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MHOT'O4YJIEH/ PO3BUTTIB

SanponoHoBaHO yHiMIKOBaHMIA TiaXid 10 BUYEHHS MHOTOUJIEHIB PO3OUTTIB.

In this paper, the authors propose a unified approach to the study of partition polynomials.

MHorounenn po30UTTIB 3HAXOAATDH IIHPOKI
3aCTOCYBaHHS B AUCKPeTHil maTematui. Bo-
HU BUHUKAIOTH IpH AuepeHIioBantl CKaa1e-
uux dyukmiii [1], B Teopii uucen [2|, aare6pi
romo. [lonsarTss MHOrO4IEHIB pO30OUTTIB BBe-
nene Besiom y [3]. Bonu, sk npasuio, nos’s-
3aH1 3 JTHITHUME PeKypPEeHTHUMHU CITIBBIIHOIIE-
HHSIMU, sIKi JIO3BOJIAIOTH 1X e(GeKTUBHO TeHe-
pyBatu. [Ipote, icTopudnHO CcKIamocd Tak, MO
PEeKYPeHTHi CHiBBITHOIIEHH Ta BiIMOBIIHI 1M
MHOTOYJIEHH PO3OHUTTIB JOC/TiKyBaaucs 0Oe3
BH/IMMOTO B3a€MO3B A3KYy. 3 MOABOIO AlapaTy
YUCJIEHHS TPUKYTHUX MATPHILb, 30KpemMa Horo
napadyHKIii, 3’ aBuIacsd MOXKJIUBICTD 1100Y/10-
BH OIEKTUBHUX B3a€MO3B S3KiB Mixk napadyH-
KI[ISIMA TPUKYTHUX MATPHUIb, MHOTOYJIEHAMU
pO30OUTTIB Ta JIHIHHUMU PEKYPEHTHUMH CITiB-
BigHomenuamu. biibire Toro, 3’aBmiaacd Mo-
JKJIUBICTH YHI(PIKOBAHOIO MiJIXOY /IO BUBYEH-
H¢ BCiX MHOTI'OWIEHIB PO3OUTTIB, BBEIEHHS I0-
HATTS 00€pHEHOT0 MHOTOYIeHa PO3OUTTIB TO-
mo. Y [4] BuBYaBCs KJIaC MHOTOYJIEHIB PO30OUT-
TiB, IO 3a/a€ThCs MapadyHKIISIMUA Cleliaib-
HUX TPUKYTHUX MATPHUILH 3 TIEPIITAM JIOBLIHHAM
croBmieM. ¥ miit poboTi AOCTIIKYIOTHCS MHO-
ro4wIeHH pO3OHUTTIB, IO 3aaI0ThCA HmapadyH-
KI[IIMH 3arajibHOl TPUKYTHOI MATPHII.

IlonepeaHi o3HaYeHHS Ta TBEPAXKEHHS

Ozuauennd 1. Ilapademepminarmom ma na-
PANEPMAHEHRMOM MPUKYMHOT MATPULL
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pper(A) =
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= E E H{a’p1+-v~+p57p1+--~+ps—1+1}7

r=1 p1+...+pr=n s=1

O3Havenns 2.  Daxmopiasrvrum m-
dobymwom {aijtm, 1 < m < n esemenma
a;j dearoi mMpuKYmMHOT MaAMPUYl, HA36EMO
dobymox;

min(i,m)

{aij}m: H ik,

k=j

a Habip marxuxr m-0obymkie — HOPMANLHUM
M-Habopom MPuKyYmMHoi Mampuyi, AKUL0 00 -
COHAHHA YCIT TX CNIBMHONCHUKIE YMBOPIOE
MHOAHCURY nomyotchocms m. Mmnootcuny ecix
HOPMAALHUT M-HAOOPI6 MPUKYMHOT MAMPUL
NO3HAUUMO uepes A,.

