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ÕÂÈËÜÎÂI ÎÏÅÐÀÒÎÐÈ ÄËß ÑÈÍÃÓËßÐÍÎÃÎ ÍÅÑÈÌÅÒÐÈ×ÍÎÃÎ
ÇÁÓÐÅÍÍß ÑÀÌÎÑÏÐßÆÅÍÎÃÎ ÎÏÅÐÀÒÎÐÀ

Çàïèñàíi õâèëüîâi îïåðàòîðè äëÿ ðàíãó îäèí ñèíãóëÿðíîãî íåñèìåòðè÷íîãî çáóðåííÿ Ã =
A + α ⟨·, ω1⟩ω2 ñàìîñïðÿæåíîãî íàïiâîáìåæåíîãî îïåðàòîðà A, òîáòî îïåðàòîðà A çáóðåíîãî
íåñèìåòðè÷íèì ïîòåíöiàëîì (ω1 ̸= ω2). Âèðàçè ïîäàíi ó ñèëüíîìó ñåíñi. Íàâåäåíî ìàòðèöþ
ðîçñiÿííÿ.

We provide with the wave operators for a rank one of singular non-symmetric perturbation
Ã = A + α ⟨·, ω1⟩ω2 of a self-adjoint semi-bounded operator A, that is, the operator which is
perturbed by a non-symmetric potential (ω1 ̸= ω2). The expressions are given in the strong sense.
The scattering matrix is also given.

Âñòóï
Â öié ðîáîòi ïðîäîâæóþòüñÿ äîñëiäæåí-

íÿ ñèíãóëÿðíîãî ðàíãó îäèí çáóðåííÿ ñà-
ìîñïðÿæåíîãî îïåðàòîðà êîñèì ïðîåêòîðîì.
Òàêå çáóðåííÿ âiäïîâiäà¹ ôîðìàëüíîìó âè-
ðàçó

A+ α⟨·, ω1⟩ω2,

äå A = A∗ � íåîáìåæåíèé ñàìîñïðÿæåíèé
îïåðàòîð ó ãiëüáåðòîâîìó ïðîñòîði H, α ∈
C, à âåêòîðè ωi, i = 1, 2 íàëåæàòü äåÿêîìó
íåãàòèâíîìó ïðîñòîðó H−1, âçÿòîìó çi øêà-
ëè, ïîáóäîâàíî¨ çà îïåðàòîðîì A. Òàêi çáó-
ðåííÿ ¹ ëîãi÷íèì ïðîäîâæåííÿ äîñëiäæåíü
çàäà÷ ïðî íåëîêàëüíi âçà¹ìîäi¨ [7,8].

Iñòîòíî ãðóíòóþ÷èñü íà ðåçóëüòàòi ç
[5], ìîæíà äîâåñòè iñíóâàííÿ õâèëüîâèõ
îïåðàòîðiâ äëÿ ïàðè A i Ã i çàïèñàòè äiþ
ó ñëàáêîìó ñåíñi (ó ñåíñi ñêàëÿðíîãî äîáó-
òêó). Â öié ðîáîòi íàâåäåíî äiþ õâèëüîâèõ
îïåðàòîðiâ ó ñèëüíîìó ñåíñi òà çàïèñàíî
ìàòðèöþ ðîçñiÿííÿ äëÿ òàêèõ îïåðàòîðiâ.

Ïîïåðåäíi âiäîìîñòi
Íåõàé A = A∗ � ñàìîñïðÿæåíèé íåîáìå-

æåíèé îïåðàòîð, âèçíà÷åíèé íà DomA =
D(A) ó ñåïàðàáåëüíîìó ãiëüáåðòîâîìó ïðî-
ñòîði H çi ñêàëÿðíèì äîáóòêîì (·, ·) i íîð-
ìîþ ∥ · ∥. Ïîçíà÷èìî ρ(·) ìíîæèíó ðåãóëÿð-
íèõ òî÷îê âiäïîâiäíîãî îïåðàòîðà.

