hopM Bupkroda-I'ycraBcona

[17], a Takke ¢ H3BECTHBIME PE3yINbTATAMH Egyyy0pjpe » BEIMHCICHHBIME B paboTe Banerjee [18]

Ne E,ﬁl:4 Ep_g EBanerjee ELINDA>Y0 EB-G-"0
0 | 1,0007489 1,0007484 1,0007486 0,0000299 0,000027
1 | 3,0033678 3,0037389 3,0037397 0,0123793 0,000027
2 | 5,0093420 5,0097105 5,0097118 0,0073811 0,000027
3 | 7,0182847 7,0186507 7,0186525 0,0052394 0,000027
4 | 9,0301837 9,0305471 9,0305495 0,0040504 0,000026
5 | 11,0450267 11,0453877 11,0453905 0,0032936 0,000026
6 | 13,0628016 13,0631602 13,0631635 0,0027700 0,000026
7 | 15,0834965 15,0838527 15,0838565 0,0005961 0,000025
8 | 17,1070996 17,1074534 17,1074577 0,0020928 0,000025
9 | 19,1335992 19,1339507 19,1339554 0,0018614 0,000025
10 | 21,1629837 21,1633329 21,1633381 0,0016745 0,000024
BruiBoAbBI

HOKaBaHO, YTO MCTOJ HI/IHI[CTCI[Ta-HyaHKapG MOXXHO YCIICHIHO IMPUMCEHUTL JId HAXOXKACHUA peIHeHI/Iﬁ

HEIMHEHHBIX KJIACCHUCCKHUX ypaBHeHI/Iﬁ JABWIKCHUA W NMOCJICAYIOIICTO KBAHTOBAHUA IMOJTYUCHHBIX TAKUM 06p2130M
KIIaCCHYCCKHX TpaCKTOpI/Iﬁ JUTA HAXOXKACHUSA SOHEPICTUYCCKOr'o CIICKTpa COOTBCTCTByIOH.[Cﬁ KBAaHTOBOM CHCTEMEL.
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