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JIbBiBCHKMII HaIlOHATBHUI YHIBepcuTeT iMeHi IBana Ppanka

EJIEMEHTAPHI SAYBA2KEHH# IITPO ABCIHICH 3BI2KHOCTI
IHTET'PAJIIB JIAIIJIACA-CTIJIIT’ECA

OTpuMaHO HOBI 3a7€KHOCTI MiXK MAIHTErpaJbHOW QyHKIEH, Mipoio Jlebera—Crint’eca ta ab-

crcoro 36ixkHOCT inTerpana Jlamnaca—CrinT’eca.

We find new estimates between the integrand, Lebesgue—Stieltjes measure and convergence

abscissa of the Laplace-Stieltjes integral.

1. Beryn. Hexait V' — kjac HeBij éMHUX,
Hecrauux Ha [0, 4+00) dbyukniii, dF — wmipa
Jlebera—Crint’eca, nopojzkena ¢gpynkiieo F €
V, a f — mesim'emua, Busnavena Ha [0, +00)
dF—sumipna ¢yukiig. Po3rignemo interpad
Jlamnaca—Crint’eca BUTISAILY

+oo

I(o) = f(z)e’ dF(x), oeR. (1)

0

ToBopuTuMmemo, 1o inrerpas (1) 36izxkuuit y To-
i 0 € R, sxkmo (o) < 4+00. YV nporusezxuo-
My Bunajky (robro, skmo I(o0) = +00) Ha-
3uBaTUMEMO #Horo po3bizkaum. Huciio 0,5 € R
Ha3WBATUMEMO aOCUUCOI0 301HCHOCMI THIME2Pa-
sa (1), gakuo BiH 301KHHN JJIg BCIX 0 < 04
1 po30OLKHUI I BCIX 0 > 0u5; AKIINO iHTe-
rpaJ 30iKHui J1g Beix 0 € R, To mokmamgemo
Os6 ‘= 00, AKINO 2K BiH pO30LKHUI I BCIX
o € R, 10 BBazkKaTumMeMo, 10 T := —00.

30i:kHICTh 1HTErpaJsiB TAKOTO BHIJIALY J10-
caipkyBaan, wanpukaan, K. Kweomm [1],
T. Vraxepi [2], X. demxanx [3], FO. Doitrr [4],
O.C. Tlociko [5], M.M. IIlepemera [6]. Tax, K.
Kuomm [1] po3rigHyB inTerpain BUTIgLy

+oo
W)= [ e, @
0
e X — dyHKIisgs obMerkeHol Bapialii Ha KO-
KHOMY CcKindeHHomy npomixky [0, A], A > 0.
[Ipu npoMy BiH JI0OBIB TaKy OpMy./y Jjis 3Ha-
XO/KeHHd abciucn 3012KHOCTI

— 1
m —2n (3)
n—-+4oo n

—x(n)]:n <z < n+ 1},

O35 = —

ae xn = sup{|x(z)

dKa JJI4 lHTeraJIlB Ha6yBae BUTJIALY

[ oo,
O.C. Ilociko [5] i M.M. Ilepemera [6] mo-
BOAWIM Jiis iHTerpatis suriasmy (1) aunaso-
i, 9K Kjaacuanoi popmynu 7K. Bamipona s
abcrucu abcooTHOT 30i2kHOCTI paxy ipixie
(auB., nanpukJjaji, |7, ¢.115]), tak i anajaoru
JIeIKMX HOBUX TBEP/KeHb 1POo abdciucu 30i-
JKHOCTI, BCTAHOBJIEHUX HEJIABHO (/MB., HAIIDH-
Kaa, [8]).

Y miit crarTi MH OTPUMAEMO JiesiKi HOBI
3a/1€2KHOCTI MizK MiiHTerpaibHOIO (PYHKIIIEIO,
Mmipoio Jlebera—Crint’eca Ta aberumcoro 30iKHO-
cri imrerpanis Burasyry (1). Ii 3asexuocri,
30KpeMa, HaBiTh Y BUNAJAKY psaiB ipixie mo-
3BOJISIOTHh HETalflHO OTPUMATH K BIJIOMI TBEp-
JKeHHs 1po ixHi abciucu 30612KHOCT, TakK 1 jie-
K1 HOBI TBEDJZKEeHHSI.

