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INVARIANT OF TWO DRAWING-NEAREST PROBLEMS AND OF THREE

TYPES OF THE SECOND PLAYER OPTIMAL STRATEGIES CONTINUUM

IN THE GAME, MODELING THE REDUCTION OF SINGLE-PARAMETER
FOUR-ELEMENT UNCERTAINTY

Romanuke V. V., professor, d. t. s., associate professor
Khmelnitskiy National University, Institutskaya str., 11, Khmelnitskiy, Ukraine, 29016
romanukevadimv@mail.ru

There is considered an uncertainty in modeling mathematically, when for identifying or describing the object there are
two or more mathematical models without the pattern one. Every model has the single output parameter. The study is
directed at reducing uncertainties, when they aren’t featured with any statistical performance. The recital is divided into
five sections: topicality, related sources, object and target, preparatory notations and completing the unresolved case,
final conclusion. In topicality short substantiation, it is quoted that uncertainties of an event are generated everywhere
and anytime due to imperfection and insufficiency or inadequacy in learning it. Thus reducing uncertainties on the
whole is an applicable topic ever. Commonly, methods of reducing uncertainties operate with probability measure over
the being learned event parameter, but minimax estimates are preferred to be used when information about the event
properties appears poor. In observing related sources, it is recalled that two-element uncertainties without prior
information are trivially resolved by the minimax estimator, where each of those elements is recommended to be used
equiprobably. Three-element and four-element uncertainties without prior information were resolved previously in the
author’s two corresponding articles by determining the set of probability distributions over those elements. However,
the set generally was continuum. Then in author’s another two articles, there was partially proved the solution
uniqueness in the problem of determining a single probability distribution for the criterion of drawing it nearest to the
uniform distribution. Namely, having had referred to the previously determined three types of the optimal strategies
continuum for the second player in the corresponding matrix 4x4 -game, there had been found the same unique optimal
strategy for two types to apply it over the fixed model output values as a quasiequiprobable distribution. And such a
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distribution was determined as the nearest one to the equiprobable four-element probability distribution in the sense of
the least-squares sum. The third unsolved type had been proved to be stated in the same linear combination view as the
solved two types. Thus, for the problem of reducing four-element uncertainties, there remained a case of relationship for
constituting the continuum set of probability distributions, where the single distribution has been not yet determined.
Due to this, within the object-and-target section, there is formulated the generalized problem of removing strictly
single-parameter four-model uncertainty, using the approach of minimizing assuredly the absolute deviations among the
fixed model output values. The generally stated 4x4 -game matrix depends on the relationship among three constants.
Further, within the section of preparatory notations and completing the unresolved case, there is being completed the
unresolved case in selecting the unique optimal strategy from the set of the second player optimal strategies in that
matrix game, modeling four-element uncertainties reduction. In the game, there are assuredly minimized the absolute
deviations, without any scaling or mapping. The selection criterion is to draw nearest the being searched strategy to the

R* uniform distribution, using the quadratic distance. There is proved the determined unique optimal strategy to be the
invariant of the two drawing-nearest problems and of the three types of the optimal strategies continuum for the second
player in the game. Finally, this solves completely the generalized problem of reducing single-parameter four-element
uncertainty, using the minimax estimator approach, when any prior information about those elements estimation is
unavailable.

Key words: uncertainty, four-element uncertainty, minimax estimator, second player optimal strategies, drawing-
nearest problem, invariant of the problem, invariant of the continuum type.

HUHBAPHAHT JIBYX 3AJIAY MOJIYYEHUS BJINKAWUIIEIO U TPEX TUITIOB
KOHTUHYYMA OIITUMAJIBHBIX CTPATETH BTOPOI'O UTPOKA B UT'PE,
MOJIEJIUPYIOILEN YCTPAHEHUE OJJHOIIAPAMETPUYECKOM
YETBIPEXSJIEMEHTHOM HEONPEJEJTEHHOCTH

Pomanroxk B. B., npodeccop, 1. T. H., TOLIEHT

XmenvHuyKkuii HaYyUOHANbHBIU YHUBEPCUMEN,
via. Unemumymckas, 11, 2. Xmenvnuykuu, Ykpauna, 29016

romanukevadimv@mail.ru

PaccmaTpuBaeTcst HeonpeenEHHOCTh B MaTEMaTHYECKOM MOJICIMPOBAHUH, KOTAA JUIsl MACHTH()UKAIIMN WX ONUCAHUS
00BEKTa CYNISCTBYET JBE WM 0OOJice MaTeMaTHUECKUX Mojeieil 6e3 00pa3ioBoil Mojeau. Y KakIoW MOJCIH €CTh
€AMHCTBEHHBIN BBIXOJHON Mapamertp. MccnenoBanyue HalpaBlIeHO Ha YCTPAHEHUE HEOIPEIEIEHHOCTEH, KOIla OHU He
CHA0>XEHbI KaKUMHU-JIMOO CTaTHCTHYECKUMHM XapaKTepucTuKamu. V3inokeHne marepuala pa3esieHo Ha ISTh Pa3ieioB:
aKTYaJIbHOCTh, COOTHECEHHbIE MCTOYHHKH, OOBEKT M 1Ielb, IIPEABAPHUTENbHbIE IPUMEYAaHHS W 3aBEpIICHHUE
Hepa3peIEHHOr0 CiIydasi, OKOHYATENbHBIH BBIBOA. [IpH KOPOTKOM 00OCHOBaHMHM aKTYaJIbHOCTH LUTHPYETCS TO, YTO
HEONpeIeIEHHOCTH OPOXKIAIOTCST MOBCIOAY M B JII00OE BpeMsl BCIEICTBHE HEMOJHOTHI M HEIOCTATOYHOCTH WIIH
HEaleKBaTHOCTH M3YY€HUs OnpenenéHHoro spieHus. [oaToMy ycTpaHeHue HeONpenenEHHOCTEH B IIENIOM SIBISETCS
OIHOI W3 TeM, KOTOpble BOCTpeOOBaHBI MOCTOSHHO. Kak mpaBmiio, MeTOAbl YCTpaHEHHS HEOIpeaenEHHOCTEeH
OTEPHPYIOT BEPOSTHOCTHONH MEpOH, CBSI3BIBAEMON C IapaMeTpOM H3y4aeMOoTo SIBIEHUS, HO MHHUMAKCHBIE OLICHKH
NPEANOYTUTENbHBl B HCIIOJIBb30BAaHMUH, Korna MH(OpMalus O CBOMCTBaX SIBJICHHUs JIOBOJLHO CKyJqHa. B 00o3peHun
COOTHECEHHBIX MCTOYHMKOB HATIOMHMHAETCS, YTO JIBYX3JEMEHTHbIE HEolpelel€HHOCTH 0e3 anpuopHoili nHdopmanuu
TPUBHAIBHO Pa3pelIMMBl 0 MHHHMAaKCHOM OIEHKe, I/ie KaXIbli W3 AJIEMEHTOB PEKOMEHIYETCS HCIOJIb30BaTh
PaBHOBEPOSITHO. TPEXINEMEHTHBIE M YETHIPEXIJIEMEHTHBIE HEONpelNesiEHHOCTH 0e3 anpuopHOi MHGpOpMaluu ObUIN
pa3pelIeHbl MPEXkAe B ABYX COOTBETCTBYIOIIUX CTAThAX aBTOPA MPH MOMOILHU ONPEAEICHUS MHOXKECTBA BEPOSITHOCTHBIX
pacripeneneHni Ha 3TuX 3yeMeHTax. OJHaKO 3TO MHOXKECTBO OBUIO KOHTHHYYMOM. 3aTeéM B JBYX APYIHX CTaThsX
aBTOpa OBUIO YAaCTHYHO J/OKAa3aHO YHHWKAIBHOCTHh PEIICHWS 3a/aud OIPEAEICHHs EIMHCTBEHHOTO pacIpeaeieHUs
BEPOSITHOCTEH 110 KPUTEPHUIO MOJydeHHs! ONMKalIero K paBHOMEPHOMY paclpeleNeHHIo. VIMEeHHO cOocCaBIIMCh Ha
MpeJBApUTENILHO ONPEEIEHHBIE TPU TUIIA KOHTHHYYMa ONTUMAJbHBIX CTPATETHI BTOPOro UIpoKa B COOTBETCTBYIOLIEH
Matpu4HOii 4 X4 -urpe, ObUIO HAWIEHO ONHY M Ty YK€ YHHUKAJIbHYIO ONTUMAIBHYIO CTPATETHIO JUIS JBYX THIIOB UL
TOro, 4dToOBl TPUMEHATH €€ Haag 3aQUKCUPOBAHHBIMHA 3HAUEHMSIMH MOJCIBHBIX BBIXOJOB B  KadecTBE
KBa3MPaBHOBEPOSTHOTO paciipeneneHus. [ Takoe pacrpeesieHne onpenesiocs Kak Orkaiiiee K paBHOBEPOSITHOMY
YEeThIPEXINEMEHTHOMY PacIpeeIeHUI0 BEPOATHOCTEH B CMBICIIE CyMMBl HAUMEHBIINX KBaApaToB. belIo q0Ka3aHO, 4TO
TPEeTHH HEPEMEHHBIH THII MOXET OBITH BBIIMCAH B TOM K€ BHJE JIMHEWHONH KOMOMHAIMM, YTO U PEHIEHHbIE /1Ba TUIIA.
TakuMm 00pazoM, I 3a7a4y yCTPAHEHUS YEThIPEXIIIEMEHTHBIX HEONPEIeNEHHOCTEH OCTaICs ClIy4ail C COOTHOILIEHUEM
Juisl 00pa3oBaHMs KOHTHHYyMa paclpelelieHUH BEpOsTHOCTEH, TJe EeIMHCTBEHHOE pacnpejesieHne emé He ObLIo
orpeziesieHo. B cooTBeTcTBHHU ¢ 3THM, B pazjeinie ¢ 0ObEKTOM U 1iebio GopMyupyercss 0000mEHHas 3a/1a4a CTPOroro
YCTpaHEHHUsI OAHONAPAMETPUUYECKON YETHIPEXMOJENBHON HEONpPEAEeNEHHOCTH C UCIONb30BaHMEM IOAXO0Ja, TIIe
TapaHTHPOBAHO MHHHMHU3UPYIOTCS aOCONIIOTHBIE OTKIOHEHHS Cpean 3aUKCHPOBAHHBIX 3HAYEHHI MOJENBHBIX
BBIXOJI0B. Matpuiia 0000IIEHHO BBITIUCAHHOW 4 X4 -UIpBI 3aBUCUT OT COOTHOINCHHUS Cpean TpEX KoHCTaHT. Jlamee B
paszene ¢ MpeaBapUTENbHBIMU IPUMEUYaHMSAMU U 3aBEPLICHUEM HEPas3pelIEHHOrO Cilydas 3aKpbIBaeTCs BOIPOC O
HEepemEHHOM cilydae BbIOOpa YHHKaIbHOW ONTHMAaJIbHOW CTPAaTeTMH M3 MHOXKECTBA ONTHMAJILHBIX CTPATErHii BTOPOTO

