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ON A REDUCTION OF A LINEAR HOMOGENEOUS
DIFFERENTIAL SYSTEM WITH OSCILLATING COEFFICIENTS
TO A SYSTEM WITH SLOWLY VARYING COEFFICIENTS IN
RESONANCE CASE

ITTorosier C. A. Ilpo 3BenenHs JiHiliHOT oHOPiAHOT nudepeHiaJbHOI cucTe-
MU 3 KOJUBHUMHU KoedillieHTaMu 10 CUCTEMHU 3 MOBLJIBHO 3MiHHUMH KoedirieH-
TaMM y pe30HAHCHOMY Bumanky. s niniiinol ogmopinsoi mudepeniiansaol cucremu,
KoediIlieHTH K01 300pakyBaHi y BUIVIsI/I aOCOIOTHO Ta piBHOMIpHO 30iKHUX psiaiB Pyp’e
3 MOBLJIHLHO 3MIHHUMH KOeMIiIieHTaMX Ta YacCTOTOI0, OTPUMaHO yMOBH iCHYBaHHsI JIHIHAHO-
IO TIePETBOPEHHS aHAJOTIYHOI CTPYKTYPH, IO 3BOJAUTH IF0 CUCTEMY JI0 CUCTEMHU 3 IOBIJIHBHO
3MiHHEMHI KOeDili€eHTaM1 y HEPE30HAHCHOMY BHUIIAKy Ha ACHMIITOTHUYIHO BEJUKOMY IIPOMiXK-
Ky 3MiHH He3aJIe2KHOI 3MIiHHOI 32 YMOBH HagBHOCTI JeIKUX PE30HAHCHUX CIIiBBIHOIIEHD.
Kuaro4yosi ciioBa: judepeniaabauii, MoBiabHO 3MiHHMIM, psagu Pyp’e.

IIIéromen C. A. O cBemeHNN JIMHENHON OJHOPOAHOM CUCTEMBI C OCIIUJLIINPY IO~
UMy Koa@PUuImueHTaM K CUCTEME C MEIJIEHHO MEHSIOIUMUC KOddPUuimeHTa-
MM B PE30HAHCHOM cJiry4dae. [ljs1 guHeiHON omHOpOaHON nuddepeHnuaabHOl CHCTEMBI,
KO3 DUITUEHTHI KOTOPOi TTPEJCTABUMBI B BHJE aOCOIIOTHO W PABHOMEDHO CXOMSIIUXCH Psi-
noB Pypbe C MEJIEHHO MEHSIOMUMUCT KOI(MMUIIMEHTAMI U 9aCTOTOMH, MOTyYeHbl YCJIOBUS
CYIIIECTBOBAHUS JTUHEHHOTO IPe0OPA3OBAHNS AHAJIOTUIHON CTPYKTYPBI, IPUBOISAIIETO ITY CU-
CcTeMy K CHCTEME C MEeJIJIEHHO MEHAIOMMUMUCS KO3(PDUIMEeHTaMI B HEDE3OHAHCHOM CJIydae Ha
ACHUMIITOTUYECKH OOJIBIITOM MTPOMEXKYTKE U3MEHEHUST HE3aBUCUMOI TIEPEMEHHOM TTPU YCJIOBUHI
HaJINIUsT HEKOTOPBIX PE30HAHCHBIX COOTHOITIEHUIA.

KuaroueBsblie cioBa: auddepeHnnaabHblil, MEeIJIEHHO MEHSIIONUNACS, psiabl Dypbe.

Shchogolev S. On a reduction of a linear homogeneous differential system
with oscillating coefficients to a system with slowly-varying coefficients in res-
onance case. For the linear homogeneous differential system, whose coefficients are
represented as an absolutely and uniformly convergent Fourier-series with slowly varying
coefficients and frequency, conditions of existence of the linear transformation with coeffi-
cients of similar structure, this system leads to a system with slowly-varying coefficients in a
noresonance case in asymptotical large interval of independent variable, are obtained subject
to the availability of certain resonance relations.