Hexaii supp f = {x € [0,400): f(z) > 0},
supp dF — wociit mipn Jlebera—Crint’eca dF, a
S = supp dF Nsupp f. Anga o € R nokaamzemo

= u(o,I) = sup{f(x)e’: x € S}.

O35 = —

(o)

dx iy [5, 6, 9] (y upomy 3B’s13Ky JuB. Ta-
Kok [10]) wuciao 0, Ha3EBATHMEMO A6CUUCOND
ICHYBAHHA MAKCUMYMA NI0THMEPANOHOT PYyH-
Kyl inTerpaa (1), skmo pu(o) < +00 s Beix
o <o,ip(o)=+oo ms seix o > 0,. Axmo
p(o) < 400 mag Beix o € R, To mokiamemo
o, = 400, akmo pu(o) = 400 aug Beix o € R,
TO 0, = —00.

Jlna abciucu icHyBaHHS MAaKCHUMYMY TTiTiH-
rerpasbnol yHKHil inTerpana (1) mHeckaaHo
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TOBOIUTHCs (1uB. TakokK [5, 9]), mo
(5)

CniBBigHOIIEHHS MiXK 055 Ta 0, TOCILIZKEHO B
[6], 30kpema, Tam j10BeIeHO TaKi TBEP/IZKEHHSI.

Teopema A (Corollary 1.1 [6, p.8]). He-

xait ¢ynknis F' € V — HemepepsHa cnpa-
Ba 1 HeobMerkena. Slkmo o, < 0o abo
— InF(x) _ B
lim =T < 400, TO 035 > 0, — T.
Tr—+00 €T

Teopema B (Corollary 1.4 [6, p.14]). He-
xait ¢ynknis F' € V — HemepepsHa crpa-

Ba 1 HeobMmexkeHa. fIKijo icHye rpanuns o, =
lim =@ 460 In F(x) = o(z) (x — +00),
T—+00 z

abo In F(z) = o(ln f(z)) (x — +00), TO

036 = Op-

2. Omiakm abciucu 30i>KHOCTI iHTerpaJa
Jlammaca—Crinr’eca. [loznaunmo

1
T, = lim —[lnf(x)qunF(x—O) .
et

TBepaxkeuns 1. frxuwo

(Ve > 0): / Ooew;éf—(_x)o):

Zo

(6)

+00,

mo Oz < —Tx.
JoBenenHs. 3 03HAYEHHS T, OTPUMYEMO, IO

(Ve>0): Inf(z)+InF(z—0) > (1. —¢)

(x > xo, x € 5), a 3Bigen In f(x) > (1. —
g)x —InF(zx —0) (x > xg, z € 5). Toui aist
0= —T.+2¢
+o0
(x)e’®dF (z) >

o

“+o00
> / e(T*_E)x-F(—T*"'QE)x_InF(m_o)dF(x) =

L[t
B o F(CL’ - 0) B

Orxe, interpan (1) posGikuuii y Tounmi o =
—Ty + 2¢. 3 noBiabHOCTI € > (0 OTPUMYEMO, TIIO
036 < — Ty

BayBaxkenns 1. YmoBa (6) y Bumajaky
obmexkenoi ¢pynuknii ' € 'V moxke sik Bu-
KOHYBATHCH, TaK 1 HEe BHKOHyBaTuch. Harmpu-
kJjaJ, skio F' cxijgygacra (pyHKIsST 3 cTpuOKa-
v F(z, +0) — F(z, —0) := h, = e " y 10-
ykax T, = lnn (n € N), ro ymosa (6), oueBn-
JTHO, BHKOHY€TbCsI. SIKimo x F' cxiggacra ¢yH-
KIfig 3 cTpaOKaMm hy, = n~2 y ToUKax T, = n
(n € N), To ymoBa (6) He BHKOHYETBCS. Y BH-
najky Heoomeskeroi ¢pyukuii F' € V' ymosa (6)
BHKOHYETHCSI HABITH 0€3 MHOXKHUKA €7 a came

to dF(x)

/x F(z—0)

0

+o0.

