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VY craTTi po3rIAmaEeThCs OFHA i3 3a7ad ONTHMI3amii, a came: JIiHilfHA yMOBHA MMOBHICTIO KOMOiHaTOpHA
3aJada eBKJIIOBOI ONTHMIi3amii Ha MOJIPO3MIMIEHHSAX, y SKii CymMa KOOpPAMHAT Y PO3MIMICHHAX
koHcTaHTHA. L 3amava mossirae B MiHiMi3arlil JIIHIHHOT IUTBOBOT (YHKIIT 3a JIHIHHUX 0OMEXeHb, SIKi
BHPAXAIOTh YMOBY, IO Ti KOOPIWHATH [OMYCTUMOi TOYKH, SKi BXOIATH B OXHE PO3MIIICHHS
MOJIPO3MIIIEHHSI, B CyMi JIOPIBHIOIOTH CTaJlii, SIKy MOXKHa BBakaTH oauHunero. KomOiHaTopHHM
0OMEXXeHHSIM I1i€T 3a/1adi € Te, MO JOIMYCTHMA TOYKA € IOJIiPO3MILIICHHSM.
Jns po3B’s3yBaHHS 3a7adi 3alpONOHOBAHO Ta OOIPYHTOBAHO METOMA TUIOK Ta Mex. Jns mertomy
BHCBITJICHI TIpaBWJIA TaTyXXCHHS JOMYCTHMHX ITiIMHOKHH, OI[IHIOBAHHS IIIMHOXUWH 1 BiiCikaHHS. Y
poOOTi 3ampONOHOBAHO TPABWIIO OI[IHIOBAHHS JOMYCTUMHUX MHOXHH Ta JOBEACHO TEOpeMy, sKa
BCTaHOBJIIOE OI[IHKY JOIYCTHMOI MiAMHOXHWHA. [IpHHIMI OLIHIOBAHHS, SIKHH peai3oBaHO B TEOpeMi,
TIOJIATAE B TOMY, IO B SIKOCTI OIIiIHKU O€pyTh CyMY IBOX JTOJAHKIB, OJMH 3 IKHX € CYMOIO THX €JIEMEHTIB
iTH0BOT (PYHKIII, sIKi BiIMTOBIJAIOTH BUSHAYEHUM Y TOMYCTHMIii MHOXHHI, 11O OIIIHIOETHCS, a IPYTHHA —
€ MIHIMyMOM Ha KOMOIHATOpPHIM MHOXXHHI ITOJIiPO3MIIIEHB, K4 YTBOPIOETHCS CHEIiabHUM YHHOM,
NMiHIAHOT 1iMhOBOT (DYHKII, MO € Ti€l0 YaCTHMHOI BHUXITHOI IIBOBOT (YHKIli, B SKYy BXOIATH
HEBHM3HAUYEHI B JIOMYCTUMIii MHOHHI, 110 OIIHIOETHCS, 3MiHHI.
JloBeneHi nesKi BIACTHBOCTI OIIHOK, a came: 1) /Ui BBEIEHOTrO crocoOy OIIHIOBAaHHS Ta TalTy)KEHHS
JIOITYCTUMHUX IiJIMHOKWH OIliIHKA HACTYITHOI IiMHOXHHHU Ha TUII JepeBa TalnyKeHHsS BiJl KOpEHS 10
mucta Oyle He MEHIIOrO BijJ OLIHKM IONEPEIHbOI MiAMHOXHWHY; 2) Ha OJZHOMY piBHI I'TMOMHHU Bin
KOpEHsl JiepeBa TaXy)KCHHS OIIHKH JIOIMMyCTHMUX MiJMHOXKHH, IO € MiIMHOXHHAMHU OJHI€l 1 Tiel xk
JIOIYCTUMOI ITIIMHOXHHH, NIPU PYCl BiJ BEPXHIX TI'JIOK A0 HIDKHIX TUIOK MiAMHOXKHMHH PO3TALIOBaHi
HIDKYE HIIMHOKHHU MalOTh OLIBIII OLIIHKH.
VY cTarTi HaBeJeHO IIOCTPATUBHUN MIPUKIIAJ, SKUH MMOJINIIYE CIPUAHATTS MaTepiaiy.

Knmiouogi cnosa: kombinamophi iepogi 3a0aui, Memoo 2iioK ma medvxuc, NOJPOIMIUeHHS, POIMIUYEeHHS.
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One of the optimization problems is considered in the article, namely, the linear conditionally complete
combinatorial problem of Euclidean optimization on polyarrangements, in which the sum of coordinates
in arrangements is constant. This problem is to minimize the linear objective function for linear
constraints, which express the condition that those coordinates of the admissible point, which are
included in a single arrangement of polyarrangements, in the sum equal to a constant, which can be
considered as one. The combinatorial constraint of this problem is that the admissible point is a
polyarrangement.

