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CUMIIVIEKCHA ®OPMA MHOI'OI'PAHHUKA CITIOJIYYEHb
3 HEOBMEXEHUMHU NIOBTOPEHHSAMUN

Emerp O. O., 1. ¢p.-M. H., mpodecop, Emenb On-pa O., K. ¢.-M. H., go1eHT, Bamka C. B.

llonmaecokuil ynisepcumem eKOHOMIKU | MOp2i6ii,
eyn. Kosana, 3, [lonmasa, Yrkpaina

yemetsli@ukr.net, yemets2008@ukr.net

VY craTTi HAaBOOWTHCS TNPABWIO YTBOPEHHS CUMIUIEKCHOI ()OPMHM MHOTOTpAaHHUKA CIIOJIy4YeHb 3
HEOOMEXKeHUMM MOBTOpeHHAMHU. [las cuMIuleKcHOi (OpMHM  MHOrOrpaHHUKa — CIOJdYYeHb 3
HeoOMe)XKeHUMU TOBTOPEHHAMM JOBEAEHO psAl TBepIKeHb. Ha mpuknazi npoimocTpoBaHo popMyBaHHA
CUMILIEKCHOT (POPMU MHOTOIpaHHUKA CMOJdYYeHb 3 HEOOMEKEHUMU NOBTOPEHHAMMU.
Kniouogi  cnosa: MHO202paAHHUK — CHONYYEHb,  CUMWIEKCHA — (POpMA  MHO202PAHHUKA, — CHONYYEHH 3
HeoOMedHCeHUMU NOBMOPEHHAMIU.

CUMILIEKCHASI ®OPMA MHOI'OI'PAHHUKA COYETAHUI
C HEOI'PAHUYEHHBIMU ITIOBTOPEHUAMU

Ewmern O. A., 1. ¢.-M. H., mpodeccop, Ement A. O., k. ¢.-M. H., nonieHT, Bamxka C. B.

IHlonmaeckuii ynueepcumem 3KOHOMUKU U TMOP2OGIU,
ya. Kosans, 3, [lonmasa, Yxpauna

yemetsli@ukr.net, yemets2008@ukr.net

B craree mpuBomMTCA mMpaBWio 00pa30BaHUS CHUMIJIEKCHOW (OPMBI MHOTOTpPaHHMKA COYETaHWil ¢
HEOrPaHWYEHHbIMU MOBTOpeHUAMHU. [{nd cuUMIUIeKCHOH (OpMbl MHOrOrpaHHMKa COYETaHUH ¢
HEOrpaHWUCHHbIMU TIOBTOPEHWSMH JI0Ka3aH pAl yTBepkaAeHWil. Ha mpumepe mnpommiocTpupoBaHo
(opMHpOoBaHME  CHUMIUIEKCHOH  ()OpMBI ~ MHOTOrpaHHHMKa COOOINEHHMI €  HEOrpaHHMYEHHBIMU
MOBTOPEHUSIMH.
Knouegvie cnosa: MHO20epaHHuK —couemanuil, CUMNIEKCHAA (QOPMA  MHOZOZPAHHUKA, COYEMAaHUs ¢
Heo2paHuyeHHoIMU NOGMOPECHUAMIU.
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SIMPLEX FORM OF POLYHEDRON OF COMBINATIONS
WITH UNLIMITED REPETITIONS

Iemets O. O., D. Sc. in Physics and Maths, Professor, Yemets® O. O., Ph. D., Vanzha S. V.