Key words: differential, slowly varying, Fourier series.

INTRODUCTION. This paper continues [1], where considered the next linear system
of the differential equations:

Z;’; = (A(t,e) +eA(t,e) + pP(t,e,0))z, (1)

x = colon(zy,...,zy), elements of matrix A(t,e) = diag(A1(¢,€),...,An(t,€)) and
matrix A(t,e) = (a;x(t,€)); 77 in some sense are slowly varying functions, and
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elements of matrix P(t,e,0) = (pjr(t.¢,0)); ,_7v are represented as an absolutely
and uniformly convergent Fourier-series with slowly varying coefficients and frequency:

pjk(tagve)): Z pjk,n(tvg)eine(t’a)a

n—=—oo

df/dt = p(t,e), u — small parameter. In [1] are obtained the conditions of existence
of the transformation of kind
v = B(t,2,6,1)z, )

where structure of matrix ® is analogous of structure of matrix P, which reducing
the system (1) to kind:

& Ao, 3
where elements of matrix A are slowly varying. It was assumed that A;(t,e) —
Ai(t,e) = iwjk(t,e), wir(t,e) € R and |wji(t,e) —ve(t,e)l =2 v >0V v e Z
((5 — k)2 +v? > 0). Means considered the noresonance case. In this paper the analo-
gous problem are solved by the condidtion, that \;(¢,¢) = ir;o(t,€) (r1,...,ry € Z).
Thus we have the case of the resonance between eigenfrequencies w; (¢, ¢) and external
frequency ¢(t,¢).

In what follows we use the denotions and the definitions from [1].

MAIN RESULTS
1. Statement of the Problem.
Consider the following differential system:

X — (Alt,9) + wP(t, 2,000, (@
tte € Gleg) = {t,e : 0 < e < e, —Le! <t <Lt 0< L < +0 },
z = colon(z1,....xn), A(t,e) = (ajr(t.€)); p=tw: ajx € S(m,e0), P(t,e,0(te)) =
(pjk(t,e,0(t,€))); et Pik € F(m,l,e0,0), m,l € NU{0}, m > 2 (the defini-
tions and basic properties of classes S(m,eo) and F(m,l,&0,0) are given in [1]),
p € (0, 10) C RT. We assume that eigenvalues of matrix A(t, ) have a kind ir;jp(t, €),
rj € N,and r; #ri if j # k (j,k =1,N), where ¢(¢,¢) — is a function, which figured
in definition of class F(m,l, ¢,0).

We study the problem of the conditions of existence of the transformation of
kind (2), where ® € F(m*,[,e*,0), which reducing the system (4) to kind (3), where
A(t,e,p) € S(m*,e*) (m* < m, e* < g).

2. Auxiliary results.

Lemma 1. 3 ps € (0,p0), 3 &1 € (0,e0) such that V p € (0,u2), Ve € (0,e1)
exists the transformation of kind

x=Z(te0,u)y, (5)
where Z € F(m —1,1,e1,0), which reducing the system (4) to the form:

d
b= €M (te) + Hi(t,2,0) + uU (L, o) + iV (b 2,60, 1)y, (6)
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where A1 — diagonal matriz with elements from S(m—1,e1), H1 — square matriz with
elements from F(m — 2,1,e1,0), U — square matriz with elements from S(m,e1), V —
square matriz with elements from F(m — 1,1,¢1,0).
Proof. Based on the condition r; # 75 (j # k) and properties of function ¢(¢,¢),
we can state that exists matrix L(t,e) € S(meg) such that Gi?f) |detL(t,e)| > O,
€0

and L™YAL =ip(t,e)A, where A = diag(r1,...,rn). We make in the system (4) the
substitution:

x = L(t,e)x', (7)
where z! — the new unknown N-dimensional vector. We obtain:
1
— = (ip(t, A+ eH(t,2) + pPi(t,=,0))x", 8)
where H = —%L‘ld—g € S(m —1,e9), P = L7'PL € F(m,l,20,6). We increase the