To solve the problem, the branch and bound method is proposed and substantiated. The rules of the
branching of admissible subsets, the estimation of subsets and the cutting are proposed for the method.
A rule for estimating admissible sets and a theorem that establishes the estimate of an admissible subset
are proposed in the work. The principle of estimation, which is realized in the theorem, consists of the
fact that the sum of two items is taken as an estimate, one of items is the sum of those elements of the
objective function, that correspond to those defined in the admissible estimable set, and the second is the
minimum on the combinatorial set of polyarrangement, which is formed in a special way, of linear
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objective function, which is the part of the original objective function, which includes variables that are
not defined in an admissible set that is evaluated.
Some properties of estimations are proved, namely: 1) for the introduced method of estimation and
branching of admissible subsets, the estimation of the next subset on the branch of the tree branch from
the root to the leaf will be not less than the estimate of the previous subset; 2) at one level of depth from
the root of the branch tree, the estimation of admissible subsets, which are subsets of one and the same
admissible subset, when moving from the upper branches to the lower branches of the subset, located
below subsets have higher estimates.
The article presents an illustrative example that improves perception of the material.
Key words: combinatorial gaming problems, the method of branches and boundaries, polyarrangements,
arrangements.

BCTYII

3anaui komMOiHaTOpHOI onTuMizauii [1] € po3ainoM Teopii onmTuMizalii, IO MIBUIKO 1 OYpXJIMBO
PO3BUBAETHCS 1 B SKOMY JIOCHIKYIOTHCS MOJEINI, 1[0 BUKOPUCTOBYIOTH SIK JIOMYCTHUMI TOUKH —
KOMOIHATOpHI KOH}Irypallii, Taki sIK IepecTaHOBKHU, PO3MIIICHHS, CIIOJIYYCHHS Ta OUIBII CKIaIHI.
[Tomipo3mimieHHs BBeIeHI B poOOTax, siki y3aranbHeHi B [2, 3] (muB. Takox [4]).

BuBueHHsT KOMOIHATOPHUX ITPOBHX 3aJad HAa PO3MIIIECHHSAX (IUB., HANpUKIAL, [5, 6]), B AKHX
PO3MIIIIEHHSI € MIITIAHOIO CTPATETIEI0, & OTXKE, CyMa KOOPJIUHAT B HBOMY € OJMHHIICIO, IPU3BEIIO JI0
HEOOXITHOCTI pO3B’A3yBaTH JiHIMHI KOMOIHATOpHI 3ajadui Ha PO3MIIICHHSX, IO MAalOTh TaKy
BHAcTUBICTh [7]. MoskHa CTaBUTH 1 OUIBII CKIAAHI IrpOBI KOMOIHATOpHI 3amavi, B SKHX
JOTTYCTUMHMH € TOYKH-TIOJIPO3MIIICHHS, [0 MAIOTh CTAJICTh CYM KOOPAHMHAT Y PO3MIIICHHSX.
MeTtoniB po3B’sI3yBaHHs TaKUX 3a7ad HEMae€, OTXKE, aKTyaIbHUM Ta HEOOXITHUM € TpeaMeT Iiel
myOJTiKartii.

IMOCTAHOBKA 3AJIAYI
Posrnsinemo MHOXMHY momipo3mimienb [2, 3]. Hexaif G:{gl,...,gn} — MYJbTUMHOXHHA
IPOHYMepoBaHUX JificHux umcen, a S(G) — 1 ocHoBa, [G|={m,,...,n,} - mnepeuHHa

cmenudikamis, e M, +..+n,=n; 1<n,<k VieJ ={,2,.,v}. Hexait N,.,N, -

VIOPSAAKOBAHE PO3OHUTTS MHOXHHH an{l, 2,...,11} Ha s MIAMHOXHH, ToOTO: N,(1N J:@,

Vi#j, N, #9, i,jed; UN,. =J,. Posrnanemo ynopsaxkoBaHe po30MTTS yucna k Ha s

i=l1

NONAHKIB £, ...,k 3a yMOB 1<k, <n =|N,| VieJ .OueBuano, mo k +..+k, =k, n,+...+n,=n
. Hoznaunmo J, U {0} =J, . YTBOPMMO MHOXHHY Kk, -PO3MILLIEHb 3 MHOXHHU N, , SIKY TIO3HAYMMO
E(N,). Hexait ii enement — ue m, 10610 T =(ni1, - nik_)eEf" (N,), ieJ,. O6’ennaemo Vi
yropsjkoBani  k,-Bubipku T B ymopsyukoBaHy  k-BUGIpKY 3 MHOXUHHU A

n:(n(l),...,n(k)):(n“,...,nlkl,...,nsl,...,nskx):(nl,,..,ns), Hexait H — 1e MHOXHHa BCiX