Bicnuk 3anopizvkoz0o Hayionanvnozo ynieepcumemy Ne 22014



138

WrpPOKa B 3TOW MaTPUYHOM WUIPe, MOACIHPYIONIEH yCTpaHEHHE YETHIPEXIIIEMEHTHBIX HeonpeaenéHnocte. B 3Toit urpe
rapaHTUPOBAHO MUHHMH3HUPYIOTCS aOCONIOTHBIE OTKIOHEHHS 0€3 KaKOTo-JIM0O MacITaOupOBaHUS MM OTOOPasKEHUSI.
Kputepmii BbIOOpa COCTOMT B TOM, YTOOBI TIOIYYUTh WMCKOMYIO CTPAaTETHIO OJIMKalmeld K paBHOMEPHOMY

pacnpenenenmio B R*, ucronb3ys kBaapatuuHoe paccTosHue. JIokasbiBaeTcs, 4TO 3Ta ONMpEEEHHAs yHHKANbHAS
ONTHMAaNbHAsl CTPAaTEerHs SBISIETCS WHBAPHUAHTOM JABYX 3aJad INOMYYEHHUs OmvpKaiimero u TpEX THIOB KOHTHHYyMa
ONTHMANIBHBIX CTPATETHI BTOPOTO UTPOKA B UTpe. DTO, HAKOHEI], TIOJIHOCTHIO PEIIacT 0000MIEHHYIO 3a/1ady yCTpaHEHHS
OJTHOTIAPAMETPHUYECKOH YETHIPEXINEMEHTHON HEOIPENENEHHOCTH € MCIOIb30BAaHUEM MOIX01a MHHUMAKCHOHN OIICHKH,
KOTZIa HEJJOCTYIIHA HUKaKast anpropHast nH(popmanus 00 OLCHUBaHUU ITHX JIEMEHTOB.

Kniouesvie  cnosa:  neonpedenénnocmv,  4emuvlpEXsneMeHMHAS — HeONPeOeNéHHOCIb,  MUHUMAKCHAS — OYeHKd,
ONMUMATbHBIE CIPAMe2Ul 8MOpo20 USPOKA, 3a0a4d NOTyHeHUs Oaudxcaluezo, UHBAPUAHM 3a0adl, UHEAPUAHN THUNA
KOHMUHYYMA.

THBAPIAHT JIBOX 3AJIAY OTPUMAHHSA HAUBJINKYOI'O TA TPHOX THUIIIB

KOHTUHYYMA OITUMAJIbHUX CTPATETTA JIPYTOI'O TPABIIS ¥ T'PL, IIIO

MO/JIEJIIOE€ YCYHEHHS OJJHOIMMAPAMETPUYHOI YOTUPHLOXEJEMEHTHOI
HEBU3HAYEHOCTI

Pomantok B. B., mpodecop, . T. H., T1O1IeHT

XmenvHuybKull HayioHaIbHUL YHIgepcumem,
gyn. Incmumymcoka, 11, m. Xmenvnuyovkuil, Ykpaina, 29016