Tenep st h > 0 mo3HAIUMO

7*(h) == xgrgoog[lnf(x)—i—hlnF(:c%—O) .
e

TBeppxenns 2. Hrxwo h > 01

. e —ex dF('T)
(‘v’5>0)./ T

Zo

< +o0, (7)

mo 0,5 > —7*(h).
Hosenenns. 3 o3nauenns 7° = 7%(h) orpu-
MYEMO, IO

(Ve >0): Inf(x)+hinF(x+0) < (7" +¢e)x

(x > o, z€S5)a
hlnF(z 4+ 0)(z >
—7% — 2¢

seigen In f(x) < (7" +¢e)x —
xo, x € S). Toui ayist 0 =

+o0
(x)e’ dF(z) <

o

+o00

S/ e(T*+5)z+(77—*,25)17hlnF(:EJrO)dF(I) —

xo

/ T e dF(2)

= [ _—

20 (F(z+0))"

Orxke, inrerpas (1) 36ixkuuit y rouni o =

—7* — 2¢. Ockinbku € > 0 MoxkHa BuUOMpa-

TU JOBLIBHO MaJIUM, TO 3BiJICM OTPUMYEMO, IO

055 > —T7*(h).

SayBaxkeuns 2. SIkmo F' € V i Heobme-

skena, To (qus. [10], [6, Lemma 1.1])

. T dF(x)
(Vh>1) : /xo —(F(a:+0))h

< +00.

< +00.
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SayBakenus 3. Teopema A BuminBae 3
TBED/I2KeHHST 2.

Cnpasdi, ockinbku gxino pyakiis F € V i ne-
obMerkeHa, TO 3a 3ayBarkeHHsAM 2 ymoBa TBep-
JIZKeHHST 2 BUKOHYEThCS JJIst KOXKHOrO h > 1.
Tomy, 0,5 > —7"(1 + €) ana Koxkuoro € > 0 i

3a HemepepBHICcTIO F' cupaBa

-1
o> lm @)
T—~400 x
z€eSs
W F(z+0) _
~(1+e) T B o (o7
S

3Biacu, 3 orIsiy Ha A0BLIbHICTH BUOOpY € > 0,
OTPUMYEMO, IO Oz5 = Oy — T.
3ayBakeuus 4. 3pos3ymino, wo meopema
B nezatino sunausae 3 meepdacensy 1 ma 2.
Hacmaimok 1. Hexati F' € V.
i) drwo Pynxuia F(x) — neobmesicena, mo

1 1
x€S

— 1 1
§035§x11>111005[1nm—lnF(x—O)}.

€S
i) Sxwo pynkyin F(x) — obmesrcena, mo

lim —In——
z—+oo T f(x)
€S

S O036-

Kpim mozo, axuio sukonyemuves ymosa

(Ve > 0): /+OO e"dF(x) = 400, (8)

o

< Tm tm L
03 < lim —In——.
aofeox f(x)

Hosenenns. i) dkmo F € V i neobMexkeHa,

(9)

10 3a 3ayBazkeHHaMu 1 i 2 f;goo Pfl{;(fa) = +00
Ta ;goo % < +o0 (VYh > 1), BignosijuHo,

T00TO, ymMoBH TBepmakenb 1 Ta 2 HeraiinHo Bu-
KOHYIOThCSI HABITH 0e3 MHOXKHUKIB €% Ta e~ %,
3sigcn, —7*(h) < 045 < —7i (b > 1). Tobr0

— lim 7%(h) < 055 < —T.
h—140

it) dkmo x dyukuis F(x) — obMexena, To
[ dF(z) = F(+00) — F(xg) < 400. Bpa-

HE3POCTaro-

4a, Ta OTPHMAEMO, IO f+ooLm
’ ’ o (F(z+0))"

XyeEMo, 1o CI)YHKLHH m

400, h > 1. Kpim Toro,

1
lim —InF(x+0)=0.

T—+00 I
3Biacu Ta 3 TBEPAKEHHS 2 OTPUMYEMO, IO

i 1 |

m —In-—-—-—r

z—+oo T f(x)
zeS

é O036-

Heckmaano moMiTuTH, MO SKIIO0 BUKOHYETHCS
yMOBa (8), TO BUKOHYETBCS TAKOXK 1 HEPIBHICTH
(6). Orke, 3 TBep/KeHHs 1 M OTPHUMYEMO He-
piBuicTs (9).