Takux BUOIpOK, ToOTO H = {n = (7:1, - ns)

vn' e E; (N,)Vie JS} . YTBOpUMO K -BHOIpKY g 3

MYJIBbTUMHOXXHHH G , BUOUpaIOuu 70 Hel Ti eJ1eMeHTH G 1 B TOMY MOPSIKY, SIKMH 3a/1a€ k -BUOIpKa
ne H,acame: g :( Er(tys -+ gn(k)). MHOXWHY BCiX TakuxX BHOIPOK Ha3WBalOTh [2, 3] 3araapHOIO

MHOKHHOIO TIOJTipO3MillIEHb i  IO3HAYaIoThH Efi (G,H), TOOTO Efsv (G,H)=

= {(gn(l), ven gn(k))‘ Vne H} .

Po3rnsiHeMO Taky JiHiMHY yMOBHY MOBHICTIO KOMOIHATOpHY 3aJady €BKJIIIOBOi ONTHUMI3allii Ha
noipo3mitieHHsx [2, 3]:
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zcjyj — min (1)
Jj=l
3a YMOB
y=(y1,...,yk)=(K,...,K,..., K‘)EEﬁi(Gy); 2
ki
Zymifi:Ci ViEJS, (3)

ne Y, :(ymiH’ ymi+2,...,ynli+ki); c; € R' Y eJ,; G' — MynpTUMHOXHMHA G = {gly, ey gé’}, g’ eR
VjeJ,; Ci=consteR', C,#0 VieJ,,a
my=0; k,=0, m=m_+k , Viel,. 4)

He mnopymyroun 3aragbHOCTI MipKyBaHb, MOXHaA po3risnatd 3agady Buriasagy (1)-(3), ska
onepskana i3 3agaui (1)-(3) takoro Tpancdopmariero. Hexaii mynsrumHO)kHHa G* npejicTaBicHa SIK

cymMa MYIbTUMHOXKMH (muB., Hanpukiazg, [2-4]) G’ =ZGiy , ne G’ :{gﬁ’i,...,gﬁ’i}, a
i=1

Y jrzi

{jl’,...,j;i}=1\7i VieJ,. Pospinumo Bei 3minmi y, .. Vj€J; Ta Bei enementu g; VieJ,

mynbtuMHOXUH G Ha ctany C,, VieJ,. 3agaua (1)-(3) HaOyze Burisny:

k
chxj — min ()
j=1
3a yMOB
X=X %)= (X s X,y X, ) € ER (G); (6)
k;
zxm,-+j =1 Vie Js ’ (7)

N
1€ BHKOHYIOTBCS CIiBBimHOWmIeHHS (4), a X, = (xm_ﬂ, s X ), G= ZG,- , G = {g}., o 8 },
' i=1 '

i > m;+k; i
. .0
Jisen Ji

Ta (5)-(7) BCTaHOBIIOIOTH CIIBBIAHOIICHHS X

m;+j

. k. . .
k;-posmiuienns X, € £ (G[) , =n,, Ta 3B’5130K MIX eKBiBaJeHTHUMHU 3anayamu (1)-(3)

'Ci:ymiﬁ VjEJki g;,-Ci:gjy";" Vl‘EJnI_ ViEJS.

Jani posrnsaemo 3agauy (5)-(7). Ii po3s’si3yBaHHS IIPONOHYETHCA MPOBOJUTH, BUKOPUCTOBYIOUH
METO/IOJIOTII0 METOTy TUIOK Ta Mex (MI'M).

PO3B’SI3YBAHHS IIOCTABJIEHOI 3AJAUI

CyTTeBUM U181 peaiizailii airOpUuTMy pO3B’sI3YBaHHS 3ajla4l B paMKaxX METOOJIOTIF0 METONY TiJIOK
Ta MEX € Taki Tpu acrekTH. Lle, mo-mepiie, OI[iHIOBaHHS MiAMHOXHWH JAOMYyCTUMUX po3B’s3KiB. [1o-
JpyTe, e BU3HAYCHHS CIIOCOOY Tally’)KeHHS MHOKHHHU JIOYCTUMHUX PO3B’S3KIB Ha IIiJIMHOXHHH,
TOOTO KOHKPETHY pealli3alliio CIiBBITHOLIEHHS MIX TalyKeHHSAM «yriaud» ta «sumup». Ilo-Tpere,
BCTAHOBJICHHS IIPABUJI BIJCIKAHHS: KOHCTATyBaHHS, 110 BiJICIKAHHS B1IOYBA€THCS 32 «KJIACUYHHUM)
MPUHIMIOM (BICIKAIOThCS MIAMHOXHHH 3 HE MEHIIOK OIHKOI, HIX «IIOTOYHUN PEKOpI»
3HAYECHHS LUILOBOI (QYyHKINT). AOO BCTAaHOBJICHHS W IHINWX MPaBWJ BiJCIKAHHS IIJIMHOXHUH (K
TAaKUX MIIMHOXKHWH, III0 HE MAlOTh €JIEMEHTIB, SIKi JIal0Th Kpallli 3HAYCeHHsS MUIbOBOI (YHKIT, HIXK
B)K€ HasBH1, 800 TaKUX M1IMHOKHH, sIKI BUSIBJISIOTHCS TIOPOKHIMH).
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PosrstaeMoO cmocio rajay:keHHst MHOXHHHU JOINYCTUMUX PO3B’SI3KIB HA MIIMHOXHUHH.
y