Poltava University of Economics and Trade,
Koval Street, 3, Poltava, Ukraine

yemetsli@ukr.net, yemets2008@ukr.net

Within combinatorial optimization it is important to study combinatorial sets and their polyhedrons as
the basis for the development of combinatorial optimization methods. For a group of such methods one
of the stages is the linear relaxation using combinatorial polyhedrons.
Karmarkar's polynomial algorithm should be used for solving received problems, but for this purpose
feasible polyhedron must have a so-called simplex form prescribed by Karmarkar's algorithm at the
input.
Simplex forms of permutable polyhedrons with reducible and irreducible systems of constraints are
known from the literature. In this paper, the simplex form of the convex hull of Euclidean combinatorial
set of combinations with unlimited repetitions is derived.
The paper consists of four parts.
The statement of problem, the definition of combinations with unlimited repetitions (i.e. from 0 to k)
every element as ordered k-samples, elements of each are arranged by not descending order are given in
the first part.
The definition of the set of the combination with unlimited repetitions as the set of all these k-samples
and the polyhedron of combinations with unlimited repetitions as the convex hull of the set of the
combination with unlimited repetitions are given. The description of this polyhedron in the form of the
system of linear inequalities is given.
The second part is devoted to the transformation algorithm of feasible area of linear programming
problem to polyhedron having the simplex form. The algorithm has five steps. In the first step
constraints of linear programming problem are reduced to the so-called canonical form. In the second
step the inequality that defines the half-space containing all admissible points of the linear programming
problem is recorded. In the third step the system of equations in the canonical form is reduced to a
homogeneous system. In the fourth step, the bound of the introduced half-space, by introducing new
variables, is transformed into a hyperplane that cuts the unit on coordinate axes. This completes the
construction of simplex forms of polyhedron by introducing additional variables that provide the
satisfaction of the point having the same coordinates (the center) of simplex obtained conditions of the
problem.
In the third part this algorithm is applied to the polyhedron of combinations with unlimited repetitions.
The fourth part of the article provides the illustrative example.
Key words: polyhedron of combinations, simplex form of polyhedron, combinations with unlimited
repetitions.

BCTYII

AKTyallbHUM HaIpsSIMKOM pO3BUTKY Teopii omnrtumizamii € KoMOiHaTopHa omnrtumizauis (IuB.,
30kpema, [1-17]). JlocnimkeHHs: BIaCTUBOCTEH KOMOIHATOPHMX MHOXKHH Ta 1X MHOTOTPaHHHKIB €
HIIPYHTSIM PO3pOOKH METOJ1iB KOMOIHATOPHOI onTuMizaiii. YacTo OJHUM 3 eTaliB TaKHX METOIIB
€ JiHIHA pelakcailis 3 BHUKOPUCTAHHSIM KOMOIHATOPHHUX MHOTOTPAHHHUKIB. SIKIIO TPH IHOMY
BuKopucToByBaTy anroput™ Kapmapkapa (AK), To MHOrorpanHuk tpeba matu y ¢opMi, IIo
nmo3Boiisie  3actocoByBath AK — y Tak 3BaHi cuMIUieKcHId ¢opmi. Y mpargx [18-19]
JIOCITIPKyBajlach CUMIUICKCHA (opMa ImepecTaBHOIO MHOTOTPaHHHKA. Y il poOOTI pO3rIISIaETHCS
CUMIUIEKCHa (opMa OIMyKI0i OOOJOHKH €BKJIIOBOI KOMOIHATOpPHOI MHOXHHH CIOJIY4YeHb 3
HeoOMEeXEHNMH MOBTOPEHHSIMHU, sIKa BBeZieHa B [2].

1. MIOCTAHOBKA 3AJAUI
Posrisnemo  MynbTHMHONHHY G ={g,,...g,} 3 ocHoBoo S(G)={e,...,e,}. NEPBUHHOWL

crenudikaniero [G]= (k”), AKa O3HAYaE, MO KPATHICTH KOKHOTO eeMeHTa ¢, ocHoBu B G € k
VieJ,={1,2,..,n}. Toxi koxua ynopsikosana k -BuGipka (x,, ..., x, ), 1e
X=X, =S X,,

Ha3WBa€Thesl [2] EBKIIOBHM CHOJYYEHHsSM 3 HeoOMexxeHWMH (ToOTO Big 0 ax 10 k)
MMOBTOPEHHSIMHU (KOKHOTO €JIeMEHTa OCHOBH). MHOYKHMHA BCIX TaKWX CIIOJIyYeHb HA3UBA€ETHCS [2]
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EBKJIZI0BOI0 MHOXKHHOIO CIIOTYYeHb 3 HEOOMEKEHUMH TOBTOPEHHAMH, T03HadaeThest S+ (G), a i
omykia 06onorKa conv S* (G) mosHadaethest OF (G) 1 HA3MBAETECS MHOTOTPAHHUKOM CIIOJTYYCHb