3. Jekinbka mpOCTUX MPUKJIATIB. 3ayBa-

JKWMO, TIIO HEPIBHOCT1 Y TBep/zKeHHAX 1 Ta 2 €

tounuMu. [loanemo 3 TBepmKenH 1.
Ilpuknan 1. IToknagemo F(x) = e®. Toxi

+oo dF +o0
(VS > O) / €€xm = / erdx = “+00.
oly) o

Orxe, ymoBa (6) BHKOHYETBCSI, TOMY Os5 <
—T,. Bubepemo renep f(z) = e % (¢ > 0).
Toui

+oo +oo
I(0) Z/ e e e dx :/ el-atothe gy
0 0

1 IS TAKOrO IHTErpaJia MaeMo Oz = ¢ — 1.
Kpim roro, baunmo, 1o

1
T, = lim —[lne_qx+lnex} =1-—gq.
z—+o0,zeS T
OTike, 0,6 = —Ty.
Ilepeitmemo Mo TBepIKeHHST 2.
Ipuknan 2. I[Moknagemo F(x) = x. Toxi
(Ve > 0):
/+Oo —ex dF /+oo —ex dx < +
e = e — 00.
20 (F(z+0)"  Ju zh

Orike, BHKOHYETbCS HepiBHicTh (7), i TO-

My 05 > —7". Ioknazemo temep f(x) =
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e % (¢ > 0). Toxi

+o0 +oo
I(o) = / e e’ dx = / el DT .
0 0

st mporo inrerpajia MaeMo 0,; = q. Kpim
TOrO,

T (h) = lim l[lne‘*""“"—i-hlnx} =

T—~+00,TES I

*

Orxe, 0,56 = —T".

4. Hacaigkum paasa idgrerpaaiB Jlamaa-
ca ta paniB ipixme. Ockinibku inrerpal
Jlannaca—Crinr’eca € Ge3nocepeHivm y3araib-
HeHHsIM iHTerpaJia Jlamiaca ta psiay ipixie,
HaBEIEMO OedKl HACALIKHA AJIg muX 00’€KTiB.

Hacaigok 2. /lasa abcuyucu 36i0cHOCT O 44
inmeepana Jlanaraca suznady f0+°° f(z)eo dx
BUKOHYIOMBCA HEPIGHOCTN

1 1 — 1 1

—In——< < 1 —In——.
) T et 1 f(x)

zesupp f
HoBenennsa. s

F(z) = z. Ockinbku

lim

z—+oco L
zesupp f

Jlamtaca

=0, T0o 3

iHTerpaJja
In F(x)
x

lim
T—r—+00
IYHKTY %) HACAAKY 1 MU HeraiiHO OTPUMYEMO
OTPiOHI HEPIBHOCTI.

Hexaii (\,) TOCTIIOBHICTD HEBII'€MHUX H-
cem taka, mo 0 = A\g < A\, T4+o0 (1 <n 7T

+00), a (a,) — HOC/IIIOBHICTH KOMILJIEKCHUX
quceji. Posriisiiemo psj ipixiie Buriisity
+o0
g ane™™. (10)
n=0

g a € [0, 1] nokmamemo

)= Z lan|®, f(An) =

An<z

|an|1—o¢.

Toui inrerpadt Jlamnaca—Crinr’eca neperBopro-
eTbes B psj ipixie, TodTo

/f UzdF Z‘an‘ea)\n

BayBakKuMo, 110 abcimca adbcomoTHOT 30i2KHO-
cri pany ipixae (10) gopisuioe abenuci 36i-
xkuocri inrerpana Jlamraca-Crinr’eca (11).

(11)

Towmy, MO)KHA CKOPUCTATUCH OTPUMAHUMU BU-
1€ TBEeP/KeHHSMU PO 301KHICTH iHTEerpaJiiB
surssiy (1).

