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BOUNDARY-VALUE PROBLEM FOR DIFFERENTIAL EQUATION
WITH MIXED RIEMANN—LIOUVILLE DERIVATIVE OF
FRACTIONAL ORDER

Bitiok O. H., Mixaitnenko A. B. KpaiioBa 3agaua ajs audepeHIiajabHO-
ro piBHaAHHY i3 3Mmimmanor noxigHoro Pimana—JliyBinusa apoboBoro nmopsaaky. B
poboTi OTpUMAHO JOCTATHI YMOBU PO3B’I3HOCTI KpaiioBoi 3a1adi /11 audepenIiajbHoro pis-
HSIHHSI, 1[0 MicTUTH Mimany noxinny Pimana-Jliysisis npo6oBoro mopsiiaxy.
KurouoBi caoBa: jgiBocTtoponns 3mimana noxigaa Pimana'"— Jliysimis, npobosumit mopsi-
JIOK, TeOpeMa iCHyBaHHS Ta €IUHOCTI.

Butiok A. H., Muxaitienko A. B. KpaeBas 3ama4da ajis quddepeHiimaaibHOro
YyPaBHEHUsI CO CMEIIaHHOM npou3BoaHoli Pumana—JInyBuiiiist ApoOGHOro rnmopsaka.
B pabore mostydens jocTaTodHble YCJIOBUAS PA3PEIINMOCTH KPAeBOH 3ajadu Jijist Judepen-
[MAJIbHOTO YPABHEHUsI CO CMEIIAaHHOM Mpou3BoiHOM Pumana-JInyBuiuist 1poGHOro mopsijika.
KuaroueBbie ciioBa: JIeBOCTOPOHHSISI CMeIIaHHAasT Mpon3BoaHas Pumana—/Inysunis, 1pob-
HBII TTOPSIIOK, TEOPEMa CyIIeCTBOBAHUS W €IMHCTBEHHOCTH.

Vityuk A. N., Mykhailenko A. V. Boundary-value problem for differential
equation with mixed Riemann—Liouville derivative of fractional order. In this
paper, we find a sufficient condition for solvability of boundary-value problem for differential
equation with mixed Riemann-Liouville derivative of fractional order.

Key words: left-sided mixed Riemann—TLiouville derivative, fractional order, existence and
uniqueness theorem.

INTRODUCTION. Let P = [0,a] x [0,}],0 < a,b < 00,a > 0,8 > 0,7 = (a; 5),0 =
(0;0). By C(P) we denote the space of continuous functions f : P — R with the norm

17 (z,y)llc = max|f(z, y)|-

By AC(P) and L(P) we denote the space of absolutely continuous and summable
by Lebesgue functions f : P — R accordingly. The following expression

ba(z) = ISH(x) = ﬁ / C(@ — (),

where I'(+) is the gamma-function of Euler, is called [1,2] left-sided Riemann—Liouville
integral of order . Let o = [a] + a,m = [a] + 1. Then the expression

Di¢(x) = ﬁ (;;)n/ox(m — )" L (t)dt
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is called [1, §2,p.42],[2, §1.1, p.9] the left-sided fractional derivative of Riemann—
Liouville of order « of function ¢ : [0,a] — R. Left-sided mixed integral and derivative
of order r are defined as follows [1, §24, p.340]:

5. 000) = s / “@ = 0" f(t, gt

2, f(y) = — ) /Oy(y_s)ﬁ—lf(x,s)ds,

T(5)

mx,y) =157 f(a,y) = IS f(2y) = 1,05, f(a,y) =

// )y — s)PLf (¢, s)dsdt,

D, s = ror () [ z(z L

Dg f(z,y) = D§,Df , f(w,y) =

= 1 a"+m n a— m—[—
" T(n—a)-T(m—pB) dz"dy™ / / Yy — )™ P7Hf(t, s)dsdt,

where n = [a]+ 1, m = [§] + 1. Elliptic boundary-value problems with area boundary
conditions are comprehensively studied. First results dedicated to the research of
hyperbolic boundary-value problems with area boundary conditions were obtained in
papers [3-6]. The research of following boundary-value problem

0*z(z,y)

—— > =F 1.1

Aet) — Flay. () (1)
z(i,y) = 2(2,7) = 0,0 < 2,y < 134, = 0,1 (1.2)

began in [3]. In [8] were established that this problem is equivalent to the solution
of some Fredholm integral equation. Based on this equivalence in [7] the numerical
method of solution of this problem was constructed.

In [9] the conditions of existence and uniqueness of solution of differential inclusion

9*z(z,y)

9202 © F(z,y,2(z,y))

that satisfies the conditions (1.2) were obtained and its properties were studied.
In [6] the following boundary-value problem was considered,

*u
awtaye ~ Al yu=12.y), (0 <z <a,0<y<b),
0*u 0%u
w0.y) =ul@0) =0 55| _. = aavy| _, ="
r=aqa y=b
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and for this problem Green’s function G(z,y;t,s) was constructed such that

a b
u(x,y):/o /0 G(z,y;t,8)f(t,s)dsdt.