Koxknomy esilementy a;; 3a/aH0i TPUKYTHOI
marpuni (1) mocraBumo y Biamosignicrs Tpu-
KyTHY MaTPUIO 3 UM €JeMEHTOM y JIBOMY
HUKHBOMY KYTi, Ky Ha3BEMO P020M 3aJaHOI
TPUKYTHOI MaTpHII i mo3nadmvo depe3 R;;(A).
OueBnzno, o pir R;;(A) € TpPUKyTHOIO MaTpH-
et (i — j + 1)-ro nopaznky. B pir R;;(A) Bxo-
JATh TLIBKH T1 €JIeMeHTU a,; TPUKYTHOI Ma-
rpuri (1), iHgeKCH IKUX 3a10BOJBHSAIOTE CIIiB-
BIJIHOIIIEHHS ] < § < T < < 4.
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[Tapadyukmnii TPUKYTHAX MATpPUIL MOXKHA
PO3KJIJIATH 34 eJIeMeHTaMu 1X OCTaHHbOI'O
psijiKa:

n

ddet (A) = Z (=1)""* {ans} -ddet (Ry—11),
©)
(4)

pper(A) =Y {ans} - pper(Ry 1),

s=1

Oszuauennsd 3. [6]. Crkasaprum dobymrom ee-
Kmopa
(b1,ba, ..., by)

HG  NAPAOETNEPMIHAHM  TPUKYMHOT MATPULI
(1) nazeemo wucao

bl aiq
by _/ Q21 Q22 def
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n
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AHaJIorivHO BU3HAYAETHCA CKAJIPHUIL J10-
OyTOK BEKTOpA HAa MapalnepMaHeHT TPUKYTHOI
MaTPHIIi.

Ckangpaum JTOOYTKOM
(b1,bg,...,b,) Ha napanepmaseHTt
tHOl Marpurni (1) Ha3BEMO YUCIO

BEKTOpPa
TPUKY-

(br,b, .. b) - pper(A) &S bx
r=1

X Z H {ap1+...+ps,p1+...+ps_1+1}- (6)

p1+...+pr=n s=1

PosriisineMo TpUKyTHY MaTPUIIO BULY

T11 * L1%
2
T21 " 5, T22° T12
A: =
x Tn—1
Tnl wnil n2 ’ x:72 “ Tnn s L12 n

TYT T9 = 1, 7;; — 7Aedxi ApoboBoO-palioHaIbHI
dbynkuii aprymentis 4, j, a d;; — cumsos Kpo-
HeKepa.

O3unauenns 4. [8]. Muozousenamu posbum-
Mi6 HA36EMO MHO20UAEHY 6UJY

n

P(zy,...,x,;2) = g Ym + 2" X
m=1
) A A

X E c(ny Ay, oo ) -t oo, (8)

A1 +2X2+...+nAp=n

A1+ 4.+ Ap=m
de N\ uing - meetd’emut  wucaa,
c(n; A, Aa, o os ) —  deaxi  dpoboso-paui-
OHAALHL 6UPA3U, G Ym, m = 1,...,n

KOMNOHEHMU 0€AK020 N—6UMIPHO20 GEKMOPA.
BayBaxenns 1. fkwo y pienocmi (8)
Ynm =1, m=1,2 ... n,
Mo 60HA MAMUME 6U2NAOD
P(ZEl, ..

n
= E 2™ E cn;Ap, . A\)ayt st =

m=1 A\1+2Xo+...4+nA\p,=n
)\1+)\2++)\n:m

= Zc(n;)\l,...

AM+...+nAp=n

T 2) =

M)zt ead (9)

Muorounenu Buy (9) HaA3BEMO NPUMIMUG-
HUMU MHO20UAEHAMU PO3OUMMIE.

Teopema 1. [8|. Jlobymox eexmopa wa na-
padynrkyito mpuxymmoi mampuyi eudy (7) e
MHO204AEHOM  PO30UMMIG, MobmMo 6UKOHII0-
MbCA PIBHOCTNI!