3 HEOOMEKEHUMHU TTOBTOPEHHSIMHU.

Sk Bimomo [2], BepmMHAMHU I[LOTO MHOTOTPAaHHUKA € TOYKH (el ) ) , (el, e ) e
(e,-n€5€,€,) s (&,,... €,) 1 TiIBKE BOHH, @ MHOTOrpaHHHK O (G) OMHCYETBCS CHCTEMOKO
e <x <Xx,<..<x,<¢e,

Ta € CUMIUIEKCOM 3 Ha3BaHUMU BEPITHHAMMU.

Po3risiHeMo, sIK MHOTOrpaHHHK OF (G) npescTaBiseThCS B CUMILIEKCHIH opMmi.

Jlis 1mporo cmepiry posriissHEMO HEOOXiTHI Jaii mepeTBOpeHHst jpomyctumoi obmacti 3JIIT B
CUMIUIEKCHY (opMy (uB., Hanpukian, [20, 21]).

2. AJITOPUTM NEPETBOPEHHS (AIl) AOITYCTUMUX YMOB 3JII1

B CUMIIVIEKCHY ®OPMY
Hexait
ox —>max ; (1)
Ax<b; (2)
x>0, (3)

c=(cl,...,ck), x:(xl,...,xk)T, A=(ai/)lj:1:_, b=(b,,... br)T.

Kpok 1. Cucremy (2), (3) 3Bez1emMo 1o Tak 3BaHOT0 KaHOHIYHOTO BHIJISY [22, ¢. 17]

Ax+y=b; x,y20, 4)

ze y:(yl,...,yr)T.

Kpok 2. 3anucyeTbes 1ogaTkoBe 0OMeKeHHS BUTIISTY
k r
dx;+Y v <U, (5)
j=1 i=1

tyr U Ttake Benmke niiicHe mojaTHe ymciio, mo Bei Touku cuctemu (2), (3) 3a10BonbHSIOTE (5).
Sxmo # >0, 1o (5) eKBiBaNIEHTHO PIBHOCTI:

I3

Zk:xj+2yl.+u:U. (6)

j=1 i=1

Kpoxk 3. 3Boaumo cucremy (4) 10 onHOpiaHOI, 10 ekBiBasieHTa cucteMi (4). Ile Moxna 3podutu,
MIOMHOYKHUBIIH MTPaBy YaCTHHY PIBHSIHB HA OJIMHUIIIO Y BUTJISIL TAKOTO BUPA3y:

k r
x> yitu
=1 i=1

U

PiBastHHS B (4) HAOYIyTh BHTIISITY

Ax+Ay—bu=0, (7)
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I
N

b
ne marpunsg A =(a;) — 3 eNeMeHTaMu a; = d, —U’ Vjed,, Vied,; matpuus A :(arv.)l

b,

i i

) b . ) . —
eJeMEeHTaMu al{:l—g Vied,: a¥=—5, Jj#i Yied,, VjeJ,; 0=(0,..,0)

~.
]
—

J
HYJIBOBHUI BEKTOP CTOBOEIb 3 7 €JIeMEHTaMH.

Kpok 4. [TepetBoproemo ymoBY (6) B TilIepILIONIMHY, IO BiJICiKae HA KOOPJAMHATHUX OCSIX OMHHIII,
BBOJISTYM HOBI 3MiHHI

X, v, u .
X, ==, Y ==, —=V VieJ,6 VjeJ,. (®)

T Ul U S
YMoOBH 3amadi pa3zoM 3 MEPETBOPEHOIO YMOBOKO (6) micis 3amiHu (7) BU3HAYAIOTh CHUMILIEKC 3

BCPIIMHOKO B IIOYATKY KOOPAUHAT, a OCHOBA OIMUCYETHCA FiHepHJIOH_II/IHOIO, 1o 3 O0CsAMHU KOOpAWHAT
MEPETUHAECTHCA B OJIUHUIIAX.