romanukevadimv@mail.ru

PosrnsgaeTbcss HEBU3HAUCHICTh Y MATEMATHUYHOMY MOJICITIOBAaHHI, KOJU Ui ineHTU(iKaIi ab0 omucy 00’€KTa iCHYe
nBi ab0 Oinbllic MaTeMaTHYHUX MOJEJCH 0e3 3pa3koBOi Mojeni. Y KOXHOI MOJACT € €IWHUI BHUXITHUN Hapamerp.
JlocnmimKeHHsT CIIPSIMOBAaHO Ha yCYHEHHS HEBH3HAYCHOCTEW, KOJIM BOHM HE HAJAUICHI SKMMH-HEOYIb CTATUCTUYHUMH
XapakTepUCTHKaMHU. BUKiTag Matepiamy po3IiIeHHH Ha IT'STh PO3MALIIB: aKTYalbHICTh, CIIIBBITHECEHI Kepena, 00’ KT i
I[Ib, TIONIEpEeNHI TPHUMITKH 1 3aBEpPIICHHS HEPO3B’A3aHOTO BHIIAJKY, OCTATOYHWH BHCHOBOK. 3a KOPOTKOTO
OOIpyHTYBaHHS aKTyaJIbHOCTI IIUTYETHCS T€, IO HEBU3HAYEHOCT] MMOPOKYIOThCSA YCIONHN W y Oyab-AKHi 9ac BHACIIIOK
HEMOBHOTH 1 HeJoCTaTHOCTI ab0 HEaJeKBAaTHOCTI BHMBYEHHS IIEBHOTO SBUIA. TOMy YCYHEHHS HEBH3HAU€HOCTEH
3arajoM € OJHI€I0 3 TeM, KOTpi 3aTpeOyBaHi MOCTiIHO. Sk MpaBuUI0, METOAN YyCYHEHHS HEBH3HAUCHOCTEIl ONepyroTh
IMOBIPHICHOIO MipOI0, KOTpa HOB’I3YETHCS 3 TAPAMETPOM SIBHIIA, 1110 BUBYAETHCS, ajle MiHIMAKCHUM OI[IHKaM HaJaroTh
nepeBary y BUKOPUCTAHHI, KOJH iH(OpPMAIlisl MPO BIACTUBOCTI SBHUINA JOBOJI HEe3HAYHA. B OmIsmi CrHiBBiAHECCHHUX
JOKEpeN HaraJyeThbesl, IO JBOXEJIEMEHTHI HeBH3HaueHocTi Oe3 ampiopHoi iHdopmauii € TpuUBiaJIbHO PO3B’SI3HUMH 32
MIHIMaKCHOIO OI[IHKOIO, JIe KOXKEH 13 eJIeMEHTIB PEeKOMEH/IOBAHO BUKOPHCTOBYBAaTH PIBHOMMOBIpHO. TphoXejeMeHTHI
Ta YOTHPHOXEIIEMEHTHI HeBU3Ha4YeHOCTI Oe3 ampiopHoi iHdopmauii Oynu po3B’sizaHi paHille y JIBOX BiJIOBIIHHX
CTaTTSX aBTOpa 3a JIOMOMOrOI0 BHU3HAYEHHS MHOXXMHM IMOBIPHICHMX pO3MOJAUTB Ha IMX eneMeHTax. OJHak 1
MHOXXHHa Oyia KOHTHHYyMoM. [1oTiM y 1BOX iHIIMX cTAaTTsAX aBTOpa OyJI0 YaCTKOBO AOBEJICHO YHIKaJIbHICTH PO3B’SI3KY
3aadi BU3HAYCHHS €IIHOTO PO3MOAUTY HMOBIPHOCTEH 3a KPHUTEPieEM OTPHUMaHHA HAHOIMKYOTO O PIBHOMIPHOTO
posmoainy. CaMe MOCIaBIIMCH HA TONEPEIHbO BHU3HAYCHI TPH TUIHM KOHTHHYyMa ONTHMAalIbHHUX CTpaTeriii Jpyroro
TpaBIls Y BiAMOBiAHIM MaTpuuHiit 4x 4 -rpi, OyJI0 3HAWAEHO OIHY # Ty % YHIKAIBHY ONTHMAIBHY CTPATETIFO ISt TBOX
THUIIB JJIs1 TOTO, 100 3aCTOCOBYBATH ii Haa 3aiKCOBAHUMHY 3HAYCHHSIMHU MOJICIEHUX BUXOIB SIK KBa3ipiBHOWMOBIpHHIA
posmofin. I Takuii po3nojin BU3HAYABCS SIK HAMOJNMKYMN O PIBHOMMOBIPHOTO YOTHPHOXEJIEMEHTHOrO PO3MOJIIY Y
CMHCIIi CyMHU HaliMEHIIMX KBajapatiB. Byno moBeneHo, mo TpeTiii Hepo3B’A3aHuil THIT MOXKe OYTH BUITUCAHUN y TOMY X
BHAI JiHIAHOT KOMOiHamil, mo ¥ po3B’s3ani aBa THmHA. OTXe, ANSA 3a4adi YCYHEHHS YOTHPHOXEICMEHTHHX
HEBU3HAYCHOCTEH 3aJIUIIUBCS BUIIAJOK 31 CITiBBIIHOMICHHSM JUTS YTBOPEHHS KOHTHHYYMa PO3IOILTIB iIMOBIpHOCTEH, e
e€IUHUN po3mojin me He OyB BH3HAYCHHWH. BiNMOBIMHO O IBOTO, Y PO3IiUTI 3 00’€KTOM 1 METOI (hOPMYITFOETHCS
y3arajJibHeHa 3ajada CTPOTOro YCYHEHHsS OJHONapaMeTpHUYHOI YOTHPHUMOJEIHHOI HEBU3HAYEHOCTI 3 BHKOPHCTaHHAM
MiAXO0My, ¢ TapaHTOBAHO MIHIMI3YIOThCS aOCONIOTHI BIIXWICHHS cepel 3apiKCOBaHUX 3HAYCHb MOJEIBHUX BHXOJIB.
Marpuust y3aranbHeHO BUNUCAHOT 4 X4 -TpU 3aJIeXUTh Bijl CHIBBIAHOIIECHHS Cepell TPhOX KOHCTAHT. Jaini B posmini 3
MOTIepEeTHIMH TPUMITKaMHU 1 3aBEPIIEHHSIM HEPO3B’S3aHOTO BHITAAKY 3aKPHUBAETHCSA MUTAHHS MIOAO HEPO3B’SI3aHOTO
BHIIAJIKy 3 BUOOPOM YHIKaJbHOI ONTHMANbHOI CTpaTerii 3 MHOXMHH ONTUMAJIBHUX CTPATeriii Apyroro rpaBns y mii
MaTpu4Hid Tpi, KOTpa MOJETIOE YCYHEHHS UYOTHUPHOXEJIEMEHTHHX HEBU3HAaYeHocTed. Y wilf rpi TrapaHTOBaHO
MIHIMI3YIOTBCS a0COJIOTHI BiAXMIIEHHs Oe3 Oyab-sikoro MacirtaOyBaHHs abo BinoOpaxenHs. Kpurepiit Bubopy nossrae

B TOMY, 100 OTPUMATH IIyKaHy CTpaTerilo HailGMmK4ol0 10 piBHOMipHOTro posnominy B R, BHKopucTOBYyHOUHM
KBaJ[paTUYHY BiJICTaHb. JJOBOTUTECS, IO I BH3HAYCHA YHIKaJlbHA ONTHMAbHA CTPATETis € iHBapiaHTOM JBOX 3aJa4
OTPUMAHHS HaWOJIMKIOTO Ta TPHOX TUIIB KOHTHHYYMa ONTHUMAaJbHUX CTpaTerii apyroro rpaBus y rpi. Lle, Hapemri,
MOBHICTIO PO3B’s3y€ y3arajbHEHY 3a/lauy YCYHEHHS OJHONMApaMETPUYHOI YOTHUPHOXEIEMEHTHOI HEBH3HAYCHOCTI 3
BUKOPHCTAHHIM ITJIXOJy MIHIMAKCHOI OLIHKH, KOJIM HEIOCTYIHA HisiKa amnpiopHa iH(opMamis mpo OIiHIOBAaHHS LHX
€JICMCHTIB.

Kniowosi cnosa: Hegusnauenicmv, YOMupbOXeieMeHmua HegU3HA4eHiCmb, MIHIMAKCHA OYIHKA, ONMUMANbHI cmpamezii
Opy2020 2pasys, 3a0a4a OMPUMAHHA HAUOIUNHCYO20, THEApIaHm 3a0ayi, IH8APIAHmM MUNY KOHMUHYYMA.
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TOPICALITY

Reducing uncertainties on the whole is an applicable topic ever. Uncertainties of an event are
generated everywhere and anytime due to imperfection and insufficiency or inadequacy in learning
it. Methods of reducing uncertainties operate with probability measure over the being learned event
parameter, but sometimes, when there is poor information about the event properties, minimax
estimates should be used.

RELATED SOURCES

One may make sure of that two-element uncertainties without prior information are trivially
resolved by the minimax estimator, where each of those elements is recommended to be used
equiprobably [1]. Three-element and four-element uncertainties without prior information are
resolved in papers [2, 3] by determining the set of probability distributions over those elements. As
such set generally is continuum, then in papers [4, 5] there was partially proved the solution
uniqueness in the problem of determining a single probability distribution for the criterion of
drawing it nearest to the uniform distribution. And for the problem of reducing four-element
uncertainties there remains a case of relationship for constituting the continuum set of probability
distributions, where the single one has been not determined.

OBJECT AND TARGET

May there be four elements (mathematical models, outputting just four theoretical values),
describing the property (parameter) v of an event (object). The i-th element gives the value v, and

{vi};:{vl,vl+a,v1+a+b,v1+a+b+c}, veR, a>0, b>0, ¢c>0. 1)

Any prior information about the set (1) is unavailable. According to this, in the paper [3] there was
got the four-element probability distribution over the set (1) via playing the 4x4 matrix game

<{mk}i—1’ {Ci};’ [ukj ]4X4> (2)

on the side of the second player, in which the second player possesses an optimal strategy over the
. . 4 e .
set of its pure strategies {cj}j=l to minimize assuredly the absolute deviations

ug = —v;| vk=14 and v j=114. ?3)

The game (2) by (3) with the k -th pure strategy m, of the first player and the j-th pure strategy c;
of the second is properly

0 a a+b a+b+c
. 4 a 0 b b+c
{mk}k:l’ {Cj}jzl’ a+b b 0 c “
a+b+c b+c ¢ 0

due to the set of outputs (1). In the game (4) the second player has three types of continuums of
optimal strategies, where each type depends on the relationship among constants {a, b, c}. For

cases a(0; c—b] and ae[b+c; ) the unique optimal strategy was selected in the paper [5], but
the case ae[c—b; b+c] remained unresolved. So, now the target is to select the unique optimal

strategy from the set of the second player optimal strategies in the game (4) at ae[c—b; b+c] by

applying the known criterion [5] of the nearest approximation of the being searched strategy to the
equiprobable four-element distribution.
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PREPARATORY NOTATIONS AND COMPLETING THE UNRESOLVED CASE

A case of continuum Q of the second player optimal strategies Q =[q1 d, O, C|4] in the game
(2) with (3) from (1) is derived as convex combination of a subset [3] of six points

= 1 1
== 0 0 =], 5
9 {2 2} ©)
Q: a-b-c a+b+c 0 ol (6)
| 2a 2a |
_ [ a+b+c b+c—a_
=0 , 7
7% 2bre) ° 2bro) @
| a+b+c c—a-b]|
=0 0 , 8
Q i 2C 2C ®)
< _a+b—c a+b+c ]
= 0], 9
Q | 2(a+h) 2(a+b) ©)
- [. a+b-c b+c-a ]|
=|0 0], 10
Q I 2b 2b | (10)

naturally belonging to the regular tetrahedron

4
Q ={Q =la, 9. @ q.]eR*:q,e[0:1]V j=1.4, Zq‘,- = 1} (11)
J=1
in such a way, that those three cases are begotten. At ae(0; ¢ —b] there is a convex combination of
three points (5), (7) and (8), begetting

Q _ {|:g a(] _B);gbb-'-—o—cc)' (1 _OL)(] —B) a+2bc+c

(B—l)((a+b)(b+c)(l—a)+aac)+c(b+c)
20(b+c)