Hacainok 3. Hexati o € [0,1] maxe, wo
+o0o

Z |an|a =

n=0
muoi 36ivicnocmi o, pady lipizae (10) suko-
HYIOMBCA HEPLBHOCIT

[1;1 ln|— _ )\—ln2|ak| ]

+00. Todi dasn abcyucu abcoato-

lim lim
h—140 1, 51 oo

n—1
— [1l—-«a 1 1 N
<o, < lim ln———lng lag|®|.
n—-+00 )\n |an| )\n
k=0
doBenenHs. SayBaxkumo, 1m0  dyH-
kuig Fo(z) = > |ag|* — wuesig'emna,
An<z
HeCIIaHa 1 HeoOMerkeHa, a TaKOoxkK, IO

supp dF, = {A\,: n >0} i

Z el

Tomy 3a myHKTOM ) HACHAKY 1 OTPUMYyEMO
noTpiOHI HEPIBHOCTI.

?
L

L (An+0) = Fau—0) = S sl

0

B
Il

SayBakeHHd 5. 3 Hacaidky 3 mu He2atiHo
OMPUMYEMO Mary, ecmanosaeny M. Banipo-
nom (due.[11, ¢.10] ), nepisnicmo

— lnn
O < Oy +7, 7:= lim —
n—-+oo /\
a makodtc oy < 04 + T.
Cnpasdi, noknapmu « = (0, 3 JIiBOI YacTUHU
HEPIBHOCT1 Yy HACJIAKY 3 MU OTPUMAEMO
. 1 1 — Inn
lim —In— — lim — <g,.
n—+oo \n ‘an| n—+00 Ap

Kpim Toro, Bukopucrosytouu pisaicrs (5), Ha-
aumo, 1o st psaay ipixie (10)
d . —Inla
USGSU[L: 0 ;f h_m J7
_ n—-+0o n

ne o, =sup{o € R: p(o, F) < 400} — abcuu-
ca icCHyBaHHsS MaKCUMAaJIbHOrO wiena (o, F') =
max{|a,|e*: n > 0} paxy Hipixme (10). Te-
1ep, BUKOPUCTOBYIOYH JIBI OCTAHHI HEPIBHOCTI,
OTPUMYEMO, IO
—In|a,

| — Inn
<o,+ lim — =og,+71.
n——+0oo n

055 < lim
n—-+4o0o n
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Binpmre Toro, y Bunaky kosm 7 = 0, MaeMo
0 =0, =0, = Qp, N03a4K T, < Og.
3ayBaxkeuns 6. fxwo o, < 0, mobmo

;r:(’) la,| = 400, mo

def 77— 1 a
g = nl—lffoo)\_lngmk"

n

0.+ >0,

Cnpasdi, y HACTIIKY 3 MOKJIadeMo o = 1 Ta He-

raifHO OTPUMAEMO TOTPIOHY HEPIBHICTH. 30Kpe-
+00

Ma, 0, = 0 y Bunazky, konu » . o |a,| = +oo

ta 3 = 0 (noai6ui HepiBHOCTI MOXKHA 3HaiiTH B

17D)-

Beegemo nosnadenns

lnn

lim —

n—-+o0o n

I:

Toni 3 HacaiAKy 3 OTPUMYEMO TaKOXK TakKe
TBEPIZKEeHHS

Hacaigok 4. /las  abcyucu  abcoarommoi

a6ioicnocmi pady ipizae (10) euxonyromoces
maxt HEPLEHOCMI

) 1 1 — 1 1
lim —In——-7<0¢,< lim —In— — 1.
n—-+oo \n Qp, n—+00 Ay A,

[IpumycTuMo Tenep, MO BUKOHYETHCS YMOBA

+o0o
Z |a,|' e < 4o,

n=0

(12)

ae v > 0,0 € R. Toxi, Bubupatoun
Fle)= 3 lau e, (0 = lane™,

An<z

3 MYHKTY 1) HACTIAKY 1 3 OIJIsiiy Ha CHiBBiJI-
HOIIEHHSI Oy < 0, = (y OTPHMAEMO TAKHIi
HaCJIII0K.

Hacuainok 5. i) Sxwo (37 > 0)(F0 € R)
maki, wo sukonyemovcea ymosa (12), mo das
abcyuc pady ipizae (10) suronyromovces te-
PLBHOCL

(13)

i) Hrxwo icuyroms v > 0 ma § € R maxi, wo
ymosa (12) ne suxonyemucs, mo das abeyuc
pady Hipizae (10) suronyromocs nepiehocmi

0o+ 0+ lim /\iln<zn:|ak|1—ve—5xk) >

n—+00 A\, P -

0o+ 0 > yag = y0, > Y04

> Yy = Y0, 2 YO,
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HdosenenHsd. 3a IyHKTOM i4) 3 HACTAKY 1

1 1
—1In m = Y&y — 5,
ae S = {\,:n € Z,}. Tynkr ) nacaiaky 5
OTPUMYEMO HEraifHO, 3aCTOCY BABIIY ITYHKT ) 3
HacaiaKy 1.