3 ymoB (1), (6), (7), BuKOopucTOBYIHOUH (8), MaEMO

UcX — max 9)
3a YMOB
A X+A4Y-bV =0, (10)
k r
DX A Y +V =1, (11)
j=1 i=1
X=(X,..X,) 20; Y=(¥,..v.) =0; V20, (12)
Jc

sz(af()'::”—r' a;(:al.jU—bj Vield,, VjelJ,;

A =(a))L: o =U-b, Vield,; a; =—b, Vi#j; iel,;

o

jed,.

Kpoxk 5. 31iiicHIOIOTBCS TIepeTBOPEHHS 3a/1adi, IO 33/I0BOJIBHIIOTH BUMOTY: TOUYKA, IO € IIEHTPOM

. 1 1 1 .
(Gapi-LeHTPOM) CHMILIEKCA (_’ﬁ"”’ﬁjERN , 3a10BOIbHSAC yMOBaM 3amadi; Tyr N —

BHMIPHICTB IPOCTOPY 3MIHHUX 3a1a4i, 0 BU3HAYAETHCS IIPH IIbOMY IIEPETBOPEHHI.
Jlns uporo B KkokHomy piBHsHHI (10) (Hexait Horo HOoMep [ ) BigHiMeMO B JIiBifl yacTHHI
HeBiI'€eMHY 3MiHHY Z,, i €.J,, TOMHOXUBIIN 11 Ha Koe]ilieHT, SIKUI JOpiBHIOE anredpaiuniil cymi
BCIX Koe(]illeHTIB JiBOI YacTUHU LbOro piBHAHHS. KpiMm nporo, mo0 3a0e3neuuTy 3MIHHIA Z,
HYJIbOBE 3HAYECHHS IPU MakcuMizamii, ninpoBa QyHKIiS MOIU(IKYETHCS TOJAHKOM — MZ, , SIKUH
Bifirpae mrpadHy Micito 3a paXyHOK Toro, mo M >0 BHOMpaEeThbCs JOCTaTHRO BeNWKUM. lle
.
pobuThCst st BeiX piBHsIHG (Vi e J,). Y niBy yactuny (11) nogaerses ZZ .
i=1

3anaya (9)-(12) nHabyBae BUTIISIY:

UcX -M Y Z, — max, (13)
i=1
A X+AY-47Z-bV =0; (14)
k r r
DX 4DV 4D Z 4V =1; (15)
j=1 i=1 i=1
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X20; Y20, z=(z,..2z) =0; V20, (16)

. . . i=Lr
e B (14) A5 A" MaTpHIli ~ omHMcaHi  pamime, — a A7 = (aUZ. ) —
J=1

k k
a; =UY a,—kb,+U—b—(k=1)b,—b,=UY a,+U—(2k+1)b, VieJ,; a' =0 Vi#j, ieJ,;
j=1 j=1

jed,.

Jlerko Oaumtn, mo s cucremu (14)-(16) Touka (X*,Y*,Z*,V*)=(%,..., )ERN €

JIOIYCTHMOIO, @ BUMipHiCTE mpoctopy N=k+2r+1, skmo X, =Y =Z =V = Vield,;

1
N
1
N

Vied,.

3. HEPETBOPEHHS B CUMIIVIEKCHY ®OPMY MHOI'OT'PAHHHUKA CIIOJIYYEHb
3 HEOBMEXEHUMMU ITIOBTOPEHHAMUAU

Posristnemo 3amagy
k
> ¢, x, - max
=
32 yMOB, x =(x,,..., x,) € O; (G), T06TO:
=X s..sx;<..5x;,<e,.
Hexait ¢, >0 . O6MexenHs MHOrorpanHnka O (G) MOKHA 3aIHCaTH Tak:

-x, <—e,

x, —x,<0,
X, —x,; <0, (17)

X, —x, <0,

x, <e,.
3acrocoByemo All

Kpok 1. 3somumo (17) 10 KaHOHIYHOT (OPMH, BBOJISMM B PIBHSHHS 3MiHHI Y, ; VjeJ "

=X+ Vo1 =76, (18)
Xo=x;+y,.,=0 VjeJ;={23,..,k}, (19)
X ¥ Vg1 =€, (20)

Kpoxk 2. 3anucyeMo 10/1aTKOBe OOMEKEHHSI:

k+1

k
DXy, SU 1)
j=1 j=1

y opmi piBHOCTI
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k+1

k
ij+zyj—l,j+”:U’ (22)
= =

e u>0.