Íàãàäà¹ìî, ùî

H−2 ⊃ H−1 ⊃ H0 ≡ H ⊃ H1 ⊃ H2

ïîçíà÷à¹ ÷àñòèíó àñîöiéîâàíî¨ iç îïåðàòî-
ðîì A-øêàëè ãiëüáåðòîâèõ ïðîñòîðiâ [3,6],
äå ïðîñòîðè

Hk := Hk(A) = D(|A|k/2), k = 1, 2

iç íîðìîþ

∥φ∥k = ∥(|A|+ I)k/2φ∥

(I � ïîçíà÷à¹ îäèíè÷íèé îïåðàòîð) φ ∈
Hk(A) i H−k := H−k(A) íåãàòèâíi (äóàëüíi)
ïðîñòîðè � ïîïîâíåííÿ H çà íîðìîþ

∥f∥−k = ∥(|A|+ I)−k/2f∥, f ∈ H.

Íàäàëi, ⟨·, ·⟩ ïîçíà÷à¹ äóàëüíèé ñêàëÿðíèé
äîáóòîê � ñïàðåííÿ ïðîñòîðiâ Hk i H−k.

Âèêîðèñòîâóþ÷è A-øêàëó, îïåðàòîð A
ïðîäîâæó¹òüñÿ íà H+1 i ðîçóìi¹òüñÿ òåïåð
ÿê îáìåæåíèé îïåðàòîð çi âñüîãî H+1 ó H−1.
Ïðîäîâæåíèé îïåðàòîð ïîçíà÷åíî ÿê A. Ïî-
çíà÷èìî òàêîæ Rz = (A − z)−1 âiäïîâiäíó
ðåçîëüâåíòó z ∈ ρ(A).

Ðîçãëÿíåìî â A-øêàëi îïåðàòîð âèãëÿäó
V = ⟨·, ω1⟩ω2, òàêîãî ùî

D(V ) ⊆ H+1, R(V ) ⊆ H−1.

Ñóìà A + V ¹ îáìåæåíèé îïåðàòîð ç H+1 â
H−1. Òåïåð ôîðìàëüíèé âèðàç A+α⟨·, ω1⟩ω2

ìîæíà ðîçóìiòè ÿê îïåðàòîð A + ⟨·, ω1⟩ω2 ç
H+1 â H−1, çâóæåíèé íà H:

Aω1,ω2 = (A+ ⟨·, ω1⟩ω2) �H . (1)
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Îçíà÷åííÿ [4]. Îïåðàòîð Aω1,ω2 íàçèâà¹-
òüñÿ ðàíãó îäèí íåñèìåòðè÷íèì ñëàáî ñèí-
ãóëÿðíèì çáóðåííÿì ñàìîñïðÿæåíîãî îïå-
ðàòîðà A ó ñåïàðàáåëüíîìó ãiëüáåðòîâîìó
ïðîñòîði H, ÿêùî äëÿ

ηi = A−1ωi, ωi ∈ H−1 \ H, ω1 ̸= ω2 :

îáëàñòü âèçíà÷åííÿ çàäà¹òüñÿ ó âèãëÿäi:

D(Aω1,ω2) = {ψ = φ+ bη2 | φ ∈ D(A),

äå

b =
(Aφ, η1)

1 + (A1/2η2, A1/2η1)
}

äëÿ âèïàäêó (A1/2η2, A
1/2η1) ̸= −1; i ó âèãëÿ-

äi:
D(Aω1,ω2) = DH1+̇{cη2},

äå

DH1 = {φ ∈ D(A) | (Aφ, η1) = 0}

äëÿ âèïàäêó (A1/2η2, A
1/2η1) = −1; à äiÿ çà-

äà¹òüñÿ âèðàçîì:

Aω1,ω2ψ = Aφ.

Äàëi ìè ðîçãëÿäà¹ìî çáóðåííÿ iç ïàðàìå-
òðîì α ∈ C i ïîçíà÷à¹ìî éîãî

Ã = A+ α⟨·, ω1⟩ω2,

äå ωi ∈ H−1\H i ∥ωi∥−1 = 1, i = 1, 2. Ìíîæè-
íó òàêèõ îïåðàòîðiâ ïîçíà÷èìî Pws,ws(A) ùî
îçíà÷à¹ �weakly-weakly� �ñëàáî-ñëàáî� ñèíãó-
ëÿðíå çáóðåííÿ ((ws,ws)-çáóðåííÿ).