ER4ZQE[O;1],BE[O;1]}CQ. (12)

At ae[c—b; b+c] there is a convex combination of four points (5), (7), (9) and (10), begetting
Q pu—

:{{(1—&)(1—[3)(1—y)(a+b—c)+y(a+b) (1_y)(1—B)a(b+c)(a+b—c)+[3b(a+b+c)
2(a+b) 2b(b+c)

(1_B)(1_y)aa(c—a—b)+b(a+b+c) B(l—y)(b+c—a)+y(b+c)}€

2b(a+b) 2(b+c)
ER4ZOLE[O;1],[36[0;1],”}’6[0;1]}(:‘2. (13)

At ae [b+c; oo) there is a combination of three points (5), (6) and (9), begetting

5 _{(B1)((a+b)(b+c)(1a)+0tac)+a(a+b) (1_(1)(1_B)a+b+c

2a(a+b) 2a
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a(l_B);(Zb:b‘; %}ER“;ae[o; 1], B [o0; l]}CQ. (14)
The unique optimal strategy
Q=[¢ & & d]egce (15)
was selected [5] being the nearest to the equiprobable [4] four-element distribution
Pl )

And there were proved two theorems on that selecting such a strategy (15) which would be the
nearest to the point (16) is solved via either the problem [5, 6]

- QESEQ{ZZ 7,4, }—arg([ 33124EQCQ{ZZ H an)

=1 p=l =1 p=1

or the problem [1, 5, 6]

4 2 4 2
-1 : 1
argqggg{zl:[%—z] }—arg{[ql . r;}llr;‘l]egcg{;[qj _Zj H (18)

for continuums (12) and (14), where each of the problems (17) and (18) has the single solution (15)

- 3a® +2b* +c* +3ab+bc a’+2b® +c® +3ab+bc +2ac
2(4b® +3a® +3c* +4ab+4bc+2ac)  2(4b”+3a” +3c’ +4ab+4bc + 2ac)

a’+2b?+c®+ab+3bc+2ac a’+2b®+3c?+ab+3bc (19)
2(4b2 +3a%+3c2+4ab+4bc + 2ac) 2(4b2 +3a2+3c? +4ab+4bc + 2ac) ’

being the invariant of these problems in the game (2) with (3) from (1). For the continuum (13) it
was proved (Theorem 2 in [5]) that any solution (15) of the problems (17) and (18) as an element of
the continuum of the second player optimal strategies (13) in the game (2) with (3) from (1) can be

stated via fixing a variable from the set {a, B, y} and substituting it into other two variables, being

the functions of the fixed variable, where there must be controlled whether each element from the
set {a, B, v} belongs to the segment [0; 1]. The sense of this is that when solving the problems (17)

and (18) for the continuum (13), then there can be minimized a function of two variables like for
(12) and (14), rather than three. The next assertion explains the cause of this fact.

Theorem 1. The R* points (5), (7), (9) and (10), belonging to the part (11) of the three-dimensional
hyperplane in R*, lie in a two-dimensional hyperplane of this three-dimensional R* hyperplane.
Proof. For facility of proof let the matrix

a+b-c 0 a+b+c
2(a+b) 2(a+h)
0 a+b-c b+c-a 0
H = 2b 2b (20)
a+b+c b+c-a
0 0
2(b+c) 2(b+c)
1 0 0 1
L 2 2
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with its rows as the points (9), (10), (7), (5) respectively be considered. Let it be checked whether

the expansion
F 0 0 1}=k1~ a+b-c 0 a+b+c ol
2 2 2(a+b) 2(a+b)

a+b-c b+c-a a+b+c b+c-a
+k,-| 0 0|+k,-|]0 ——— O 21
? { 2b 2b } ? { 2(b+c) 2(b+c)} @)

is true for some real constants k, k,, k,. With the first and fourth columns of the matrix (20) it is
easy to see that

a+b

k, = 22
' a+b-c (22)
and
b+c
k, = . 23
* b+c-a 23)

As it is seen for the second and third columns of the matrix (20), the constant k, may be found
either from the equation

k2.a+b—c+k3.a+b+c=0 (24)
2b 2(b+c)
or
l‘a+b+c+k2_b+c—a=o_ (25)
2(a+b) 2b
Solving (24) with the substituted (23) and solving (25) with the substituted (22) gives the constant
b b
. = (a+b+c) (26)

(a—b—c)(a+b-c)

Thus with the real constants (22), (26) and (23) the expansion (21) is true, that is the point (5) is the
linear combination of the points (7), (9) and (10). This means that any point from the set of points

(5), (7), (9) and (10) can be expanded as a linear combination of the other three points. So, the R*
points (5), (7), (9), (10), lying in the three-dimensional R* hyperplane, due to the stated also lie in a

two-dimensional hyperplane of this three-dimensional R* hyperplane. The theorem has been
proved.

Nevertheless, it is pretty hard to state the continuum Q algebraically in the case of a e [c—b; b+c]
with only a €[0;1] and Be[0;1] for combining convexly the R* points (5), (7), (9) and (10).
However, even stated the continuum Q as the convex combination of the R* points (5), (7), (9),

(10) with three independent [0; 1] -variables [3], below is the proof of that the unique optimal

strategy (15) from this continuum, being the nearest to the equiprobable four-element probability
distribution (16), is the same as for continuums (12) and (14).

Theorem 2. For the continuum of the second player optimal strategies (13) in the game (2) with (3)
from (1) each of the problems (17), (18) has the single solution (19), being the invariant of these
problems.

Proof. For the problem (17) there is the function
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4 1

> (-4 -

= op=l

:[(l—oc)(l—B)(l—y)(a+b—c)+y(a+b) (1—[3)a(b+c)(a+b—c)+Bb(a+b+c)T .

2(a+h) ~(-7) 2b(b+c)

(1-a)(1-B)(1-7)(a+b—c)+y(a+h) aa(c—a—b)+b(a+b+c))
{ 2\(/a+b) S pe-y) 2b(a+b) J
+((1—oc)(1—[3)(1—y)(a+b—c)+y(a+b)_B(l—y)(b+c—a)+y(b+c)j2+
2(a+b) 2(b+c)
J{(l_y)(1—B)oc(b+c)(;b:§;;:))+[3b(a+b+c)_(1_[3)(1_y)aa(c—az—bk21++bb()a+b+c)j .
(1-B)a(b+c)(a+b—c)+pb(a+b+c) B(1-y)(b+c—a)+y(b+c) ’
+((1_y) 2b(b+c) S 2(b+c) : ]+
aa(c—a-b)+b(a+b+c) B(1-y)(b+c—-a)+y(b+c) 2_
+((1—B)(1—v) 2b(arh) e 2(b70) ! J—cpz(oc,ﬁ,y) (27)

to be minimized on the set (13). The function (27), defined on the unit R’ cube
[0; 1]x[0; 1] x[0; 1] (28)

of points [oc B y], IS continuous nonnegative function. This means that the function (27) has at

least a minimum [7, 8]. That minimum may be reached at stationary points of the function (27), and

also on faces of the cube (28). For finding minima, reached at stationary points, determine zeros of
partial derivatives of the function (27). Here [5]