Let now 0 < a, 8 < L,p= 14+ 1+ 8),¢g = (1 —a;1— ). In [10] the following
boundary-value problem were considered

Dgu(z,y) = F(x,y,u(x,y), Dou(z,y)),
Uq(2,0) = ug(x,b) = ug(0,y) =uq4(a,y) =0,0< 2 <a,0<y <.

The sufficient conditions of existence and uniqueness of solution of this problem were
received. The present paper deals with conditions of solvability of the boundary-value
problem

Déu(z,y) = Flu(z,y)] = F(z,y,u(z,y)), (1.3)
u(z,0) = u(z,b) = u(0,y) =u(a,y) =0;0 <z < a,0 <y <0 (1.4)

MAIN RESULTS.

2. PRELIMINARIES. In this section we introduce notations, definitions and pre-
liminary facts which are used thoughout this paper.

Definition 2.1 ([11]) Continuous function z(x,y) : P — R is called absolutely
continuous if and only if it can be presented as follows

z(z,y) = z1(x) + 22(y) — 2(0,0) + // (t, s)dsdt,

where z1(z) € AC([0,a)), z2(y) € AC([0,b]), v(x,y) € L(P).

Definition 2.2 ([1, §1, p.21]) Function u(x ) J = R,J = [a,b] belongs to the set
AC™(T), if u®)(x) € AC( ), k=0,n—1.

Let D% u(x,y) = aaif(az,f) k=0,1,... (DY, u(z,y) = u(x,y)).

By AC™(P) we denote class of functions v(z,y) : P — R such that D];yv(x, y) €
AC(P),k=(0,n—1).

Lemma 2.1 ([12]) Let 01,09 are any positive numbers and 0 < 7 < 1. Then

lo] — o3| < o1 — o]

Lemma 2.2 Let u(z) € AC([0,a]),v(y) € AC([0,b]) and u(0) = v(0). Then
2(x,y) = u(z) - v(y) € AC(P).
We consider a boundary-value problem

Dy*y(x) = f(2), (2.1)

y(0) = y(a) =0, (2.2)

where f(z) is a measurable function.

For the solution of boundary-value problem we name function y(x) : [0,a] — R, so
that y(z) € C([0,a]),y1-a(x) € AC?([0,a]), satisfies the boundary-value conditions
(2.2) and differential equation (2.1) for almost all z € [0; a.
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Lemma 2.3 ([14]) Let f(x) : [0,a] — R be a measurable function and |f(x)] < M.
Then the solution of boundary-value problem (2.1), (2.2) is represented as follows:

_ /0 " Gl ) f()dt

_@la=t)*~(a(z=t))"

<
G(x,t) = l A L
- a§~;(1+a) » L < t <

where

t<zx

a.

3. Existence of solutions. Consider a boundary-value problem
Du(z,y) = w(z,y), w(z,y) € C(P), (3.1)

u(z,0) =u(zr,b) =0,0 <z < a;u(0,y) =u(a,y) =0,0 <y < b (3.2)

Definition 3.1 Continuous function u(z,y) : P — R, so that uy(z,y) € AC?*(P),
satisfies the boundary-value conditions (3.2) and differential equation (3.1) for (z,y) €
P is called the solution of boundary-value problem (3.1), (3.2).

Lemma 3.1 The solution of boundary-value problem (3.1), (3.2) is represented

as follows
u(z,y) / / (z,y;t, s)w(t, s)dsdt,

where ®(x,y;t,s) = G(z,t) - G(y,

(y(b=2))" —(b(y—s))")

— <s<vy
_ bBs. 1"(1+ 9 X X ¥
TWT(1+8) r(1+5) Y Ss<h

Proof. Assume that u(z,y) is the solution of boundary-value problem (3.1), (3.2)
and

145 __ 1 & -8
v(z,y) = Dy, u(z,y) = T3 (‘3y2/0 (y — s) P u(z, s)ds. (3.3)
As u(0,y) = u(a,y) =0 for y € [0,D] then
v(0,y) =v(a,y) =0,0 <y < b (3.4)

Take into account that u(z,y) is the solution of boundary-value problem (3.1), (3.2).
Then

Dju(z,y) = Dyt Dyt Pu(z,y) = Dy v(x,y) = w(z,y), (z,y) € P.
Consequently at any fixed y € [0, b] function v(z,y) is the solution of the equation
Dyt fv(e,y) = w(z,y). (3.5)

Under lemma 2.3 the solution of boundary-value problem (3.5), (3.4) is represented
as follows

o(@,y) = /0 Gla, yw(t,y) = 5(z,y),y < [0, ] (3.6)
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From (3.3), (3.2) it follows that at any z € [0, a]
Dyt Pu(z,y) = 6(x,y), (3.7)

u(z,0) = u(z,b) = 0. (3.8)

Thereby u(z,y) under lemma 2.3 can be presented as follows

e = | ' Gy 9)3(e,5)ds = / "G ([ Gttt as -
= /Oa /Ob O(x,y;t, s)w(t, s)dsdt.