BusHauumMo  HOMepHu  O,..,0,  KOEQIUIEHTIB  1inboBOi  (QyHKLIT 3  HEPIBHOCTEH:

> > > > > >
Co 2Cy, 2 2C, _O>caM >..2cC

[e7a

3 1uX HEPIBHOCTEH BIAMOBITHO 10 MNpeACTaBieHHs (6) i1 TOYKM x MOXKEMO 3alHCaTH
(BMOKPEMHUTH) TaKi

c . >c, >.>2c, 20>, >..>c, VieJ, (8)
ay a; ay, Oi O s

IO BIJANOBINAIOTh YIOPSAKYBAaHHIO 32 HE3POCTaHHAM Koe(ilie€HTIB IinboBOi (GyHKLII mpu
0
KoopauHarax Touku X,, [, €J, =J, U{0}.

lamy:xeHHs 3I1MCHIOBATUMEMO CIIEPIIY «yrJIMO», MOTIM «yWHp», 30UIbIIy0Ud [€.J, , a IpH

(hikcOoBaHOMY i B HOPSIKY X

., X S
m+j 2 Trmtj, 0

TR T | i . .
. xmﬁj/i,zle J1=0, J,=0,, ..., ]1,_ —Qli B1AIIOBIJHO OO

(8). Tlpy 1BOMY BBaKa€EMO, IO EJIEMEHTH, SIKi MO3HAYUMO g,..., g,

;

MYJIbTUMHOXUHA G,

MIPOHYMEPOBAaHi 3TiTHO 3 TIOPSIKOM

i i i
g<gi<.<g . ©)
[Ipu ramyxeHH1 «BTaM0» YTBOPIOBATUMEMO JIAHITIOT T IMHOXHH
D, oD 5.5 Dtltz---t,,. , (10)

e (tl,tz,...,tr)eE,fi (Jn,.) — e MHOXMHA t-po3MilleHb 3 MHOXuHH J,, T€J,. lle Gynemo
poOHTH, HaJTAIOUH:
3MIHHIA x o T IMHOKUHA D, HOCTIZOBHO 3HA4YeHHS g, &5,... g, (f, — HOMep B (9)

1
ClleMeHTa g, =X . );

m;+o

JUISL TIIMHOXKHHK D, TIOCITI0BHO B IOpsiAKYy (9) 3HaueHHs 3 G, \{ g,i } (t, —HOMED

B (9) enemenTa g, =x . );

m;+0oy

3MIHHIM x
m‘+(x2

cey

3MIHHIN xm,-+0t§ IS T1IMHOXHHU D, . MOCII0BHO B nopsaky (9) 3HaueHHs 3 G, \{ g; s oo gt’j]}
Vjed, (¢, —Homep B (9) enementa g;/ =X );

.5
3MIHHIT X o, A T IMHOKHHHU Dtlmt[i HOCIIIIOBHO B NOpAAKY (9) 3HaveHHsa 3 G, \{ g,i yees gri,,.fl}
(, —Homep B (9) enemenTa gt"li =% ol ).

Ilicnsa YTBOPCHHA IMIIMHOXWHU Dtltz‘.. pu MnoaajblioMy TaJIYKCHHI1 ((er'II/I6)) YTBOPHOETHCHA

4,

JIAHIIIOT

>..oD ., (11)

>D >D .
hty .ty hty oty ty iyttt by,
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ne (t—I )-po3mimeHns (t,’_ﬂ,...,tr)eE;i""' (Jnl_), te it ={L+1,1+2,..,k}. Tlpu mpomy s

YTBOPEHHS MiIMHOXUHU D,, ~ 3MiHHIH X . HaJaBaTUMEMO MOCJiJOBHO 3Ha4Y€Hb
12Tty m; + 0Ly,

1 81w 825 &1 s (12)
3 MyJIBTUMHOXHHH G, \{ =S g,"r}, ne womep f,,, B (11) — iHgeKc y HOMepi MiIMHOKHHH —

03Ha4ya€e HOMEp eJIeMeHTa gﬁ,_ﬂ =X

mitoy,

JlJis yTBOpEHHS MMiIMHOKHUHU Dz]...z 3MIHHIA X o MOCIIIOBHO B MopsiaKy (12) HagaBaTHMEMO