%% (o B, 1) =2(B-1)(y~1)(a+b—c)(yab’ + ya? + 208’ — 2B’ — 2ab’c — 2Byb* +
+5Bab® — 2aa’c® —Bb%c® +Bhb’c —yb’*c® — 2ayb* —yb®c —a’bc —3ab’c + 4aab® +Ba’ + 4pa’b” +
+20a’0 +4aa’h® —abc’ + 2ayabc® — 2aByabc® + 2apfabe’ — Byabe® —4apa’h? + 20fyb* —
—4Bya’b® —daya’b® + 2Ba’be + 20pch® + 20ab’c + Pyb’c? + 20yb’c? — 2afa’h — 2apa’c —
—2aya’h —2aya’c —Bya’d —Byb’c + 2apa’c? + 2aya’c’® + 2yab’c — 4oryab® + yabc? + 5pab’c +
+Babc® — 2aiabc® —5Byab® — 4apab® + 2aa’be + ya’be —b* +b?*c® + 2Bb* — 2ab® —a%® + 2ab* +
+Hopyab® + 4opyah® — 2afyb’c® + 20pyab’c + 20ya’be — 2o pab’c — 2apa’bc — 2Bya*be —
—2aryab’c + 2afya’h + 2apya’c — 20Bya’c’ — 2aya’he — SByabzc)(a + b)_2 b?(b+ c)_l . (29)
a—aﬁ(pz (o, B v) =2(y-1)(~120:%" + 20°a"h’ + 6 °ab°® — Joryab’c® + 20°c” —aa'h? — 2Ba’h’ +
+9ayab’c —4Bb° —6aia’n® + 4ab’ +16afab’c + 4b’c? — 4a’yab*c + 2a’b* + 8Bya’b’c —3ab® —
—6oyab’c? — 20%yb® +16aya’h’c + 4b%® + 2aBa’bc? + 8Byab’c® + 2opa’bc —8aa’h’c — 5aa’b’c® +
+8a’a’h’c —4Pa’b’c® +10apa’h® —18aa’b’c + 6aab’c” + 8a’a’h’c —8yab*c — 6yab’c? + 8ayab® —
—4oyb*c?® —6a’yab® —yab’c® —16Bab’c —8Bab’c? + aa’bc® + 2aabc”’ — 6a*a’h’c? — 4a’a’bc® —
—8Ba’b’c+18apa’h’ +8Byab® + 6Byb*c* +10cab’c® —8a’ab’c? — 4a’ab’c® +14apab’ —
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—6apb’c? —6a’Bab’ — 2aa’c® — 2a’a’hc? —8a’Ba’h* + 4a’a’be + 2afa’b® —12aab’c + 6a’a’h® -
—4Ba’n® —6Ba’h’ —10aab® +8a*a’b* + 4a’b’c + 2a’h’c? + 8ab’c — 5yb°c — 5yb°c® + 201yh® —
—6yb*c® —2yb*c’ —8Bb°c —4Bb’c —6Bb*c® — 2Bb%c’ —8Bab’ + 4Byb°® + 5ab’c® — 2ab’c* + 4afb® +
+4ab’c? —4a”a’c® + 20%a’c’ —4a’b*c® + 20°b>c* + ab’c® — 20’Bb® + 20%a’c® + 4b°c + 20°h° —
—2vb® +12apa’b’c + 4oya’b’c® — 2ya’b’c + 4a’ybc? —8a’ya’b* +11aya’h’ —8upab’c® —
—12afab’c® + 24apa’v’c +16Byab’c —14afyab® —16apyab’c — 4a’Bab’c —18apya’h* —
—24aBya’b’c +8apyab’c’ +8a’Bya’h® +8a’Bya’h’c +12aByab>c’® + 6apybic’ — 2afyb’c’ —
—8a’Byab’c® —4a’Byab’c® —dapya’h’c® — 6a’Bya’b’c’ + 4apab’c’ —8a’Ba’h’c + 6a’pa’h’c® +
+2b° —8a*ya’b’c +8a*yab®c? + 2ayb?c® — 2ya’h?c® + 2apb°c — 2apb’c® + 20b%c* + 20 %abc® —
—4aByb® +6Bya’h* +8Byb’c + 4a*Bb’c’ —aa’bc — 6a.’Ba’h’ + 2Byb’c? + 6aya’’® — 6a’ya’h® +
+ABya’s® + 4Byb°c’ + 4a”ab’c + 20°Byb® — 20°Bb’c” — 20 ’yh’c? — 20°Ba’h’ — 20*Ba’c® +
+4o2pa’c® — 20%ya’h?® + oya’b® — 20 % ya'c? + daya’c® + 2Bya‘b® — 20°pa’c’ — 2aya’ct —
—aya’bc® —2ayabe’ — 2afa’be’ — 2apabe’ +8a’Bab’c? —ab’c + 60 °Byab® + 6a’Bya’h’ +
+8a.”Bya’b’c —10afya’w® — 4a’Byb’c® + 20°Byb’c — 4a’Bya’be® + 20’ Byabe? + 20 Byb’c® +
+a’Byab’c — 20*Bya’c? —12afya’h’c + 4o *Bab’c® —8a’Pa’h’c + 20 °Ba’be’ + 4a’Pa’bc® —
—2aByb’c +4a’yab’c® +8aya’h’c —8aya’h’c + 2aya’oc? + 2a°ya’hc? + 4Bya’h’c? + 6a’ya’h’c? +
+4aya’hc® — 2apya’bc? + 20pya’bc® + 2apyabe? — 2a°Babe’ — 2a*yabe® — 4a’Ba’hbc —
—4aya’be + aya’bec — 20Bya’h® — 2apya’be + 20°Bya’h’ + 4aBya’be + 20*pya‘c’ — 4apya’c® +
+2a°Bya’c’ +ya’h’c —3yab® +ya’b’ ) (a+b)“b?(b+c)”, (30)

%(p2 (o B y)= 2(50ca2b4 +2va’h* —20%a’h? — 6a’ab’ + 6aryab?c® — 2b’c* — 2p2a‘*h® — 2aryab’c +

+4Bh° + 20a°h® — 2ab’® — 21apab’c —5b*c® + 4a’yab’c —a’h* — 4Bya’h’c + ab® + 4ayab’c? +
+2ayb°c + 20.%yb® —8arya’b’c —5b%c® — 6p%a’h* — 4p%a’h® — 4apa’bc? —16ap%yab’c + 6apyb e’ +
+240p%a’b’c — 4oy’ +8B%yab® + 6p*yb*c® —14af*yab’ +14ap’ab® —120p%ab’c® —8p%ab’ —
—8af’ab’c® —6p°b*c? — 2p%b%c! + 4B%yb° +160p%ab’c — 2aB%b’c® + 208%b°c —16B%ab’c +
+2af’h’c* —6apb’c® —8p%ab’c® —8p%h°c — 4p%h°c® — 4B%a’h’c? + 4apah’c’ +12ap’a’h’c +
+10af’a’n® +18af’a’b* —4B%b° + 20°Byb?c? — 20yb%c® —8a’Ba’h”’ —18ap*ya’h® +8afyab’c?® —
—8a.*Byab’c® +8a’B*ya’b’c + 6a.*B*yab® + 8a’pAya’h® — 4a*Brab’c + 4aph® — 20.*B%b° —
—60°B?ab’ + 4a’B?h?c® + 2ap%a’he + 20 p%a’be? + 2af%a’b® —8p%a’h’c + 8o ’pab’c’ +
+120p%yab’c® - 6a’B?ya’h’c’ + 4a’Byab’c — 24af’ya’h’c —8a’B’a’h’c + 4a’BPabc’ +
+60°B?a’h’c? — 2af?yb’c’ —12Byab’c® — 4o ’pyb*c? — 4o’ yab’c® +163%yab’c + 6% ya’h* +
+8p%yb’c — 20p%a’bc® — 2ap?abe? —12aB?yva’h’c + 20 °BPyabe? — 4a’BPya’hc® + 20 yhc? +
+60.°B*ya’h’ + 8a*p*ya’h’c —100p*ya’h® — 4ap?ya’b’c® +8p*yab’c® —8a’p’a’v’c + 20.°p%a’bc’® +
+Ha’B*a’bc® — 2a°B*ya’c? — 6a.’p’a’n’ + 20 °B2yb® + 2B%yb’c* — 20°B%b%c” + 2af*yabe” +
+20p*va’bc’ +8p%ya’h’c — 20°B%abc’ + 4B%yah?’c? — 2aB%ybc + 4p%yva’h® + 4p*ybc® — 2a’pa’c? +
+Hopa’c® + 2B%ya’h? — 2a’p%a’b? — 2ap’ya’oc? — 20’ pa’c’ — 207 yva’h® — 20p%ya*bc —
—4o’Bra’be + 20°BPya’c” + 2a°BPya’c? + 20 ya’h® + 4a’Brya’he — 4o *pya’c’ — 2aBa‘hec +
+oa’v’c +5aa’b’c® —8a’a’h’c —pa’b’c + 4pa’h’c’ —12apa’%’ +10aa’b’c — 4aab’c® —8aa’h’c +
+10yab’c +8yab’c® — 2ayab® + 2aryb?c® + 6a*yab® + 2yab’c® +16Bab’c +10Bab’c? + Bab’c® —
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—2aabc® +6a’a’h’c? + 4a”a’oc’ + 6Ba’b’c — 23apa’h’ —6pyab® —12Byb*c® — 7aab’c® +
+8a’ab’c? + 4a’ab’c® —18afab’ + 9afb’c? +120°Bab’® + 2aa’oc? + 2a”a’he’ +16a.’Ba’h” —
—4o’a’be - 2apa’h? +5aab’c —6a’a’w’ —pa’h’ + 2Ba’h” + 4aab® —8au’a’h’ —2a%h’c —a*’c’ -
—5ab’c —ab®c® + 6yb°c + 6yb°c® +8yb*c? + 2yb*c* + 9Bb’c + 9Bb3c® +10Bb*c? + 4Bb’c’ + 7Pab’ —
—4Byb® —3ab’c? + 2ab’c* —5apb® — 4ab’c® + 4ofa’c® — 2a.%a’c? + 4a’b*c® — 2a.b%c”t + ab®c® +
+Ho*Bb® —2a”a’c® —3b°c — 2a.%b® + 2yb° —160pa’b’c — 4aya’b®c® + 4ya’b’c — 4a’ybic? +
+8a’ya’h® —4daya’b* +120pab’c? +19afab’c® —34apa’h’c —16Byab’c +160fyab’ +
+18aByab’c +8a*pab’c + 22afya’h* + 320 Bya’b’c —12aByab’c? —160°Bya’h* —16aBya’b’c —
—18apyab’c® —8apyb?c® + 4aByb’c’ +16aByab’c® +8a’Byab’c’® +8apya’h’c® +12u0*Byab’c’ —
—9apa’h’c? +16a°Ba’h’c —12a’Ba’b’c? —b® +8a’ya’b’c —8a’yab’c’ — 2ayb’c” + 2ya’b’c? —
—apb’c+apb’c® —4apb’c’ —20”abc® + 4afyb® —10Byb°c —8a’Bb’c? +120°Ba’h® — 4pyb’c’ —
—20ya’®’® + 6a*ya’h’ + 2Bya’h’® —10Byb’c® — 4ofab’c — 4o ’Byb® + 4a’Bbc? + 20 ’ybc’ +
+Ho’Ba’b® +4o’pa’c® —8a*pa’c® + 202 ya'h® + 20 % ya'c® — da’ya’c® + da’Pa’c? + 20 ’ya’ct +
+2oryabc? + 2opa’bc® + 4opabe’ —16a°Bab’c? —ab’c —12a°Byab’ — 120 °Bya’h’® — 160 °Bya’h’c +
+12aBya’b® +8a*Byb?c” —4a’Byb’c’ +8a*Bya’bc® — 4o *Byabc’ —8a’Byab’c + 4a’Bya’bc® +
+16apya’h’c —8a’Bab’c® +16apa’h’c — 4a’Ba’hc® —8a’Ba’hc’® — 2Byab>c’® — 4ayab’c® —
—4aya’’c +8a’ya’h’c — 2aya’be? — 2a’ya’he? + 2Bya’h’c — 4Bya’b’c® —6aya’h’c’ —
—4a’ya’hc® + 4apya’hc’® — 20pya’oc® — 4apyabc’ + 4a’Babe’ + 20’ yabe® +8a*Ba’be +
+aya'be + 2apya’b? + 20pya’bc — 4a’Bya’h® —8a’Bya’bec — 4a’Bya‘c? +