ßêùî â îçíà÷åííi ω1 = ω2, òî îòðèìó¹ìî
âiäîìèé âèïàäîê ñàìîñïðÿæåíèõ ñèíãóëÿð-
íèõ çáóðåíü [2,3,6].
Òåîðåìà 1 [4]. Äëÿ ðåçîëüâåíò Rz =

(A − z)−1 i R̃z = (Ã − z)−1 îïåðàòîðiâ A i
Ã ∈ P1,1

ws,ws(A) ó ñåïàðàáåëüíîìó ãiëüáåðòî-
âîìó ïðîñòîði H âèêîíó¹òüñÿ ôîðìóëà òè-
ïó Ì.Êðåéíà z, ξ, ζ ∈ ρ(A) ∩ ρ(Ã):

R̃z = Rz + bz(·, nz̄)mz, (2)

ç äåôåêòíèìè âåêòîðàìè

nz = (A− ξ)(A− z)−1nξ

mz = (A− ζ)(A− z)−1mζ ,

äå nz,mz ∈ H+1 \ H+2; òà óìîâîþ äëÿ ñêà-
ëÿðíî¨ ôóíêöi¨ bz:

b−1
z − b−1

ξ = (ξ − z)(mξ, nz̄).

Âåêòîðè nz, mz i ÷èñëî bz ïðè êîæíîìó
ôiêñîâàíîìó z ïîâ'ÿçàíi iç ω1 i ω2 ñïiââiäíî-
øåííÿìè

nz = Rzω1, mz = Rzω2,

−b−1
z = α−1 + ⟨ω2, Rz̄ω1⟩, α ̸= 0.

Õâèëüîâi îïåðàòîðè
Äëÿ A òà Ã âèçíà÷èìî õâèëüîâi îïåðàòî-

ðè ó ñòàíäàðòíèé ñïîñiá [1,3]:

W±(A, Ã) = s− lim
t→±∞

Ut

= s− lim
t→±∞

eiÃte−iAtP ac, (3)

ÿêùî ãðàíèöi iñíóþòü, äå

P acf =

∫ ∞

−∞
f̂ac(λ)dEac(λ)(A+ i)−1ω2,

òóò ïîçíà÷èìî ÷åðåç P ac, i çîêðåìà P̃ ac, ñïå-
êòðàëüíi ïðîåêòîðè íà àáñîëþòíî íåïåðåðâ-
íi ÷àñòèíè ñïåêòðiâ îïåðàòîðiâ A i Ã òà Hac

i H̃ac âiäïîâiäíi ïiäïðîñòîðè:

Hac = P acH, H̃ac = P̃ acH.

Çãiäíî ðîáîòè Êàòî Ò. [5] îïåðàòîðè A
òà Ã ìàþòü õâèëüîâi îïåðàòîðè. Ó ïîäàëü-
øèõ äîñëiäæåííÿõ íàñëiäó¹ìî, çäåáiëüøîãî,
çà [3].
Ëåìà [1,3]. Äëÿ f ∈ L2(R) i áîðåëåâèõ

ìið dλ, dµ ìà¹ìî:

lim
t→∞

∫ ∞

−∞

∣∣∣ ∫ ∞

−∞

eit(µ−λ) − 1

µ− λ
f(λ)dλ

−
∫ ∞

−∞

f(λ)dλ

λ− (µ+ i0)

∣∣∣2dµ = 0,

äå f̂ ïîçíà÷à¹ çâè÷àéíå ïåðåòâîðåííÿ Ôóð'¹.
Ïîçíà÷èìî

Ut = eiÃte−iAtP ac.

Íå ïîðóøóþ÷è çàãàëüíîñòi ââàæàòèìåìî
íàäàëi ±i ∈ ρ(Ã).
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Íåõàé âåêòîð