order of smallness with respect parameter € of the off-diagonal slowly varying elements
in matrix of system (8). For this purpose in system (8) we make the substitution:

zt = (E —eQ(t,e))a?, (9)

where (Q);; =0, (Q)jx = 2 (j # k). Then we have: ip(AQ — QA) = H — Ay,

i(rj—7K)e
where Ay = diag((H )11, ... ,](H)NN). Obviously that 3 e; € (0,e9) such that Ve €
(0,€1) the transformation (9) is non-degenerate. As result we obtain:

d 2
= = (ip(t A + e (t,0) + 2 Ho(t2) + puPi(t,2,0) + pePa(t ,0))2, (10)

where Hy = (E — Q) Y (HQ + QAy +e71dQ/dt) € S(m — 2,¢1),
P, = (E - EQ)il(Qpl — PlQ) € F(m - 1,[,8,9).
We make in the system (10) the substitution:

22 = exp(iAd(t,e))z?, (11)
and as result we obtain the system:
da?®
dt
where H; = exp(—iAf)Hpexp(iAf) € F(m—2,1,¢1,0), P = exp(—iAf) Py exp(iAf) €

F(m,l,e1,0), Py = exp(—iA0) Py exp(iAf) € F(m — 1,1,1,0).
Consider the auxilary matrix equation:

w(t,s)aa—\g = P3(t,e,0) — U(t, e, pu) + n(Ps(t,e,0)¥ — VU (t, e, 1)). (13)

= (eAy(t,e) + €2Hy(t,e,0) + uPs(t, e,0) + pePy(t, e, 0))a>, (12)

We show, that for the some choice of matrix U (¢, e, u) and for sufficiently small values
of parameter p the equation (13) has a solution ¥(¢,e, 6, 1), which belongs to class
F(m,l,el,e).
Together with equation (13) we consider equation:
oY

@(t,s)w = P3(t,e,0) — Ul(t,e). (14)
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We set:

(Uo)jk = FO[(P?))jk] = FTj—Tk[(Pl)jk] (.7’ k= 17N)’

o)
Ly [(Ps) k] : )
(\I’O)jk = VZ:OO W exp(we(t,a)) (.77k = 17N)
(v#0)
Obviously Uy € S(m,e1), g € F(m,leq,6), and 3 K; > 0 such that ||\I/0H}(m7181,9) <

K1 l|Psl 5 ey 0)0 100l Fmiey 00 < K1l Psl (e, 0)-
We make in the system (13) the substitution:

U =Uy+pV, U=U+uU, (15)
where \T/, U - the new unknown matrices. We obtain:

o(1,2) 20 = (Pylt,2,0)Wo(1,2,0) — Wolt, &, O)Ui(t,2) — T+

+u(Ps(t,e,0)¥ — WUy (t, &) — Uy(t,e,0)U — pOU). (16)

We construct the next process of successive approximations:

(Uo)jk = Tol(P3Wo — Tolo)i], (17)
(o) = > PADR R v, (19)
o

(Us)jr = (ﬁo)jk + NFO[(PB;E/sfl — U, Uy — VU, g — ,U/\Tjsflﬁsfl)jk]» (19)
(Ta)jk = (Yo)ju+

(P — U Uy — WUy 1 — ¥y 1Us 1)
S Il & )il

exp(ivh), (20)

v=—00
(v#0)

Gk=T,N; s=1,2,3,...)
Obviously, that V s: Ug € S(m,e1), s € F(m,l,e1,0).
We define sets:

= { e Pmle,0): |8 Toliuien<d}

0= { T € Sm,er) € Fm,L,e,0) : [T~ Tolligmie,0) < d }-

Using a technique known contraction mapping principle [2], it is easy to show
that 3 p1 € (0, p0) such that V u € (0,u1) all approximations 0, (s =1,2,3,...)
belongs to set 21, and all approximations 175 belongs to set Qs, and process (18)—
(20) is converge by the norm || - ||}(m)l751)0) to solution W(t,e,6, ) € F(m,l,e1,0) of

equation (16).
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We make in system (12) the substitution:
o® = (B + p¥(t,e,0, 1))y, (21)

where ¥ are defined by formula (15). We obtain the system (6), where matrix V are
defined from equation:

10¥
Obviously 3 pe € (0,u1) such that V pu € (0,u2) equation (22) has a solution
V(t,e,0,u) € F(m —1,1,e1,0).
Lemma 1 are proved.
We write the system (6) in the form:

d ~
d% = (eMs(t€) + p(Uo(t,e) + pU (b, e, ) + e Ha(t,e,0) + peV (L, 0, 1))y.  (23)
Lemma 2. Let the eigenvalues ui(t,e),...,un(t,e) of matriz Uy(t,e) holds:

éfiﬁ> [Re(u;(t,e) —ur(t,€))| >0 (j # k). (24)

Then 3 pus € (0, o), C1 € (0,+00) such that ¥V u € (0, us) exists the transformation
of kind:
y = Lit,e, my?, (25)
where L € S(m—1,e2(n)), e2(p) = Cyp, which reducing the system (23) to the form:
dy2 2

E = ( AQ(t7€7:LL) +5A3(t7€’,u) +% Kl(t,s,u) +52H2(t,€,0,ﬂ)+

+ueVa(t,e, 0, 1))y, (26)

where Ao — diagonal matriz with elements from S(m,ea(p)), As — diagonal matriz
with elements from S(m — 1,e2(p)), Ha — square matriz with elements from F(m —
2,1,e2(p),0), Vi — square matriz with elements from F(m — 1,1,e2(n),0).

Proof. We denote w;(t,e,u) (j = 1,N) — eigenvalues of matrix Up(t,e) +

uU(t, e, ). From the perturbation theory of eigenvalues of matrices [3] and condition
(24) implies that 3 us € (0, po) such that V p € (0, u3) holds:

dnf [Re (7 (t.2,0) = (e, p))| >0 (G # ). (27)

Therefore for these values p exists the matrix Ly (t, €, 1) with elements from S(m, &)
such that Gi%lf) |det Ly (t, e, )| > 0 and
€1

LII(UO + Mﬁ)Ll = A2(t7 &, /”‘) = dlag(al (ta &, /”')a veey aN(ta & M))
We make in system (23) the substitution:

y=Li(t,e, p)y', (28)
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where y' — the new unknown N-dimesional vector. We obtain:

dyt -
% = (uha(t, e, pn) + K (t, e, pn) + 52H1(t,€,9,,u)+
+ueV(t,e,6, 1)y, (29)
where K = Ly 'ALy — L0795 € S(m— 1,6y), Hy = L7 H Ly € F(m —2,1,¢1,0),

V=L7'VL € F(m—1,l,¢1,0).
We make in system (29) the next substitution:

y' = <E - % Q1(t,€,/~t)> y°, (30)

where (Kt )
— _ yEs ) )ik .
(Ql)Jj - 0’ (Ql)jk B aj (t,é’, ,LL) - ﬁk(tﬁv#) (] # k)

@1 € S(m — 1,e1). The transformation will be no-degenerate if the constant Cy in
condition of Lemma will be sufficiently small. Then we obtain the system of kind
(26), in which

Az = diag((K)11,-..,(K)nn) € S(m — 1,e2(n)),

-1
Ki— (E - Ql) (Q1A3 _KQ+ i‘izl) € S(m — 2, e5(u),

1
m:<E—;@> E(E—Z®>Eﬂm—wﬁm&ﬂ

-1
m<E;QQ V<EZQO€FW/LL@Wﬁ)

Lemma 2 are proved.
Lemma 3. Suppose we are given a linear first-order differential equation:
dx

i (pu(t,e) +ealt,e))x +ev(t, e, 0), (31)
where u € S(m,e0), @ € S(m —1,e0), v € F(m—1,1,¢0,0), u € (0, 0). And suppose
that the following conditions:
1) To[v] = 0;
2) Gi(nf) |Re u(t,e)| =~* > 0.