+8a’Bya’c® —4a’Pya’c’ + 4yab5)(a + b)f2 b?(b+ c)f2 . (31)
In solving the system of three equations
L o,(c B 1)=0, 20,(c B 1) =0, Lo, (ct B 7)=0 (32)
oo op oy

it is easy to see [5] that B =1 and y =1 are not the roots of (32), as then

0 a+b+c
—ao,(a, B,y =2 >0. (33)
oy o )B_l'y_l b+c
So, instead of (32) it is convenient to solve the system [5]
1 0 1 0
0, (0, B, 7)=0, —=—@,(, B, 7)=0 (34)

(B-1)(y-1) oa y-1 B
with respect to variables o and [, that must be dependable [5] upon y:
a=o.=b (—2a3 +3ya’® + 7ya’h —4a’h — 2a’c + 5ya’c — 2ab* + 8yab* +10yabc + 5yac® — 2ac” +
+4yb® — 2b%C +8yb’c + Tybe’ —4bc” — 2¢° +3yc® ) (3ya’ —3a* + 7ya’b—5a®b +3a*c —ya’c+
+8ya’b® —3a’b® + 2ya’bc +3a’bc —a’c? + ya’c’ + ab® + 4yab® + 5ab*c — yabc? —abc® —
—3yac® +ac® + 2b* +bc — 2b%c? —bc® )71 ,
B=P.= (3ya2c +3ya’b + 4yab® + 6yabc + 2yac’® + 8yb’c + 3yc® + 4yb® +
+7ybe’ —a’h—a’c —abc —ab® —3c® - 2b° — 6bc” —5b’c ) x
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-1

x(1-y)" (3a3 +a’h—a’c—2abc+ac? —8b%*c —3c® — 4b® - 7ch) : (39)

Having substituted (35) into (31), the partial derivative (31) turns into zero [5], what means that in
the solution of the three equations system (32) the roots (35) are deduced [5] via a fixed

y=v.€[0;1) just to get . e[0;1] and PB.<[0;1]. Substituting any point [o. B. v.] as the
function (27) stationary point into the set (13), get the strategy (19). Note that the sets (12) and (13)

are identical at a=c—b, and the sets (13) and (14) are identical at a=c+b. And as the strategy
(19) is the single solution of the problem (17) for the sets (12) and (14), then the strategy (19) is the

single solution of the problem (17) for the set (13) at ae {c —b, c+b} . At this strategy,

(a—c)2
Ry _ 36
@, (0, By v2) 4b? +3a% +3c? + 4ab + 4bc + 2ac e

Suppose that at ae(c—b; c+b) there is the point

[0 B yu]#[o B v.] (37)
of the cube (28) such that its corresponding tetrahedron (11) element Q™ = Q" and
0, (0, By ¥) = @ (Gt B v) Vae[0;1], VBe[0;1], Vye[0;1]. (38)

Then, there is at least a partial derivative of the function (27), not turning into zero at the minimum
point [at.. P.  y.]. Itis possible when the minimal value @, (0w, .., y.) is reached on a face of

the cube (28). Therefore, there is at least o.. €{0,1} or .. €{0,1} or v..<{0,1}. But note that for

the case a=c we have @, (o, B., v.)=0, where Q" :E % % ﬂ and only at the point (16)
the function (27) turns into zero. The implication of this fact is that (pz(oc**, B,y yﬁ):O by a=c.
However, for o.. =0 by a=c there is the point

1 c
ok dexe o | = O - = * % * 39
o o 110 3 50|l B 7] )
in order to have the point (16). And for a.. =1 by a=c there is the point
1
[0 B yﬂ]z[l 0 E}z[a* Be Vs (40)

The statement (40) is coming up also after B..=0 by a=c. And B..=1 obviously brings ¢, =0,
what is impossible for a=c. For y.. =0 by a=c there is the point

2c b+c

[OL,\* B,\* 'Y,\*] = [E 2_b 0} = [0(* B* 'Y*] . (41)

At last, y.. =1 obviously brings ¢, =@; =0, what is impossible for a=c. This is contrary to the

supposition (37) and (38). So, the function (27) minimum is either reached on faces of the cube (28)
at only stationary point (35) or not reached on the faces at all. If the function (27) reaches its
minimum (36) at the stationary point (35) on the open cube

(0;1)x(0; 1)x(0; 1) (42)
then this minimum is single. But suppose that at ae(c—b; c+b) there is the point (37) of the open

cube (42) such that its corresponding tetrahedron (11) element Q™ = Q" and
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@, (0, B, v) 2 0, (Ctes Puss 7)) Vae(0;1), VBe(0;1), Vye(0;1). (43)
Then
@, (s Pes Vo) Z @, (s Py Y ) - (44)
Clearly, the equality
Pz (0 Bes V) = @y (Ctues By V) (45)

IS impossible as the point [oc** B y**] of the open cube (42) isn’t stationary. Hence suppose that

@ (0tes Ber V4) > P (Oars Pres V) (46)

for some a.. e(c—b; c+b). For the continuous function (27), this means that 3 a. e(c—b; a*k)
such that (45) turns true, what is impossible again under condition of (37). Consequently, the
function (27) reaches the single minimal value at the stationary point (35) with o. e[O; 1] and

B. €[0;1] by afixed y=y. €[0;1), and the strategy (19) is the single solution of the problem (17).
For the problem (18) there is the function

i(qj —%T —[(1—G)(1—B)(1—Y)(a+b—C)+y(a+b) 1Jz+

2(a+b) 4

j=1

2b(b+c) 4
aa(c—-a—b)+b(a+b+c) 1}:

{ema-y 1

2b(a+b) 4

+(B<1—v><b+c—a>+v<b+c>_1J vy (@B 1) @)

{(1_”(1—B)a(b+c)(a+b—c)+Bb(a+b+c) 1] N

2(b+c) 4
to be minimized on the set (13). The function (47), defined on the unit R* cube (28) of points

[Oc B y], is continuous nonnegative function. This means that the function (47) has at least a

minimum [7, 8]. For finding minima, reached at stationary points, determine zeros of partial
derivatives of the function (47). Here [5]

aiwz(a, B, 7) =0.5(B~1)(y—1)(a+b—c)(yab® + ya’h? + 2aa’c - 208b* — 2ab’c? - 2Byb* +
(09

+5Bab’® —2aa’c® —pb*c® + Bb’c —yb*c? — 2ayb* —yb’c —a’bc —3ab®c + 4aab® + fa’b + 4Ba’b® +
+20a’b +4aa’h® —abc? + 2oyabe® — 2aByabe’ + 2aBabe? — Byabe® —4apah’ + 2apyb* —
—4Bya’b® —4oryah® + 2Ba’be + 20b>c® + 2aab’c + Byb?c® + 2ayb’c® — 2apa’h — 2afa’c —

