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ON A ONE CLASS OF THE SOLUTIONS OF THE NONLINEAR
FIRST-ORDER DIFFERENTIAL EQUATION
WITH OSCILLATING COEFFICIENTS

ITToroser C. A. IIpo oaun KJac po3B’si3KiB HeJIiHilTHOro nudepeHIiaJIbHOro
PiBHSIHHSI IIE€PHIOro HNOPSAAKY 3 KOJUBHUMU Koedinientamu. [ia meniniitaoro gu-
depeHIliaIbHOTO PIBHSIHHS TEPIIIOTO TMOPSIAKY, KOEMIEHTH SKOTO 300pakKyBaHi y BUTJISIL
abcoroTHO Ta piBHOMIpHO 30ixkHUX psimiB Pyp’e 3 mOBiIBbHO 3MiHHMUME KoedimieHTaMu Ta
YaCTOTOI0, OTPUMAHO YMOBH iICHYBAHHS YACTHHHOT'O PO3B’S3KY AHAJIOTIYHOI CTPYKTYPHU B pe-
30HAHCHOMY BHUIIQJIKY.

KurouoBi cioBa: mudepenmiaabamii, moBlIbHO 3MiHHUI, psaaun Pyp’e.

IITgroaes C. A. O6 omHOM KJiacce pelleHnil HeJuHeMHOro auddepeHnmaib-
HOT'0O YPaAaBHEHUS MEPBOr0 MOPSAAKA C OCIMJIINPYOIMUMI Koddduiinenrtamu. s
HeJmHeHOro auddepeHnnaaIbHOrO ypaBHEeHNsI TEPBOr0 MOPSIIKa, KO MUIIMEHTH KOTOPOTO
MIPeICTABUMBI B BHJIe abOCOTIOTHO U PABHOMEDPHO CXOAAMUXCH PoB Pypbe ¢ MEIJIEHHO Me-
HAIAMACHA KO3MDMUIMEHTAMA U 9aCTOTOH, MOJIYyYeHbl YCJIOBUS CYIIECTBOBAHUSA YACTHOIO
pellleHrs] aHAJIOTUYHO CTPYKTYPbI B PE30HAITHCHOM CJIyYae.

KurouesBslie cioBa: puddepennmaabHblil, MeJIeHHO MeHsonwmiics, psaasl Oypbe.

Shchogolev S. On a one class of the solutions of the nonlinear first-order
differential equation with oscillating coefficients. For the nonlinear first-order differ-
ential equation, whose coefficients are represented as an absolutely and uniformly convergent
Fourier-series with slowly varying coefficients and frequency, the condidtions of existence of
the particular solution of analogous structure are obtained at resonance case.
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INTRODUCTION. This paper is a continuation of research initiated in paper [1].
Here we using the definitions and designations from [1]. In this paper are considered
the next system of the differential equations:

dz;

2
7 = aju(t,e)an + fi(te,0(t,€) + pX;(t 2,0t ), 21,22), j=1,2, (1)

k=1

where t,e € G(eo) = {t,e: 0<e<ey, —Le ! <t<Le™!, 0 <L < +oo}, colon(zy,z2) €
D C R?, aji, € S(m, ), fj € F(m,l,e0,0), X1, X2 € F(m,l,0,0) with respect t,, 0
and analytic with respect z1,72 € D; u € (0,10) C R*. Functions aji, fj, X;
(j,k = 1,2) are real, and eigenvalues of matrix (ajx(t,€)) have a form iw(t,e),
where w € RT.

In paper [1] the conditions of existence of the particular solutions belongs to class
F(m*,1*,&*,0) (m* < m,, I* <, e < gg) are obtained (the definitions of classes
S(m,eg), F(m,l,e0,0) given in [1]). It was assumed that the conditions:

inf |a12(t,5)\ > 0,
G(eo)
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inf |kw(t,e) —ne(t,e)| >v>0, k=1,2; neZ,
G(eo)

p(t,e) = df/dt, means considered noresonance case. The purpose of this paper is
to obtain analogous results in resonance case, means when eigenvalues of matrix
(a;k(t,€)) have a form +irep(t,e), r € N. In order to simplify the presentation
instead of system (1) we consider the first-order differential equation of special kind.
The results for this equation can be easily extended to a system (1) and to the same
systems of the more general kind [2].