Consider a boundary-value problem (1.3), (1.4). The solution of this problem is such
a continuous function u(z,y) : P — R that u,(z,y) € AC?*(P) and that satisfies the
condition (1.4) and differential equation (1.3) for (z,y) € P.

THEOREM 3.1 Suppose that function F(xz,y,u) : P X R — R is continuous and
|F(z,y,u)| < M. Then boundary-value problem (1.3), (1.4) is equivalent to the inte-
gral equation

u(z,y) / / (z,y;t,s)F(t, s, u(t,s))dsdt. (3.9)

Proof. Let u(z,y) € C(P) be solution of boundary-value problem (1.3), (1.4).
Then Flu(z,y)] € C(P) and according to lemma 3.1 u(x,y) is represented by (3.9).

Suppose now that u(z,y) € C(P) is the solution of integral equation (3.9) and
let’s prove that u(z,y) is the solution of boundary-value problem (1.3), (1.4). For

(z,y) € (0,a) x (0,b)
o) = g L ) (e 0% = o= 0 (6 -5~

~(b{y — ))°) Flut, s)|dsdi+ / ’ / (@la—t)* ((y(b — ) — (b(y — £))°) Flu(t, s)]dsdi+

/ / z(a—1)* — (a(z — 1)) (y(b — )’ Flu(t, s)]|dsdt+
+/ / (z(a — 1)) (y(b— s))’ Flu(t, s)|dsdt =

1 z §
T abT(1+ a)L(1 + B) [/O /0 (z(a —1))*(y(b— 5))° Flu(t, s)|dsdt—
_/OxAy(z(a_t))a(b(y_s))ﬂF[u(t’S)]dsdt_/om/y(a(z—t))a(y(b—s))ﬁF[u(’fa5)]d5dt+
x yal'f & S B s S a s 8 it
o [ [ ate0r vt Pt s [ [ o) 0057 Pl s asa

—/:/Oy(x(a—t))“( (y—s))?Flu(t, s dsdt7+/ / (a—t)* (y(b—5)) Flu(t, )] dsdt—
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- /O ’ / (a(@ — 1) (y(b — 5))° Flu(t, s)|dsdt+
+ ' / (z(a —t))*(y(b— s))° Flu(t, s)]dsdt (3.10)

In (3.10) the summands are grouped like this: the first, the fifth, the seventh and
the ninth; the second and the sixth; the third and the eighth; the fourth. We receive

a b
a—t)%(b—s)PFlu(t, s)|dsdt—
F(1+5)/0 /0( t)*(b—s)" Flu(t, s)|dsdt

a ya_ «@ —SB u s sdi—
aaF(1+a)r(1+5)/0 /0 (@ =)y — 5)" Flu(t, s)ldsdt

_ %y’
~ a®bPT(1 + «)

u(z,y)

yﬁ x b .
T WD(1 4 a)L(1+ f) /0 /0 (x —t)*(b— )’ Flu(t, s)]dsdt+
. ) ’ — 1) — S8 B u S S
+r(1+oz)r(1+5)/0 /0 (z —1)%(y — )" Flu(t, s)]dsdt. (3.11)

Then we prove that u,(z,y) = I(Sl_a;l_ﬁ)u(x,y) € AC?(P). Direct computation
results

ug(z,y) = zyy — a% /Oy(y -7) (/Oa(a - z)aF[u(z,T)]dz> dr—

x b
_b%/o (x—2) (/0 (b—T)BF[u(z,T)]dT> dz—&—]é?;?)F[u(x,y)] = A — Ay — A3+ Ay,
(3.12)

where

a b
v= /0 /0 (a—t)*(b— s)?Flu(t,s)|dsdt,
122 Flu(a, )] - /0 ’ /0 C e = D)y — ) Flu(t, s)]dsdt.

If ¢(1) = foa(a — 2)*Flu(z,7)]dz, then Ay = % foy(t —7)o(7)dT.

Since ¢(7) € C([0,b]), then [/(y —7)¢(7)dr € AC([0,b]) and by lemma 2.2 Ay €
AC(P). It is obvious that Ay, A3, Ay € AC(P). Consequently, uq(z,y) € AC(P).
Next, prove that Dy, uq(x,y) € AC(P). Really, by (3.12) we receive

Dyyug(z,y) =~ — aia /Oy o(T)dr — biﬁ /0z Y(z)dz + /OI /Oy Flu(t, s)]dsdt,
where .
P(z) = /0 (b — 1) F[u(z,7)]dr.