—2arya’b —2aya’c —Pya’b — Byb’c + 2apa’c’ + 2aya’c? + 2yab’c — dayab® + yabc® + 5pab’c +
+Babc® — 2aabc? —5pyab® —4afab’ + 2aa’bc + ya’bc —b* +b*c? + 2Bb* — 2ab® —a’h? + 2ab* +
+Hapyab® + dapya’h’ — 20Byb’c® + 2aByab’c + 2aBya’hec — 2apab’c — 2apa’he — 2Bya’be —
—2ayab®c + 2afya’d + 2apya’c — 2afya’c’ — 2oyahe — SByabZC) (a+ b)_2 b?(b+ c)_1 =

8
=200 9 (o, B y), (48)
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a_aﬁ“’z (o, B, v) =0.5(y—1)(~120:a%* + 20°a’h’ + 60 ’ab® —Jayab’c’ + 2b%c* —aa’h® — 2Ba‘b? +
+9oryab’c —4Bb® —6aa’h® +4ab® +16apab’c+4b*c? —4a’yab’c + 2a’h* +8Bya’b’c — 3ab® —

—6ayab’c® — 20’yh® +16aya’h’c + 4b%c® + 2aBa’bc® +8Byab’c? + 2apa’hc —8aa’h’c — Saa’h’c? +
+8a’a’h’c —4Ba’h’c? +10afa’h’® —18aa’b’c + 6aab’c® +8a’a’h’c —8yab*c — 6yab’c? + 8ayab® —
—4oyb*c® —6a*yab® —yab*c® —16Bab’c —8Bab’c? + aa’bc® + 2aabc’ — 6a*a’b’c® —4ofa’bc® —
—8Ba’b’c +18afa’h® +8pyab’ + 6Byb*c? +10aab’c® —8a*ab’c’ — 4a*ab’c® +14afab’ —
—6apb’c? —6a’Bab’ — 2aa’hc® —20”a’hc?® —8a’Ba’b’ + 4a’a’be + 2a0pa’b? —12aab’c +
+6a°a’n® —4pa’h’® —6Pa’h* —10aab® +8a’a’b* +4a’b’c + 2a’b*c® +8ab*c —5yb°c — 5yb’c® +
+2ayb® —6yb*c® — 2yb’c* —8Bb°c — 4Bb%c® —6Bb*c® — 2Bb?c* —8Bab’ + 4Byb® +5ab’c? — 2ab’c* +
+Hapb® +4ab’c? —4a”a’c® + 20a’c” — 4a’b*c? + 20b’c’ + ab’c® — 20°Bb® + 20%a’c? + 4b°c +
+20.°b° — 2yb® +12aBa’v’c + 4aya’b?c? — 2ya’b’c + 4a’ybc® —8a*ya’h® +1laya’h’ —8opabc? —
—120pab’c® + 24apa’h’c +16Byab’c —14apyab® —16afyab’c — 4a’Bab’c —18apya’h* —
—240pya’b’c +8apyab’c? +8a’Bya’h? +8a’Bya’h’c +12apyab’c® + 6afyb’c? —
—20Byb?*c* —8a*Byab’c® — 4o *Byab’c® — 4apya’b’c® —60Bya’h’c® + 4opa’b’c’ —8au’Pah’c +
+60°Ba’h’c? + 2b° —8a’ya’b’c +8a’yab’c? + 2ayb’c* — 2ya’b’c’® + 2aBb’c — 2aBb’c’® + 20pbc” +
+2a”abc’ —4aByb® + 6Bya’h? +8Byb°c + 4a’Bb’c? —aa’bec — 6a’Ba’h’ + 2Byb’c’ + 6aya’h® —
—60.2ya’h® + 4Bya’h’ + 4Byb’c® + 4a’ab’c + 20°Byb® — 2a*Bb’c? — 2ayb’c? — 2a”Ba’h® —
—20°Ba‘’c® +4a’pa’c® —2a’ya’h® + aya’b® — 2a’ya’c? + 4a’ya’c® + 2Bya’b? — 2a’pa’c’ —
—2a’ya’c" —aya’bc® — 2ayabc’ — 2aBa’he’® — 2apabc’ +8a’Bab’c® —ab’c + 6o *Pyab’ +
+60.°Bya’d’ +8a*Bya’b’c —10apya’o® — 4a’Byb’c? + 2a.*Byb*c? — 4a’Bya’hc® + 20.*Byabe’ +
+20pyb’c’ + 4a’Byab’c — 20°Bya’bc? —120Bya’b’c + 4o ’Bab’c® —8a’Ba’b’c + 20.°Babc? +
+a’Ba’hc’® — 20Byb’c + 4ayab’c® +8aya’h’c —8aya’b’c + 2aya’oc® + 20°ya’he’ +
+4Bya’h’c? + 60’ ya’b’c® + 4a*ya’hc® — 2afya’he® + 20Bya’be® + 2o pyabe” — 20’ Babe’ —
—20%yabc* —4o*Ba’bec —4a’ya’be + aya’be — 20pya’h® — 20pya’be + 20°Bya’b® +
+40’Bya’be + 2a’Bya’c® — 4a’Pya’c® + 20 °Bya’c’ + ya’h’c — 3yab® + ya’o® ) X

2, —2_i
x(a+b)“b?(b+c) —40B(p2(oc, B.Y), (49)

E\p a, B, v)=0.5(5aa’h’ + 2ya’h* — 2a’a’h® —6a.2ab® + 6ayab’c® — 2b%c* — 2p2a‘b? —
ay 2
—2ayab’c +4Bb° + 20a’n® — 2ab® — 21aBab’c —5b*c® + 4a’yab*c —a’b® — 4Bya’b’c+ab® +