142 ;oL

3HAa4eHb 3 Gl.\{gfl,..., gt"H}, e Homep y mociifgoBHocTi (11) f,,, oO3Hauae HOMep eJleMEeHTa

a JUlsl yTBOPCHHS MIIMHOKUHK [, ,  3MiHHIA x . IOCIIIOBHO B HOPsAKy (12) HamaBaTHMeMo
it

i 01

3HA4YCHb 3 G,.\{g,"] y ees g,"l‘ﬂ_?l}, fie HOMep y mocuifoHocTi (11) 7, 03HaYae HOMEp elneMeHTa

i
gt1i+j =X

i
m; +ak,’—‘j+l

s Vjed, -

bynemo HanaBaTu 3MIHHIN X, . VI8l YTBODEHHS MHOXHHHU Dtlml]m+l MIOCJIIJOBHO B nopsaky (12)

ki=j

3Ha4YeHb 3 Gl.\{gl’l,...,g'l

}, ne HoMmep B mocmigoBHocTi (11) ¢, 03Haya€ HOMEp €JIEMEHTa

Ui +j+1
g =x Vied .
Uyl m[+(x;;[,/+| J ki=l=1>
.
TAKO)X HAOArO4d 3MIHHIA X =x JUIsl YTBOPEHHs MIAMHOXHHH D, MOCJIITOBHO B
-

4.

i i
M+ 0 (J—;-1) m;+0, i

i
I

nopsaaky (12) smavens 3 G, \{ g; s & }, 1e HoMmep B nociigoBHocTl (11) 7, o3Hauae HoMep

eneMeHTa g, =X

i .
m; +0‘/,-+l

IIpu 306inbmIeHH] [ €.J, yTBOPIOKOTHCS MHOXKHHHU 3 k, TEPIIMMH IHAEKCAMH, HIO BIANOBLIAIOTH
i=1, Ipu k, — 3 HACTYIHMMH 1HJEKCAMH, 110 BIANOBINAIOTh i =2, 1 T.[., a%K J0 MHOKXHHH Dil...ik
npu i=s. [Ipu BuOOpI HACTYNMHOrO 3HAYEHHS eJleMeHTa 3 ( Ha OJHOMY pIBHI TalyXKEHHs
B1I0YBAETHCS TATYKEHHS «BIIHPY.

Pozrisinemo npaBmiia no0y10BH OMIHOK JOMYCTHUMUX Ii/IMHOKHH.

pu yreopenni nigmuoxunu D, Maemo npa Bunanku: 1) t, </;2) v, =L +j (v, > /). B 0box

t,

BHIIAJKaX BHKOPUCTaHI €IEMEHTH MYIbTHMHOXUHH (G, yTBOPIOIOTH  MYIbTHMHOXUHY
G, :{ 81 g,"q}, a He BUKOpHCTaHi — pisaumio MymstuMHOXuH G, =G, \G, ={§1’,..., g;l__rl_},

g <..<g . [lo3HAaunMO MYJIbTHMHOXHHY KOE(IIi€HTIB MiIb0BOT (QYHKINI TPH BH3HAYCHUX Y

i

MHOXHUHI D, !
162 -+ 1

. . : l . . . “o .
,, 3MIHHHX C, = {c yeees C;} (mpudoMy ¢, — KoediLieHT IpU 3MIHHIHN, [0 JOPIBHIOE

g, 1 =t,....,t ). llosHaunmo C, MyIbTUMHOXHHY BCIX KOE(ILIEHTIB y IIbOBIM (QyHKLII mpH
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HeBifoMux 3 X, a pisammo C, Ta C, Tak: CizCl.\Cg:{El’,...,'é,’{__t}, ae

1

~i ~i ~i ~i
€ 2.2¢ 2 0> G2 2Cp

PosrisiHeMo Benu4uHy
T
i _ i
V= Vll[Z"'tr,- - th/gz/ . (13)
j=1

BBenemMo B po3riisi BeIUYUHY

k-,

* *j . al ~i ~
c. =cC = min Z c.X . 14

Lei#t miHIMyM 3HaXOAUTHCS 3a Teopemoro 3.1 3 [2, cTtop. 79].