(Y1,Y2s - - -, Yn) - pper(A4) =

—iym- Z c(Ri A, .. An) -2 e

m=1 A1+2Xo+...4+n\p=n
Al+Hde+. A+ Ap=m
(10)
(y17 Y2, ... 7yn> ' ddet(A) =
=)y > (CD)TTe(ns Ay, M) X
m=1 A1+2X2+...+nAp=n
Xyl (11)
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Y mactymHOMYy maparpadi TOCTiIKYIOThCS
HPUMITHBHI MHOT'OYJ/IEHU PO30UTTIB, B IKUX BCi
KOMIOHEHTH BEKTOPA (Y1, Y2, - - -, Yn) AOPIBHIO-
IOTb OJIMHMUIII.

ITapadyHkIii TPUKyTHUX MaTpPHUIlb Ta
MHOTOYJIEH! PO30UTTIB

Teopema 2. Pisnocmi
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+ oo+ (=D 7 b (13)

Yn =

>

A1 +2X2+...+nAp=n

(—1)"Fk zn:A()\,T, i)x
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ey

X— 14
Moo (14)

detij=1npum+1<j<n,
A\ T,1) =

Sh=r)l > A day

r=1 al+...for=m,
aje{1r 222 . nn} =11

- Aayg Aimmea, X

r—1

X {Ti,mfarﬂ}m H{Ta1+...+a5,a1+...+asf1+1 }ma

s=1
(15)
npuvomy
T
&
=My = 1) oo Dy — k1), 5= 1,7

PIBHOCUADHE MIIHC C00010.
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osegeumnda. Ilepm 3a Bce Big3HaAYU-
MO, 10 pekypenTHa pisaicthb (13) Gesmocepe-
JIHBO BHILIMBAE i3 piBHocTi (12) B pesynbrari
PO3KJIaAy MapaJeTepMiHAHTa 3a eJeMEeHTaMU
OCTaHHBOTO PSIIKA.

Josenemo crpapeuBicth piBrocti (14).
Mmuorounen po36uTTd, BiAIOBIAHMIT Iapae-
TEePMIiHAHTY TPUKYTHOI MATPHUIIL

<Iz’—j+1 >
)
Ti—j [ 1gj<ign

3rizHo 3 Teopemoro 4 i3 [5], Mae BurIAL

2.

A2 +...4nAp=n

(_1)n—()\1+)\2+...+)\n) %

MA+de+. ) 5

Ml A Tt

fKmo K m = n, TO cupaBeIINBUAI HACJI-
JIOK.

BuaiijieMo KoeIli€eHT TPU HOPMATHHOMY
m-HabOPl TPUKYTHOI MATPHUIIl IIPABOI YaCTUHH
pisrocti (12). Esnement 7;; dakTopiaabaOro m-
TOOYTKY {Tij }m T€xKuUTH Ha 1 —j+1 - iif migmia-
TOHAJI TPUKYTHOI MATPHIlL, TOMY Pa3oM 3 TIUM
JIOOYTKOM JI0 MHOI'OYJIEHA BXOJUTHME 3MIHHA,
Ti—jr1. OTKe, JOTaHOK

n -

A1 Aimjt1 A
/{:‘xl . T
* )
>\1'>\z—]+1|>\n|

OTpHUMa€ BUIVIA

xi\l-...-x’.\i_-fll-...-mA"
Niciv{m;} YR =) L
AN+ T fm - - R .
M Al A
. !/
3po/61xmo 3aMiHy )\1/ = A, A 1=
= )‘i—j+17 ...y Ap = A, TOII OCTaHHIl JI0/JaHOK

MaTHUMe BHUIJIA

!
/
xi‘ll . . )\273:11 . . CC)\n/
i—j n
>< A/| )\/ ' )\l )
1.‘...’ i_j+1.‘...’ n
!/
ne k =k+1.