+Hoyab®c? + 2ayb’c + 20°yb® —8aya’h’c —5b°c® — 6p%a’h’ —4p*a’h® — 4apa’bc? —160p%yab’c +
+60p*ybc? + 24af’ah’c — 4afPyb® + 8B%yab’® + 6B%yb’c? —14ap?yab’® +14apf’ab® —
—120p%ab’c’® —8p%ab® —8af’ab’c® —6p%b*c® — 2B%b%c* + 4B*yb® +16af’ab’c — 2ap%0’c® +
+2af’b°c —16B%ab’c + 2ap’h’c’ —6ap’h’c* —8B%ab’c® —8p%b°c — 4p°h’c® — 4p%a’h’c? +
Hafah’c? +12ap%a%%c + 10ap%a’h® +18ap%a%h’ — 4B20° + 202B2ybic? — 20ybic® —8u2Blath’ —
~18ap%*ya’b* +8ap*yab’c® —8a’B*yab’c® +8a’p*ya’h’c + 60 ’Bryab’® + 8o *Brya’h’ — 4a’Bab’c +
+4af?® — 202B20° — 6a2B2ab® + 4o2B2b’c? + 2aB2a’be + 2aB2a’hc? + 2apa’h? —8p%ahic +
+8a’pab’c? +120p*yab’c® — 6o ’BPyah’c? + 4a’Bryab’c — 24ap’ya’b’c —8a’B’a’b’c +
+oBPab’c® + 6a°B’a’b’c’ — 20pybc’ —12Byab’c® —4a’BPyb’c? — 4a’pyab’c’ +16p%yab’c +
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+6P%ya’h”* +8p%yb°c — 2ap’a’hc’ — 2afabe’ —12af’ya’b?c + 20’ Byabe’ — 4a*B?ya’be® +
+20B%yb’°c® + 60 °B*ya’h® + 8a*Bya’b’c —10af*ya’n’® — 4ap?ya’h?c® + 83%yab’c® —8a*pa’b’c +
+202B2albe? +dalBlathc® — 202BAyathc? — 6a2B2ath® + 2a2B2yb° + 2B2ybict — 2a2B%hct +
+2af*yabc* + 20p%ya’bc® + 8p%ya’h’c — 20 °B?abc’ + 4B%ya’b’*c® — 2af*yb°c + 4p%ya’n® +
+HB*yh3c® — 20p%a’c? + 4a’pa’c’ + 2p%ya’b? — 20°p%a’h? — 20p%ya’bc? — 2a.°pa’c” —
—2ap?ya’h? — 2ap*yva’bc —4a’p?a’bc + 20’ ya’c’ + 20’ BPya’c® + 20 °B?ya’b® + 4o ’Bya’bc —
—4o*B?ya’c® — 2apa’be + 4oa’v’c + 5aa’h’c’ —8a’a’b’c —Pa’b’c + 4pah’c’ —12apa’n® +
+100a’b’c — 4aab’c® —8a’a’b’c +10yab’c +8yab’c® — 2ayab® + 2oyb’c? + 6a’yab® + 2yab’c® +
+16Bab’c +10Bab’c? +pab’c® — 2aabc” +6a’a’h’c? + 4a*a’bc® + 6Ba’b’c — 23apa’h? —
—6Pyab® —12Byb*c? — 7aab®c® + 8a”ab’c? + 4o*ab’c® —18afab’ + 9afb’c? +120°Bab® +
+20a’nc? + 20.%a’bc? +160°Ba’h’ —4a’a’be — 2afa’b® + 5aab’c —6a’a’o’ —pa’h® + 2pa’h* +
+aab® —8a’a’h® —2a’b’c —a’b’c® —5ab’*c —ab’c® + 6yb°c + 6yb’c® +8yb*c® + 2yb’c* + 9Bb°c +
+9Bb%c® +10Bb*c? +4Bb*c* + 7pab® — 4Byb® —3ab’c? + 20b’c* —5afb® — 4ab’c?® + 4o*a’c® —
—20a’c” +4a’b*c? — 2a°b’c* + ab’c® + 4a”Bb® — 2a”a’c® —3b°c — 20°b® + 2yb® —160pa’b’c -
—Aaya’h’c® + 4ya’h’c —4a’yb'c? +8aya’h’ —daya’h® +12apab’c? +19afab’c® —34apa’b’c —
—16Byab*c +160pyab® +18apyab’c + 8a’fab’c + 22apya’h* + 32apfya’b’c —12apyab’c® —
—16a.”Bya’b’ —16a’Bya’b’c —18afyab’c® —8aupyb’c? + 4afybc* + 160 Byab’c? +8a*Byabc® +
+8aBya’b’c® +12a0°Bya’bc® —9apa’h’c? +16a°Ba’h’c —12u0°Ba’h’c? —b® +8a’ya’b’c —
—8a’yab’c® — 2ayb’c* + 2ya’h’c® —afb’c +afb’c® —4apb’c’ — 2a0%abc? + 4aByb® —10Bybc —
—8a.’Bb’c? +12a°pa’b® — 4Byb3c* — 2aya’h® + 60 *ya’h® + 2Bya’h® —10Byb’c® — 4aab’c —
—4a’Byb® +4aBb’c? + 20%yb*c! + 4a’Ba’b® + 4a’Ba’c’ —8a’Ba’c’ + 2aya’b? + 20 *ya’c? —
—4o*ya’c® + 4a’Pa’c’ + 2a’ya’c! + 2ayabe’ + 20pa’hc® + 4opabe’ —16a*Bab’c® —oab’c—
—12a*Byab® —12a.*Bya’b® —160.°Bya’b’c +12apya’o® + 8a’Byb*c® — 4o ’Byb’c’ +8a’Bya’hc’ —
—4a’Byabc? —8a’Byab’c +4a’Bya’be? +16apya’b’c —8a’Bab’c® + 160 °Ba’h’c — 4o ’Ba’hc’ —
—8a*Ba’hbc® — 2Byab’c® —4a’yab’c® — 4aya’h’c +8a*ya’b’c — 2orya’hc? — 20’ ya’oc? +
+2Bya’b’c —4Bya’h’c® —6a*ya’b>c® —da’ya’bc® + 4afya’bc’ — 2afya’bc® — dafyabe’ +
+4oBabc? + 20 yabc® +8a*Ba’be + 4aya’be + 2apya’h® + 2aBya’bc —
—40°Bya’*h® —8a’Bya’bc —4a’Bya’c® +8a’pya’c’ —4a’pya’c? + 4yab® ) X

2, - 0
<(a+b) b7 (brc) " =270y (o B ). (50)
In solving the system of three equations
iwz(a, B,y)=0, iwz(a, B,y)=0, ng(a, B,y)=0 (51)
oo op oy

there may be used the right terms of (48) — (50), whence a.. €[0;1] and B. e[0;1] in (35) by a

fixed y=vy. € [0; 1) constitute the function (47) stationary point, bringing the strategy (19). As the

strategy (19) is the single solution of the problem (18) for the sets (12) and (14), then the strategy
(19) is the single solution of the problem (18) for the set (13) at ae{c—b, c+b}. At this strategy,
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(a—c)
B ) (0 B )= _ 52
Wa (0w, Buy 1) = @5 (0 By 74 4b* +3a” +3c” + 4ab + 4bc + 2ac 2

Suppose that at ae(c—b; c+b) there is the point (37) of the cube (28) such that its corresponding
tetrahedron (11) element Q™ = Q" and

W (0 By ¥) = Vs (Gws P Y)YV ae[0;1], VBe[0;1], Vye[0;1]. (53)
Then
W, (0 Buy ¥2) 2 W, (O B Ve ) - (54)
The equality
W (0 Bes 1) = Wy (G Bory V) (55)

means the R* distance between the points Q" and (16) is the same as the R* distance between the
points Q™ and (16). But there cannot be more than the one shortest distance between a point and a
hyperplane. Hence, the points Q” and Q™ must be identical. Then suppose that

Wt B 1)V (0, B ) (56)

for some a.. e(c—b; c+b). For the continuous function (47), this means that 3 a. e(c—b; aﬂ)

such that (55) turns true, what is impossible again unless Q™ =Q". Consequently, the function (47)
reaches the single minimal value at the stationary point (35) with o. €[0;1] and B. <[0;1] by a

fixed y=1. e[O; 1), and the strategy (19) is the single solution of the problem (18), being the
invariant of the problems (17), (18).

The theorem has been proved.

Just now, Theorem 2 completes the selection of the unique optimal strategy from the set of the
second player optimal strategies in the game (2) with (3) from (1) at ae[c—b; b+c] by drawing it
nearest to the uniform distribution (16). Undoubtedly, there may be brought forward any other
worthwhile criterions for singularizing each of the sets (12) — (14), but the single probability

distribution (19) is drawn from (12) — (14) with using the quadratic distance, what is very spread in
practice [1, 9, 10].

FINAL CONCLUSION

With theorems in [5] and Theorem 2 it has been proved, that the single probability distribution (19)
is the invariant of the problems (17), (18) for continuums (12) — (14) in the game (2) with (3) from
(1). So it is natural to require that if sometime other singularization criterion is brought, then it must
provide the invariant unique optimal strategy from continuums (12) — (14), which depends only on

constants {a, b, c} from (1). For the quadratic distance criterion as Euclidean R* distance in (18)

between a strategy of the continuum Q and (16), the i-th element from (1) should be applied with
the probability ¢ in (19), what minimizes assuredly not only the absolute deviations (3), but also
equalizes the four elements in their application as far as admissive. Sense of Theorem 1 is that the
continuum Q of the second player optimal strategies Q:[ql d, d; q4] in the game (2) with
(3) from (1), belonging to the three-dimensional fundamental simplex (11), has the null measure in
the R* space, containing this simplex. And that is a good ground for assumptions about other
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similar uncertainty reduction problems, where it is likely to singularize a continuum with one-unit-
lowered-dimension, although it is a matter of advanced analysis.

10.
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VY crarrti po3risiHyTO (hasosi nepexoan Jlipmuns 2,5 poxy B MeTanax, OB s13aHi 31 3MiHOIO TOIOJOTIi HOBepxHi Depmi.
Posrisnyto Teopito bap’sxrapa-MakapoBa, 3riJHO 3 SIKOIO €JIEKTPOHHO-TOTIOJIOTIYHMH Iepexif 0 HaAIpOBiIHOTO
CTaHy B JISSIKMX METajax Ma€ Miclie TPpX MOPiBHIHO HEBEJIMKHUX 30BHILTHIX THCKAX.

Onwucano Mero] MOOYIOBH SIKICHMX Ta KUIbKICHMX BiacTHBOCTell mepexoay Jlipmmns 2,5 poxy Ha OCHOBI TOYHO
pO3B’A3yBaHOi MOJENi OJXHO30HHOTO cemapabensHOro morteHniany Jlame. OTpuMaHi TOYHI aHANITHYHI BUpPA3H IS
(GyHKIIT TYCTHHHU €JIeKTPOHHUX CTaHIB Y MeTasiax Ta ii mepioi moxigHoi.

[IpoBeneHO MOPIBHAHHSA Pe3yIbTATIB PO3PAXyHKIB 3 €KCIIEPHUMEHTAIFHIMHU JaHUMH 10 (asoBomy mepexoxy Jlidmursa
2,5 pony B mepeximnux meranmax (cruiaB Mo—Re). TIpomaeMOHCTPOBAHO MOMIIHMBICTH BHKOPHUCTAHHS METOMY JUIS
TOYHOTO PO3PAXyHKY TOHKOI CTPYKTYPH €JIEKTPOHHOT'O CHEKTPY.

Kniouosi crosa: cxinuenno-3oumni nomenyianu Jlame, mouno pose ’a3yeana mooens, eieKmpoHHO-mMONOI0SIUHULL Nepexio
Jiwuys 2,5 pooy, enepein @epmi, nosepxus Pepmi.

Dizuko-mamemamuyni HayKu