3acTOCYyBaBIIIH 11, MAEMO:

)»,- ki—Ti
* ~i o~ ~i o~
o =G+ Y T8 (15)
j=1 j=hH

Teopema. Ouinkorw & MHOKHHH D, , €BennynHa

S
_ * *()
F;—vl.+cl.+ch , (16)
j=1
J#i
ae
k;
¢’= min Y cx (17)
j % 7V m+t
XieE,(G) o
* o * *() * * 7
3ayBaxkenHs. Bennuuna ¢ io — LIe YaCTKOBUHU BUMAJOK ¢;, Kot T, =0, T00TO: €, =C; = c,O’ , Ipu
upoMy G, =G, ; C, =C,. 3 ypaxyBaHHSM L[OTO BEIMYUHY & 3 MO3HAYEHHAM
S S
* * *, *
c =g +ZC/O =Zci (18)
A
J#i
MO’KHA 3aIlMCaTH TaK:
_ *
E=v, +c . (19)

JloBenenus TeopeMu. SIK BioMO, BeNMMYKMHA & € OILIHKOK B METOI I'JIOK Ta MEX JOMYCTUMOT
nigMHOKHEN O, B 3a1adi MiHiMizanii GpyHKmii F (x), AKImo

E<F(x) VxeQ. (20)
VY cuny BiacTuBOCTI MiHIMyMY Ta npezacTasienb (13)-(19) nns Benuunnu (19) BUKOHYETHCS yMOBa

k
(20) mpu F(x) = chx_,- 3(5)maQ =D, , .
= '

3ayBaxennsi. [Ipu ramykeHHI «BIIMp» 13 3aAISHHAM JEKIIbKOX MIJMHOXHMH G, OJHOYAcHO
OIIIHKOIO JIONMYCTUMOI IIIMHOXHHH, SIK HE BAXKKO 0a4uTH, Oy/e BEIMYMHA

§=V+c*,
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ac

Bigcikanns BinOyBalOTbCS 3a KJIACHYHHUM IIPABMIIOM: KOJM I MIAMHOXHMHU () OLIHKH
E>F,=F(x,), ne F, — NMOTOYHMH PEKOPJ MiHIMaNbHOrO 3HAYCHHS LiTbOBOI GyHKUil F(x),
00YHCICHUI Ha OJTHOCIIEMEHTHIN MHOXUHI O = {xo} , TO BIJIMOBIJIHA MIAMHOXHHA ) BIJICIKAETHCA.
[Ipy 11bOMY, KOJIM YTBOPIOETHCS HOBA OJHOCICMCHTHA MHOYKHHA {xi}, i=1,2,.., TO 32 YMOBH

F, = F(x,) < F, pexops F, OHOBJIOETBCA: Jalli 33 HHOTO MAIOTh F; .

LIIOCTPATUBHUM NIPUKJIA ]
Hexait G, ={0;0,2;0,2;0,4;0,6;0,8}; G, ={0;0,1;0,50,50,9}; s=2; k=5; k =3; k,=2.
Hexaii minpoBa ¢yHKIIist Taka:
X, +5x;, —x, +x; > min.
Maemo oOMexeHHs BUTIISTY (6)

xz(xl;xz;x3;x4;x5)€Elsl’i(G)’

e X, =(x;x5x); X, =(x;x); G:{02;0,1;0,22;0,4;0,52;0,6;0,8;0,9}, v=8, n=11; ta
oOMexeHHst BUrisiny (7)
X +x,+x,=1;
x, +x,=1.

Orxe, n =6; n,=5 1 MOKHa OOMEKEHHS BUIIANy (6) NpeacTaBUTH Tak: X, EES(Gl),
X, eEX(G,).

1 . cu o .
Busnauaemo 3a (8) o, o, 0. Y LIb0Bil QYHKIi Npu 3MiHI NOPAIKY HONABAHHSI, MAEMO JJIs
1 1 1 1 1 1

X,: 5x,+x+0x,. Otxe, ¢;=5; o, =3; ¢, =1; o, =1; ¢,=0; a;=2 (10610 (8) Mae BuIIAN

1 1 1
c;=52c¢ =12¢,=0).

. .o 2 2 2 2

Jns X, y uinboBii Gynkuii Maemo: x; —x,, To0to ¢; =1; oy =5; ¢; =—1; a; =4.
lamyxeHHs 301HCHIOETBCS «BIVIMO». [Ipy 11bOMY BHU3HAYAIOTHCS OJHA 32 OAHOIO 3MIHHI B MOPSAKY
X33 x5 x,; Jam xg; x,. lIppuomy ans X, TOPANOK BUKOPMCTaHHS EIIEMEHTIB (G, TaKUM:

1 1 1 : 2 2 .
g <g=<.5g¢,ama Xx,, ockinbku ¢; >0, a ¢; <0, nopsaa0K BUKOPUCTaHHS EIIEMEHTIB 3 G,
and x; (4K 1B X,) IO HE CNAJAHHIO, a JUIil x, — 110 He 3pocTanHio. To0To, X,, x,, x, HOCIIIOBHO
HaIaThCs 3HaveHHs: 0;0,2;0,2;0,4;0,6;0,8; ma x; — 3HavdeHHsa 0;0,1;0,5;0,9; a wid x, —
3HayeHHqa 0,9;0,5;0,1; 0.
TBepmxenns 1. J[nsa 3amaui (5)-(7) y MeTOII TUIOK Ta MEX, 3a PO3IJISTHYTOTO CIIOCOOY TaTy>KEHHS

Ta OL[IHIOBAaHHsS JONMYCTUMHUX MHiAMHOXUH 3a (opmynoro (16), omiHKa HACTYNMHOI MiIAMHOXHHU

. . . k
D, ,  Ha rinui gepesa raayXeHHs Bill KOpPeHs (MHOXKHHA EY, (G)) 70 JUCTa (OJHOEJIEMEHTHA

MHOXXHHa) Oy/ie He MCHILOKO BiJl OLIIHKH [ONEPeAHbOT MAMHOXUHKN D, , , e J, ;.