Ouinmmo 3miany U . [logamo Vj e J;! oomexenns (19). Maemo:

k
X =%+ ., =0,
j=2

abo
k
Zyj—l,j =X, X Se, —e; (23)
j=2
3(18)
You =X —¢€ =e¢,—¢, (24)
a3 (20):
Vikn =€, —X, =€, —¢. (25)
3 (23)-(25) onepxyemo:
k
Zyj—l,j <3(e,—e). (26)
j=1
Sx Bimomo [3], y MHOTOTPaHHHKY CIIOJIyuYeHb 3 HEOOMEKEHUMH IOBTOPEHHSMHU € BepIIUHA
(e,,...e,)eR", i e HAlGITBIII MOKIMBI 3HAYEHHs KOKHOI 3 KOOPAMHAT X, TOOTO VX 3 IBOTO
MHOTOTpaHHUKA
k
D x, <ke,. (27)
i=1

3 ymoB (21), (26), (27) Maemo

k+1

k
dx;+> v, <(k+3)e,—3e,. (28)
1

j=1
OT)KC, JOBCCHC TaKC.

Teepmxenns 1. JIjis MHOTOTpaHHUKA CIIOJIyYeHb 3 HEOOMEKCHHMHU MMOBTOPCHHSMH CIIpaBe/IMBa
HepiBHICTH (21), e
U=(k+3)en —3e,. (29)

Kpoxk 3. J{ns 3Benenns cuctemu (18)-(20) mo ogHOpiqHOT HOMHOXHMO TpaBi yactuam (18) Ta (20)
Ha BUpa3

e+l

k
DX A v, tu
=1 j=1

(k+ 3) e, —3e

110, 3riaHo 3 (22), (29), € ogunuIer0. OaepKUMO

J=1

e k k+1
__X,'l +y0’1 = W(Z)@j +jz=1:y-/_l’j +MJ 5 (30)
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k+1
5 ik = (k+3)e -3¢, (Zx +zyj o J’

a0o Micost CIPOIIEeHHS

k+1

k
|:4e1 —(k+3)eﬂ]x1 +eIij +|:(k+3)en —261]y0’1 +€1Zyj-1,j +eu=0,
=2

J=2
k=1

J
J=1

Kpoxk 4. Pobumo 3aminy 3mMiHHEX 3Ti1HO 3 (8). Maemo 3amaay

[(k+1)en _eJiCij — max,
=

10 ekBiBasIeHTHO (1), 32 yMOB:

k+1

|:4e1 —(k+3)en:|X1 +elin +[(k+3)en —2e1]Y0’1 +elej_l’j +el =0;
j=2 =2

X, X, +Y_,,=0 vjeJ};

enkz_l:Xj +|:3€1 —(k+2)en:|Xk +enin_Lj +|:3el —(k+2)en:|Yk’,c+1 +elV =0;
J=1 J=1

k+1

ZX +ZY1]

e ) X, +[3€1 —(k+2)en:|xk +eniyj—l,j +|:3e1 —(k+2)en]yk,k+1 +eu=0.
=l

€2))

(32)

(33)

(34)

(35)

(36)

(37)

Kpoxk 5. Y xoxHOMY 3 piBHSHB (34)-(36) y JiBilf yacTWHI BiJJHIMEMO BIIAaCHY HEBIJI'€MHY 3MIiHHY
W, , (3 THMH iHeKcaMu, 3 SKMMM BXOAMTb y BiINOBinHE piBHAHHA 3MiHHA Y, ), VjeJ! — B

(35); w,, B (34). Ww,,, — B (36)). Koebiuienr npu W,_,

Vjed,,, ={L2,....k+1}. B (37) BBesteMO 3MiHHY W, ,, 3 KOCDILIEHTOM ., -
Trepuxenns 2. Koediuienr o, , VjeJ 1., OOUMCIIOETHCS TaK:

o, =4e, —(k+3)e, +e (k—1)+[(k+3)e,—2¢ |+(k+1)e +e =

=e (4+k—2+k+1+1)=(2k+3)e;

a,,,;=1-1+1=1 Vieldi;

& =€, (k—1)+3¢ —(k+2)e, +ek+3¢ —(k+2)e, +e, =
=6¢ +e, (k—1-k—2+k—k—2+1)=6e —4e,.
Ui psr =k +h+1+1=2(k+1).