Y crarTi [8] MoKHA 3HANTH Take TBepzKe-
HHS, [0 CTOCY€ThCd HepiBHOCTI (13).

Teopema C ([8]). Skmo (3 v > 0)(30 € R):
(v — 1) In|a,| + o\,

oq > lim

z—+o0,zeS L

li >1 14
e Inn ’ (14)
TO
o, + 4] Z Y036, Oq + o 2 ’)/O'u.

SayBakeuusd 7. Teepdocerms meopemu C
BUNAUBGE 3 HACNIOKY J.
Cnpasdi, HECKIAJTHO TOMITUTH, IO 3 YMOBH
(14) Bumusae ymosa (12). Bapro 3ayBaxknru
TAKOZK, 110 YMOBU HACJIJIKY O, B3araji KaxKy-
qn, € caadbmmmu 3a ymosu Teopemu C.

5. IITle mekinbka OMiHOK abcriucu 30iKHO-
cri. Hexait [, — x1ac pyHKIiii ¢ BU3HAUEHIX
ua [0, +00), Takux, 1mo Y (t) /400 (t — +00)

Ta 0+OO % = +o00. /s ¢ € L; noznaanmo
1
n@) = lim  —|Inf(z)+ny(F-0)].

z—~400,z€S L

TBepmxeuns 3. Hexaii v € L. Todi
daa abcyucu 3619tcnocmi twmeepaaa Jlanaaca—

Cmiam’eca (1)  eukonyemves  HepisHicmy
036 S —Tx (w>
Hosenennsa. Iloaibno, sk i Bule, 3 o3Hade-

HHs Ty () Juist KoxKHOrO € > 0 OTpUMy€EMO, 110

In f(2) > (r(e) — &)z — In s (F — 0)
(x > o, x € 5). Toni gnst 0 = —7,.(¢Y) + €

+o0 +00
. @)
Zf(a:)e dF(x)2360/¢(F(m_0)) = +o00.

Orxe, interpan (1) posbixkuuii y Tounmi o =
—Ti (1) 4. Ockinbku Bubip € > 0 € ToBLIBHIM,
TO O35 < —Ti (V).
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Hexait Lo, — kac yHKINE ¢ BU3HAYEHHX HA
[0, +00), Takux, mo ¢(t) /400 (t = +00) 1a
f+oo dt

0o i < Too Jlns ¢ € Ly mo3HaInMO

lim 1 1nf(x)+1n<p(F(x—|—O))].

r—~+00,2ES I

T (p) =

Tsepaxkxeuns 4. Hexati ¢ € Lo. Todi
oas abcyucu 3biocrocmi inmezpaaa Jlanaaca—
Cmiam’eca (1)  eukonyemves mepishicmo
00 = —7(p).

Hosenenns. IlogibHo, 9K 1 y joBejgeHH]
TBEpJZKEeHHS 2, 3 03HAYeHHs 7" () I KOKHO-
ro € > 0 oTpuMyemo, IO

In f(z) < (7"(p) + &)z — Inp(F(z +0))

(x> x9, z €85). Tomi st 0 = —7*(p) — €

R

/f(x)ecmdF(x) < / m < +00.

Zo

Orxe, inrerpasn (1) 36ixkuuil y rouni o =
—(7*(¢) +¢). 3Biacu, 3a MOBLILHICTIO y BUOOPI
e > 0, orpumyeMo, 1o 055 > —7 ().
3 TBep/zKeHb 3 Ta 4 OTPUMYEMO TaKe TBep/IzKe-
HHS.

Hacaigok 6. /lasa abcuyucu 36iococmi iH-
mezpasa  Jlanaaca—Cmiam’eca (1) euronye-
MbCa OUIHKG

() p € Lo} <
< 045 < —sup{n(v): ¥ € L1}
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