Tosenennsi. Ockinbku oninka Muoxunn D, 3nificHioeTses 3a (16), e c;O — ne minimym (17), a

OL[iHKa MHOXHMHM D, ,, =~ OJEPKYETbCs K 3HAYCHHS Ti€l XK (QyHKUI Npu HAOYTTI HEHO HOBOIO

a+l
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3HA4YEHHS 3aJJaHHAM I1Ie OJIHI€T 3MIHHOI Ta 3HAXO/PKEHHAM 11 MiHIMyMY IO KOMOIHATOPHIM MHOKUHI1
MOXJIMBUX 3HAYeHb HEBU3HAYCHWX € 3MIHHMX, TO 3 O3HA4YCHHS MIHIMYMY 1 BHILUIMBAE
CIPaBETHBICTh TBEPKCHHS.

ImrocTpaniero peamizanii HbOro TBEPIKEHHS € OWIHKA & i D,,; &

&=F =0,2 (auB. puc. 1).

0,2 Ta aas Dy,

Dy Dy Dize Dize1
Esya(G) ¥3=0 ¥%=0,2 %=0,8 =0
Dizz Dhaes Dy 2e2s
%,%0,8 - %=0,1 %=0,9 |Fo=-0,6
Dy £=-05>F Dy 2628
— x=04 & X209 —3
Dizes
Dis Gs>84>Fg {=-02:>F Disgsa F1=02>F
—  x=06 & —  x%=0,5 ¥=0,5 —&
Die fs>&s>Fy Dy 2633
L ¥%=08 & %205 —3
D, £=01>F Dhogs £=0,6 > Fy
—  %=02 & — %=09 B
D, D0 £5F
¥;=0,4 v
— v %3=0,6 v [—&
W ¥;=0,8

Puc. 1. InrocTpaliist rayy>KeHHs Ta BiICIKaHHS B IPUKIaAl (3HaK & 03HAYAE OPOXKHIO MHOXKHUHY, a ® — BiJICIKAHHS)

[IpoaoBXUMO pO3IIIAT IPUKIIALTY.
3ayBa)XuMoO, 110 PaxyBaTH OLIHKY paHillle HIX 3HAHJEHO F, HEMAE CEHCY.

[linmMuokuna D,,q,s — onHoenementHa: x, =0; x,=0,2; x,=0,8; x;=0,1; x, =0,9. Paxyemo
Fy=5-0+0,2-1+0,8-0+0,1-1+0,9-(-1) = 0,2+0,1-0,9=-0,6.

Tomy MHO)kUHA D,,,, MOXe OyTH BiiciueHa K O€3MepCIeKTUBHA.

Dy =Dy (g32 :g: =0,5).

[ligMuoxuna D,,,, TaKkoX OJHOEIEMEHTHA, x,, x,, X; — Tl X, a x,=x,=0,5. Omxke,

F,=5-0+0,2-1+0,8-0+0,5-1+0,5-(=1)=0,2. F; > F;, 0OTKe, F, HE MOMIMUIYEThCS.
£=E,,;=0,2+0,5-1-0,9=-0,2> F, =-0,6.
E=E,,=0,2+0,9+0,5-(-1)=0,6 > F,, 0TxKe, TyT TEX BiICIKaHH.

Bicnuk 3anopizbkozo nayionansnozo ynisepcumemy Ne 1, 2018
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v, =0-5+0,4-1=0,4; G ={0,2,0,2;0,6;0,8}; G*>=G>={0;0,1;0,50,50,9}; C' ={0};
C*={L;-1}.

¢y =0+(1-0+(-1)-0,9)=-0,9.

Eu=V,+c,=0,4-0,9=-0,5>F,.

3ayBa)KUMO CIIPABEAIIUBICTh TAKOTO TBEPKCHHS.