€0

Then 3 p* € (0,u0), 3 C* € (0,400) such that ¥ pu € (0,u*), Ve € (0,e*(u)),

where €* (1) = C*p, the equation (31) has a particular solution x(t,e,0,u) € F(m —
1,1,e*,0), and 3 M € (0,+00) such that

12| Fm—1,1,e%(1),0) < MO Fm—1,1,6%(12),0)-

Proof. By the condidtion 1) of Lemma we expand the function v(t,e,60) in

Fourier-serie:
o0

x = Z 2, (t,€) exp(ivl(t, €)). (32)
w0
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We substitute (32) in (31) and equate the coefficients at exp(iv(t,)). We obtain:

dz,
dt
where o, (t, e, u) = pu(t,e) + ea(t,e) —ive(t, e).
We denote: u* = sup |u(t, )|, o = sup |a(t,e)|. We choose p* € (0, o), C* €
G(eo) G(eo)
(0, +00) so that V p € (0, u*), Ve € (0,C*p)) holds Gi%lf) p(t,e) —pu* —ea* >~ > 0.
€o

Then obviously, that ¥V v # 0 holds

=o0,(t,e, )z, +ev,(t,e), v #£0, (33)

ou(toe ] > ] inf lt,€) — pu* —ca® > i, (34
G(eo)

Let f(t,e) € S(m —1,&¢9). We consider integral:

t ¢
I(te,u)=c¢ / f(r,e)exp /J,,(s,a,u)ds dr, v #0,
£L T

where the sign in the lower limit of integration coincides with the sign of Reu(t,¢).
Let for certainty Reu(t,e) < —v* < 0. We estimate:

t t

L (t,e, )] = |e / f(r,€) exp / ou(s,e,p)ds | dr| <

L T
€

¢ ¢
<e sup |f(te)|e?l” /exp M/Reu(s,e)ds dr <
G(eo) J
¢
<=t sup |7(t,0)] [ exp (-t - 7)) dr =
G(eo)

. L
=t sup (695 (1= e (< (142))) <
G(go) wy €

x 2L u~vy* x
=t sup [f(,0)] -5 (1o (<2220 )) <20 s [rina). ()
G(eo) wy € G(eo)

L
e

The analogous estimation is true in case Reu(t,e) = v* > 0.
Taking into account the estimation (34), we introduce the operators:

D) =5 (%), D)= DO ). D) =,

Consider the following solution of equation (33):

t t T

Z, = exp /a,,(s,e,u)ds cy+/vV(T,5)exp —/Uu(s,s,u)ds dr |, (36)
0

0 :i:%
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where the sign in the lower limit of integration coincides with the sign of Reu(t, ¢),
and the constant ¢, respectively are defined by formula:

+ L
£ m—2
qu (t,e
C, = exp —/cryssu Z —a(utg))) ,
, — v 2 i L

We apply to (36) the m-fold integration by parts. We obtain:

t t

Dm—2 <d;”) :fso(t,au)/Dm*l(vu(T,E))eXP /Uv(s”s’“)ds dr.

T

Using the estimate (35), we obtain the required.

Lemma 3 are proved.

3. Principal Results.

Theorem. Let the eigenvalues ui(t,€),...,un(t,€) of matriz Uy(t,€) satisfy the
condition (24). Then 3 p** € (0, po), C** € (0,400) such that ¥ p € (0, p*),
Ve e (0,e(u)), where e**(u)) = C**p, exists the transformation of kind (2), where
O € F(m—2,1,e** (1), 0), which reducing the system (4) to kind (3), where g(t,e, W) €
S(m —2,e"(p)).