MAIN RESULTS
1. Statement of the Problem. We consider the next first-order differential
equation:

O (t.e,0,9) + X (1,2, 601,0), ), )
where t,e € G(gg), |z| < d < o0, f € F(m,l,e0,0), X € F(m,l,e0,0) with respect
t,e,0 and analytic with respect z, at |z| < d.

We study the problem of existence of the particular solutions of the classes
F(m*,1*,e*,0) (m* <m,, I* <, e* <¢gg) of the equation (2).

2. Auxiliary results.

Lemma 1. Suppose we are given the following linear first-order differential equa-

tion d
ditc = A(t,€)z +ul(t,e,0(t,¢)), )

where X\ € S(m,ep), u € F(m,l,e0,0). Let condition:

inf |ReA(t,e)] =~ > 0. 4
Jnf [ReA(t,6)] = ()

Then the equation (3) has a particular solution x(t,e,0) € F(m,l,eq,8) for any func-
tion uw € F(m,l,e0,0), and exists Koy € (0,+00) such that

K(]
2l #(m1,00,0) < - [wll #(m.1,20,0)- (5)

Proof. We represent the function u in the form of Fourier-series:

oo

u(t,e,0) = Z un (t,€) exp(ind).

n=—oo

The desired solution will be sought in the form of a Fourier series:

oo

2(t,e,0) = > an(t,e)exp(ind). (6)

n=—oo
Then for coefficients z,,(t, ) we obtain the following differential equations:

dz,

— = on(t, )z, +un(t,e), n €Z, (7)

where o, (t,e) = A\(t,e) — inp(t, ).
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We consider the following solution of equation (7):

ZTp(t,e) = /tun(T,s)exp /tan(s,s)ds dr, (8)

+ L

where the sign in lower limit of integration coincides with the sign of Re(t, €).
We consider the case m = 0 and ReA(t,e) < —y < 0. We have:

t t

Tp(t,e) = /un(r,s)exp /an(s,s)ds dr,

— L T
€

sup |z, (t,e)] < sup [t (T, €)] / exp /Re)\ s,e)ds | dr <

G(eo)
t
< sup [un ()] [ exp(~(t =) dr =
G(ego) .
1 L 1
= — sup |up(t,e)[ (1 —exp | —y(t+ — < = sup |un(t,e)| 9)
Y G(eo0) € Y G(go0)

It is easy to show that a similar estimate holds in the case ReA(t,e) > v > 0.
Thus in case m = 0 Lemma are proved. For the case m > 1 using arguments similar
to those given in [3], and using estimation (9), we obtain the Lemma.

We suppose, that

27

/f(t,s, 0)d0 = 0 (1,2) € G(ey). (10)
0
We consider the function:
fo(tv g, 9) = Mo(t, E) + g(ta g, 0)5
where
& = L'y [f] .
= L =
&(t,e,0) [f(t e, 0)] VZ_:OO ing exp(ind),
(v#0)
and function My(t,€) are defined as the root of equation:
2
(11)

P(t,e, M) = /X(t,s, 0, M + £(t,e,0))do = 0.
0

Lemma 2. Let the equation (2) such that:
1) the function f(t,e,0) satisfy condition (10);
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2) the equation (11) has a root My(t,€) such that

OP(t,e, Mp)

Re E)i

inf =0 > 0. (12)

G(eo)

Then exists p1 € (0, ) such that ¥V u € (0, 1) exists the non-degenerate transfor-
mation of kind

T = 1/)1(75, g, 07 :U‘) + 1/)2(75, g, 03 :U’)yv
where 1,1y € F(m,l,e0,0), reducing the equation (2) to kind:

d
CTZ = pXo(t,e)y + pr(t, e, 0, )y + pev(t, e, 0, p)y+
tec(t,e, 0, ) + pPd(t,e, 0, 1) + pY (t, 2,0, y, 1), (13)

where \g € S(m,eg), r,d € F(m,l,e0,0), v € F(m — 1,1,9,0), function Y belong to
class F(m,l,e0,0) with respect t,e,0 and contain terms not lower than second order
with respect y.

Proof. We make in the equation (2) the substitution:

x =&t e, 0)+ 2, (14)

where z — the new unknown function, for which we obtain the equation:

d
d;: =eg(t,e,0) + ph(t,e,0) + pp(t,e,0)z + pZ(t,e,0,z, 1), (15)
where
1o B .
9= _gﬁ € F(m_ 1a1750»9)7 h = X(t,€,9,MO +£) € F(mvl,gOve)a

6X(ta g, 9, MO + f)
Ox
By condition (11) we have:

_ 182X(t7€,97£0—|—l/2)
) Ox?

p= € F(m,l,e0,0), Z 2 (0<v<l).