TBepmxennss 2. Ha ogHoMy piBHI IIITMOWHM BiJ KOPEHS JIepeBa Taly>)KEHHS OILIHKH JIOMYyCTHMHX
I IMHOKHH D, . s Dty e Dl]mlw(tw), v D, ., VieJ, VoeJ , VjEJ,?l_,,a 1o €
MiIMHOKWHAMU OJIHI€T 1 Ti€T K JOMYCTUMOI MiAMHOXUHH Dz,...za,l (y BUmagky o =1 MHOXHUHU Er’;‘v )
IpH PyCi Bil BEPXHIX TiIOK A0 HMKHIX TLTOK, T0OTO Bin D, , () A0 D, , (. .\, A& J;<j,,
t,+J eJ,?ﬂ, t,+j,€J, .

JoBenenns. CrpaBemMBICTb BUIUIMBAE 3 OE€3MOCEPEIHBHOrO CIIOCOOY OOUYMCIIEHHS OI[IHOK 3a
dbopmynamu (16), (17) Ta ommcanuMm crocoOoMm ramyxeHHs. OILiHKH MHOXUH D

ol (tou/'] )

Ta

(.. )» SIK BUJIHO, BIIPI3HSIOTECS OJHUM JIOJAHKOM, a B CUITy CIIOCOOY rally)KCHHS 1 OLIHIOBAHHSI
o Vot

Juist MHOXHH D, | BiH Olmbme Hix 1t D, ,
=ta Gt jp fo\odt

) 1o 1 JOBOJUTH TBEPAKCHHA.
J1

ImocTpaniero MOXKyTh BUCTynaTu (puc. 1) miAMHOXMHM D), 3 OLIHKOIO £=-0,2 Ta D, 3
OLiHKOIO & =0,6. KopHCTylouuCh L€ BIACTUBICTIO, OCKUIBKHM JJIsi MEPIIOi MHOXHHU OIIHKH
&> F}, To Ipyry MHOXKUHY B)K€ MOKHA HE PO3IJIAaTH.

[TponoBKKUMO pO3rIsi MPUKIALY.
vi; =0,5+0,6-1=0,6; G ={0,2,0,2,0,4,0,8}; G*=G*  C'={0}; C={-1}.
cfs =0+(1:0,1+(=1)-0,9)==0,9. £, =0,6-0,9=-0,3>&. & =—0,5> F,.

PosrisHemo  D,, mimpaxyemo &,. BusHaummo v, =5.0,2=1. G ={0;0,2;0,4;0,6;0,8} ;

E={10); G*=G; E=C={L-1); &=0140,2:0+(1-0-1-0,9)=-0,9.  Omke,

&,=v,+c, =1-0,9=0,1> F,. Orxe, D, sincikaetvest. ina D,, D, D,, & >&>&, >&, > F,.
BUCHOBKH

VY poGoTi po3risiHyTa 3a7a4a OnTUMi3allii JiHIHHOT (PYHKIIIT Ha MOMIPO3MIIIEHHSIX 31 CTAJIOI0 CYMOIO
KOOP/MHAT Y PO3MIILIEHHSIX, 1110 BUHUKAE B IFPOBHUX 337a4ax KOMOIHATOPHOTO TUITY.

3anporoHoBaHO 1 OOIPYHTOBAHO 3aCTOCYBaHHS METOJY TUIOK Ta MEX N0 Ili€l 3amadvi, a came:
Croco0iB ramyKeHHS, OI[IHIOBaHHSI Ta BiJICiIKaHHA. HaBeeHO 1TIOCTpaTUBHUN MIPHUKIIA]] Ta TOBEACHO
JIEeSIKI BJACTUBOCTI OLIIHOK.

Sx momanpiiMii HAMPSMOK JOCHTIKEHb BOAYAETHCSI MPOBEJEHHS YHUCIOBHX EKCIEPUMEHTIB IS
IBOTO MIIXO0TY.
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JocmiKkeHHsT JIOKaJhbHOTO HABAHTAXXCHHS TOHKOCTIHHHX EJICMEHTIB IPOBOJWINCH PSJOM aBTOPIB.
OyHmaMeHTa bHI PO3B’S3KH KpaHOBHX 3a1ad OyJyBajWCh 3a JOIMOMOTOK METOIy IHTETrpalbHOTO
neperBoperHs Dyp’e, ske Oylio 3aCTOCOBaHO OE3MOCEPETHBO O CHCTEMH TU(EpEHIIaIbHUX PiBHIHB
TpaHUYHOI 30HU ab0 IO CHCTEMH, IO BpaxoByBala aedopMallii monepedHoro 3cyBy. Takuil migxif, 3
OJTHOTO OOKY, MPU3BOJWB /O CKIAJHUX MATEeMAaTHYHUX BUKIAJOK, a 3 iHIIOrO OOKy, SK BilIOMO, B
obmacTi il JTOKaNbHUX HABaHTa)XEHb BHHUKAE CYTTEBO INPOCTOPOBUI HANpyXeHWH cTaH, i (i3udHi
Teopii B MPUHIUII HE MOXYTh HOTO ONICYBAaTH JOCTATHHO TOYHO.
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