SIKIO K 10 HOPMAJIbLHOTO M-HAbOPY BXO-
JIUTH  11e  ojJuH (aKTOpiaJbHUi M-100yTOK
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{7i,.1}, enemenr 7;, ;, saKoOroO JMEKUTH Ha (i —
J 4 1)-iit uigpiaronasi, TOOTO BUKOHYETHCS PiB-
Hictb ¢ — j+1 =1, — j1 + 1, To ocrauHiit ojHO-
YJIeH MHOTOYJIeHA, OYeBUIHO, TPUIHME BUTJIST

"

1" 1"
: )‘i—j+1()‘i—j+1_1){7'ij}m{7'i1,j1}m (B =2)Ix
" "
xmi\l o ?i}ff g
>\/1/!‘---‘)\;LJ+1-‘---‘)\;/L

Takum ynHOM, 11OOY/LyBaBIIX TPU JIOTOMO3i
BIIOPSIJIKOBAHOTO PO3OUTTS

art+oas+...+0,=m

HOpPMAaJIbHHII M-HAOIp TPUKYTHOI MaTPHILL

r—1
{Ti,m—ar-i-l}m H{Tm+---+ozs,oz1+---+asf1+1}ma
s=1
. . 6 A1 A2 An
koedinient Oing ogHownena x7'wy? - ... - X,

MaTHUME BUTJIALL

i AN 1,1),

ne A(X, 7,1) 3agaerbes pisaicrio (15).
Bazk/iMBUM IDaHUYHUM YACTHHHUM BUIIA/I-
KOM TeOpeMHu 2 € HaCTYIHU

Hacainok 1. Hacmynwi pisrocmi pierocuib-
Hi MIOHC CO0010:

T1121
7'21%
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Tnl x‘zr_ll Tn,n—1 i_i Tnnd1 n
(16)
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A1 An
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46

de
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ANT ) = (k=) A day ot Aa, X
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An717n1 )\n—; Tn2 >\17-nn
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Aiteet A
———
k
po3essdacmoves Ax cnaduutl paxmopiasvrul

: k
cmenins A;

Hosenenns. [Ipu m = n pisrocri (12-13),
OYeBUJIHO, TepeiinyTh y piBHocTi (16-17). ITo-
KJIa7eMo y piBHocti (14) m = n, Tozai MaTume-
MO

D AN T i) = AN Tn),

HPUYUOMY

{Tn,n—%-—&-l}n = {7—041+---+OCT'7041+---+OC7‘71+1}n
i Boma mepeiie y piBaicte (18). Te, mo
A(\, T,n) MOXKHA TIOJATH Y BULJISII CKAJISIPHO-
ro n00yTKy (19) BummBae Ge3moCepesHbO i3
O3HAYEHHH llapajerepMiHaHTa Ta CKaJIdPHOIO
JI00YTKY BEKTOpa Ha HapaleTepPMIHAHT TPUKY-
THOI MATPHII].

Amnajioriuno QpOpMyJIIOIOTLCS  Ta  JI0BOJIA-
ThCS BIAMOBIIHI TeopeMa Ta HACJIIJIOK I Ta-
pamepMaHeHTa TPUKYTHOI MATPHUILL.

Teopema 3.

T11%1
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21,

Yn =
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Yn = T1Yn—1+ToYn—2+T3Yn—3+. ..+ To_mYm+

+Tnmxn—m+1ym—1 + Tann,m—lxn—m+2ym—2+

+ o TamTam—1 " - - - * Tn1TnYo

n ZE)\l . . pAn
. . . 1 ... n
= D ZAM’T’Z) Mo
A1 +2Xe+...+nAp,=n t=m
detij=1npum+1<j<n,

A\ T,1) =
m
DTE=1 DT A das Ao Aicma, X
r=1 o1+...Far=m,
a; €{1M 222 . nMnYi=1..r
r—1
X {Ti,m—ar—&-l}m H{Ta1+...+as,a1+...+a5,1+1}m'a
s=1
npuvomy
k
Ao Aoy« - Ay = AE =
=Xy Aay = 1) (Mg —k+ 1),
AKWO ) = Qg = ... = Q.
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