[Ticst Kpoky 5 Maemo 3amagy:

k+2

n
dex;—MY W, — max
j=1

J=1

k+2

[2¢,—(k+1)e, | X, +e12X +(k+1)e Y, +e > Y  +eV —(2k+3)eW,, =0,
Jj=2

II03Ha4YuUMO &

J=LJ

(38)
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X=X +Y, =W, ,;=0; VjeJ., (39)
k-1 k
e, ). X, +(e1 —ken)Xk +enij—1,j +(e1 —ken)Yk,kJr1 +enV—(6e1 —4en)Wk’k+1 =0, (40)
Jj=1 Jj=1
k k+1
X 4DV AV =2(k+ )W, =1 (41)
= =

Baypakumo, mo =k +1, 0mke N =k+2r+1=k+2k+2+1=3(k+1).
4. JIIOCTPATUBHU TPUKJIA

Mpuknag. Hexait G= {14; 1 14} , k=4. Posrmsmemo MHOXHHY S'(G) cmomydeHh 3
HeOOMEKEHUMH TIOBTOPEHHAMHU.
Orxe, n=2; S(G)=(e,e,)=(111).
Cucrema st convS) (G)= 0! (G)= O} (G), mo mae Burmsn (17), Taxa:

-x, <=1

X, —x,<0;
X, —x; <0; (42)
x,—x, <0;

x, <1L.

3Bo MO (42) 10 KaHOHIYHOT (hopMHU:
- X+ Yy =-1;
X=X, +y, =0;
Xy = X3+ Yy =05 (43)
Xy =Xy + Yy =05

X, +y, =11
3anucyeMo J0/1aTKOBe OOMeKeHHs BUTIIILY (22):
XX+ X+ X+ Yo H Y F YtV s tu=U. (44)
Ouinumo U . Sk BinoMo x, +...+x, <4-11=44.
Yo =—1+x, <—-1+11=10, y, =x, —x, <11-1=10,
Yoy =X3—x, <10, y;, =x, —x; <10, y,s =11—x, <10.
3 iHmoro OoKy
Vio =Xy = X5 Vo3 =X3 =Xy, V3 =Xy — X3,
JIOJIABIIA TPU OCTAHHI PIBHIHHS MaeMO:

VitV t+yy=x,—x<e¢,—¢=10.

k+1
Orxe, Y.y, <3(e,—¢)=30.

j=1

Tob6to, U =44+30 =74, mwo gae i popmyna (29):
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U=(k+3)e,~3¢ =(4+3)-11-3-1=77-3=74.

3BeieMo mepIie 1 OCTaHHE PiBHSHHS B (43) 10 OJHOPIIHUX, TIOMHOXKHBINU 1X MpaBi YacTUHU Ha

ADIES)
—( Y x. +> v, . +u
ZAG=I =1

Ao

x4 NN XX YtV T s Yyt Vst
- B
X1 Vor 74

11
Xyt Vs zﬁ(xl TX F XX, T Vo TVt Vs Vit Vs ‘H/‘)-

—73x, +(x2+x3+x4)+75y01+(y12+y23+y34+y45)+u =0;
ll(xl+x2+x3)—63x4+11(y01+y12 +y23+y34)—63y45 +11u =0.

Axmo ckopuctarucs (32), (33),

(4=7-11)x +1-(x, + x5, +x,)+(7-11+2-1) 3o, +1-(y + Vo3 + V3 + us)+1-u=0

11(x, +2, +x,)+(3-1=6-11) + 11y, + ¥y + Vo3 + 335) +(3-1=(4+2)- 1) +11u =0,

TOOTO MaeMO Ti K pe3yJIbTaTH.
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