It is obvious that D,yu4(z,y) € AC(P). Consequently, u,(z,y) € AC?*(P).Applying
(3.11) we will convince that u(z,u) satisfy boundary-value condition (1.4). In addi-
tion, Dyu(z,y) = D3, u(x,y) = Flu(z,y)] for (z,y) € P. Theorem 3.1 is proved.
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THEOREM 3.2 Assume that function F(z,y,u) : P X R — R satisfies conditions
of theorem 3.1 and Lipschitz condition |F(z,y,u) — F(x,y,v)| < Llu — v|, at that

altopl+b . [,
<1
1948 T(1+ o) -T(1+ B)

p:

Then in the area P the unique solution of boundary-value problem (1.3), (1.4) exists.
Proof: For u(zx,y) € C(P) we define operator Tu

u(z,y) / / (z,y;s,t) - F(t,s,u(t,s))dsdt.

Now prove that T : C(P) — C(P). Let w(z,y) = Tu(z,y) and 0 < 1 < 22 < a,0 <
y < b. Then

(2, ) — (a1, y M/ / IG(@a, ) — Glan, )] - |Gly, 5)|dsdt,

at that

b Yy b
/ Gy, 5)|ds = / Gy, 5)\ds + / Gy, 5)|ds = By + By,
0 0 Y

Applying lemma 2.1 we receive

1 Y

Bi=raep p / W= )" = by =) ds < 7 /0 ((b—y)s)"ds <
5.8 yﬁ—O—l ph+1 '
S F1+ﬁ / stds = Gy s 1) ST(r2)

B 1 b 8 1 5, (- y)BH1 pB+1
B~ gty |, W < e [ 0= Gt <t
Consequently,

b 2pB+1
[ttt < .= 2
Now — .
w@ay) —we@nyl < fET (/ G(22, 1) — G(1, t)|dt+

T2 b
+/ ‘G(SCQ,t) —G(I1,t)|dt+/ |G(l‘2, ) (Il, )|dt> EKl —|—K2—|—K3

1

On application of lemma 2.1 we receive

K; < % /0:81 ((wa(a —)* — (z1(a —t))*) + ((a(zg — t))* —

o 2MBa®*(zg —x1)*  2MBa o
(o — o)y ar < ZIECC L o)t BBy
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MB *2 o Py a
KKW/M (3@ — 1) + (@r(w2 — 1) — (z1(a — £)°)\dt <

MB 2 wr o N N .
gaaT(aH)/w (a =)%(a5 —2f) + a®(z2 = )%)dt <

1

MB vz MB
< . « Nt < —— o «
Ry . (2= o)+ (e = 07t < s alan = m0)°+
(xg — ZEl)aJrl MB @ @ 2aM B
< — _ < T .
et STt e o) Falez —o)) < s
MB @ MBa MBa
s (e . @8 < s (6 —00) € g ()
So,
5M Ba
(w(zs, y) —w(z1,y)| < m(ﬁ —z1)”.
By analogy for 0 < y1 < y2 < b,0 < z < b we receive
5M Ab 2q2t1
— < — VA=
lw(z, y2) — w(x,y1)] F(lJrﬂ)(yz y1)”, T2t a)

For e > 0, if |x1 — 2] < 6, |y1 — y2| < 0, where

5 — ma el(1+a) eI(1+5)
— W H0aMB T 106MA )

then |w(z1, y1)—w(z2, y2)| < e. In theorem 3.1 it is proved that if u(z, y) is the solution
of integral equation (3.10), then uy(z,y) € AC?(P). By analogy it is possible to prove
that wy(z,y) € AC?(P).

Consequently, the fixed point of operator T" will be the solution of boundary-value
problem (1.3), (1.4). Next, prove that operator T : C(P) — C(P) is compressive
operator. Let ug(z,y) € C(P),wg(z,y) = Tug(z,y),k =1,2.

Then for (z,y) € P

La®t! . pp+1
s (2, ) — wa(z, )| < 2
40+BT (1 + )T(1 + B)

||u1(1'7y) _UQ(xay)”Ca (313)

since
« bB

a
= <
FTata) CWdsE

Hereby, from (3.13)

[Tu (2, y) = Tuz(z,y)llc < pllua(z, y) — ua(z,9) o,

notably operator T : C(P) — C(P) is compressive operator. Consequently, operator
T has the unique fixed point that will be the solution of boundary-value problem
(1.3), (1.4). Theorem 3.2 is proved.

CoNCLUSION. In this paper was found a sufficient condition for solvability of
boundary-value problem for differential equation with mixed Riemann—Liouville deriva-
tive of fractional order.
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