Fo[h(t, g, 9)] =0.
We make in equation (15) the substitution:
z = pzo(t,e,0) + 2, (16)

where zg = L[h(t,e,0)] € F(m,l,9,0), and Z — new unknown function. We obtain:

dz ~
d—i =cecy(t,e,0, 1) + p2dy(t,e,0, 1) + up(t,e,0)Z+

+uPq(t,e,0,0)F + pZ(t, 2,0, %, ), (17)
where

0 1
c = —gigf +ge€ F(m—1,l,e0,0), d1 = pzo + — Z(t,&,0, pzo, ) € F(m,l,e,0),
i
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10Z(t,e,0, uzo, 1) = 10%°Z(t,e,0,uz0 + 112, 1)
:; 5% € F(m,l,e,0), Zzi 9.2 z2(0<v <1).

We make in equation (17) the transformation:

Z=(1+ (e, 0))y, (18)

where 1) = L[p(t,e,0)]. For sufficiently small y this transformation is non-degenerate,
and as result of its application we obtain the equation (13), in which:

Xo(t,€) =To[p(t,e,0)], (19)
c=1+m) e, d= 1+ p) Ny, r= (14 p)”! (PZZ*Q(lJF/MZ) *{b\o),

oy
ot’

1

U:_g (14—/1,@’[;)71 Y = (1+M1;)712(t75797(1+{/;)y,/~")'

Lemma 2 are proved.

3. Principal results.

Theorem. Let the equation (2) satisfy condidtions of Lemma 2. Then exists
p2 € (0, p0), e1(p) € (0,e0) such that ¥V p € (0,u2), € € (0,e1(p)) the equation (2)
has a perticular solution xz(t,e,0,u) € F(m —1,1,e1(w),0).

Proof. Based on Lemma 2 for sufficienly small p we reduce the equation (2) to
the equation (13). In equation (13) we make the sustitution:

_e+p?

PR (20)

where ¥ — new unknown function. Since the function Y contain the terms njt lower
the second order with respect y, we obtain:

dy N _ _
dit! = po(t,e)y + p’r(t,e, 0, )y + pev(t, e, 0, p)j+
+&C(tsem+’id(meﬂ)+(e+u2)?(tsegu) (21)
5+M2 s Sy Uy €+/,62 1Sy Uy y Sy Uy Yy .

Consider corresponding to equation (21) the linear nonhomogeneous equation:

~ 3
_ep 1

= uo(t t.e, 0 d(t,e, 0, ). 22

H O(ae)y0+€+u2 C(aga ’“)+5—|—,u2 (757 7#’) ( )

Based on (19) and condidtion (12) we have:
inf |ReAg(t,e)| > 0.
nf [Redo(t,<)

Then based on Lemma 1 the equation (22) has a particular solution yo(t,e,0,u) €
F(m —1,1,e9,0), and exists K; € (0,400) such that:

2

- [
ollon-sacom < K1 (s lelmonosicon + 2z dlron-tan)-

e+ p?
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We construct the process of successive approximations, defining as initial approx-
imation gp, and subsequent approximations defining as solutions from class F(m —
1,1e0,0) of the equations:

s ~ ~ .
% = po(t,€)s+1 + pPr(t, e, 0, 1)ys + pev(t,e, 0, 1)gs + +;7MM2 c(t,e,0, p)+
p . _
+5+ﬂ2 d(t,e, 0, 1) + (E—i—u )Y(t,e,&,ys,u), $s=0,1,2,... . (23)

Using techniques contraction mapping principle [4] it is easy to show that exists
p2 € (0,1p) and e2(p) = Kop, where Ky — sufficiently small constant, such that
V€ (0,p2), Ve € (0,e2(p)) the process (23) converges to the solution y(t, e, 0, ) of
the equation (21), From its based on (21) and Lemma 2 we obtain the theorem.

CONCLUSION. Thus, for the equation (2) with the oscillating coefficients the suffi-
cient conditions of the existence of the solution which represented by a Fourier-series
with slowly varying coefficients and frequency are obtained in a one critical case.
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