Proof. Based on Lemma 1 we reduce the system (4) to kind (23). Now we
construct the transformation

— (B + p(te,0, 1))z, (37)
which reducing the system (26) to kind:

B (ualtozp) +2ha(tep) + f Ki(ten) + peBltoe )z (38)

where the matrix B(t, e, ;) must be defined. Then for the matrix Z we obtain the
following equation:

az ~ ~ 2
E = A(t75a/~}')Z - ZA(t7€7u) + % HQ(t7€79?M) + 5(‘/1(??;5797/1) - B(taE’M))‘*‘

2
+%(K1(t7s,u)Z —ZK;(t,e,p)) + pue(Valt,e,0,u)Z — ZB(t, e, u))+
+€2H2(t7€a9au)z7 (39)
where A = pAs + A3 = diag(xl, e ,XN).
Together with the equation (39) we consider the truncated equation:
dZy
dt

where the matrix By(t,e, 1) must be defined. We write the equation (40) in the
component form:

= A(t £, ,LL)ZO — Z()A(t7 g, ,LL) + E(Vi(t, g, 9, ,u) - BO(ta & :u))a (40)

d((Zo)jk)

) (e ) o
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+E((V1(t75707/1’))jk - (Bo(tﬂ€7u))jk)7 J;k=1,N. (41)
At first we consider the case j = k. We have:
d((Zy) R
WD) — c((Wit,,0,)51 ~ (Boltoe )ia), 3 =T . (42)

We set (Bo)j; = I'o[(V1);;] (j = 1,N). Then based on the results [1] we can state
that the equation (42) has a particular solution (Zy);; from class F(m — 1,1,e2(n), 6,
and 3 K4 € (0,+00) such that

1(Z0)jj lP(m—1.1.62(0).0) < Kall (V1) g5l Pm—1,1.5(1).0)- (43)
Now let j # k. We write the equation (41) in kind:
d((Zo) k)

7t = (u(ﬁj(t,é', ,u) - ﬂk(ta&ﬂ))‘f‘

Fe((K(t e, 1)) — (K (8 &, 1))wr)) (Zo) i+
+5((V1(t’€a g, ,LL))jk - (BO(taeau))jk)a Jk=1,N, (] # k) (44)
We set (By);x = Lo[(V4)jx] (4,k =1, N; j # k). Then based on (27) the equation (44)
is satisfy to all condidtions of Lemma 3, and according its 3 4 € (0, p1o), C4 € (0, +00)
such that V p € (0, pua), V e € (0,e4()), where e4(u) = Cyp the equation (44) has a
particular solution (Zy)r € F(m —1,1,e4(p),0), and 3 K5 € (0,+00) such that

1(Z0) kIl P(m—11e4(m),0) < E5l(V1)jkll P(m—1,1.4(1).0)-

As performed F(m — 1,1,e4(p),0) C F(m — 2,1,e4(p), then 3 us € (0, o), Cs €
(0,400) such that ¥V pu € (0,us5), V e € (0,e5(1)), where e5(p) = Csp, the equation
(40) has a particular solution Zy(t,e,0, u) € F(m —2,1,e5(u),0), and 3Kg € (0, +00)
such that

1 Zo |l (m—2,1.5 (),0) < 51Vl Fm—2,1.65 (1,0
In this Bo(t, £, ,u) = (FO[(Vl)jk])j,k:ﬁ'

Now we return to the equation (39). Draw the arguments similar to those in the
[1] with using of the method of successive approximations. Then we can state that
3 ps € (0, p0), Cs € (0,+00) such that V pu € (0, p6), V £6(1t)), where e6(u) = Cop,
the equation (39) has a particular solution Z(t,e,0, u) € F(m —2,1,e6(), 0). In this
B(t,e, ) € S(m — 2,e6(1)). Thus the theorem are proved.

CoNCLUSION. Thus, for the system (4) with the oscillating coefficients the suffi-
cient conditions of the existence of the transformation, which reducing this system to
a system with slowly varying coefficients are obtained in a resonance case.
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