g = (A+ i)−1ω1, ∥g∥ = 1

¹ ãåíåðàòîðîì â H äëÿ A i Ã. Òîäi

g̃ = (Ã+ i)−1ω1 =
1

1 + αF (−i)
g

òàêîæ ãåíåðàòîð.
Êîæíèé âåêòîð f ∈ H ìà¹ äâà çîáðàæåí-

íÿ

f =

∫
R
f̂(λ)dE(λ)g, f =

∫
R

ˆ̃f(λ)dẼ(λ)g̃,

àñîöiéîâàíi ç A i Aα âiäïîâiäíî.
Òîäi ñêàëÿðíèé äîáóòîê f, g ∈ H òåæ ìà¹

äâà çîáðàæåííÿ

⟨f, g⟩ =
∫ ∞

−∞
f̂(λ)ĝ(λ)dρ(λ),

⟨f, g⟩ =
∫ ∞

−∞

ˆ̃f(λ)ˆ̃g(λ)dρ̃(λ),

äå ρ(λ) = ⟨g, E(λ)g⟩ òà ρ̃(λ) = ⟨g̃, Ẽ(λ)g̃⟩ ¹
íåñïàäíèìè ôóíêöiÿìè îáìåæåíî¨ âàðiàöi¨.

ßêùî ω2 ∈ H−1(A), òî
∫∞
−∞|λ|dρ(λ) < ∞.

Äëÿ f ∈ H, ω1 ∈ H−1 ìîæíà çàïèñàòè:

⟨(A− z)−1ω2, f⟩ =
∫ ∞

−∞

λ− i

λ− z
f̂(λ)dρ(λ),

⟨(Ã− z)−1ω2, f⟩ =
∫ ∞

−∞

λ− i

λ− z
ˆ̃f(λ)dρ̃(λ).

Iç ôîðìóëè Ì.Êðåéíà (2) ìà¹ìî:

⟨(Ã−z)−1ω2, f⟩ =
1

1 + αF (z)
⟨(A−z)−1ω2, f⟩,

äå F (z) = ⟨(A− z)−1ω2, ω1⟩; òà ó ñïåêòðàëü-
íîìó çîáðàæåííi∫ ∞

−∞

λ− i

λ− z
ˆ̃f(λ)dρ̃(λ)

=
1

1 + αF (z)

∫ ∞

−∞

λ− i

λ− z
f̂(λ)dρ(λ),

òà äëÿ (ìàéæå âñiõ) µ ∈ R

±πi(µ− i) ˆ̃f(µ)ρ̃′(µ)

+ v.p.

∫ ∞

−∞

λ− i

λ− µ
ˆ̃f(λ)dρ̃(λ)

=
1

1 + αF (µ± i0)
(4)

×
∫ ∞

−∞

λ− i

λ− (µ± i0)
f̂(λ)dρ(λ).

Ç îñòàííiõ äâîõ ðiâíîñòåé, øëÿõîì ïðîñòèõ
ïåðåòâîðåíü, ìà¹ìî

2πi(µ− i) ˆ̃f(µ)ρ̃′(µ)

=
2πiαF (µ2 + 1)ρ′(µ)
|1 + αF (µ+ i0)|2

×
∫ ∞

−∞

λ− i

λ− (µ+ i0)
f̂(λ)dρ(λ) (5)

+
2πi(µ− i)

1 + αF (µ− i0)
f̂(µ)ρ′(µ).

Ïiñëÿ äèôåðåíöiþâàííÿ îñòàííüî¨ ðiâíîñòi
ìàéæå ñêðiçü ïî µ ∈ R âèêîíó¹òüñÿ

πα(µ2 + 1)ρ′(µ) = ImF (µ+ i0),

ùî âèïëèâà¹ ç çîáðàæåííÿ

F (z) = ⟨(A−z)
−1ω2, ω1⟩ =

∫ ∞

−∞

λ2 + 1

λ− z
dρ(λ),

äëÿ ω1, ω2 ∈ H−1.
Äëÿ çàïèñó çâ'ÿçêó ìiæ àáñîëþòíî íåïå-

ðåðâíèìè ÷àñòèíàìè ñïåêòðiâ dρ(λ) òà dρ̃(λ)
çíîâó ïî÷íåìî ç ôîðìóëè Ì.Êðåéíà (2) ó
âèãëÿäi:

(Ã− z)−1ω =
1

1 + αF (z)
(A− z)−1ω,

ÿêà äà¹

⟨(Ã− z)−1ω2, (Ã− z)−1ω1⟩

=
1

|1 + αF (z)|2
⟨(A− z)−1ω2, (A− z)−1φω1⟩

òà âèêîðèñòîâóþ÷è ñïåêòðàëüíå çîáðàæåí-
íÿ ∫ ∞

−∞

λ2 + 1

(λ− z)(λ− z̄)
dρ̃(λ)

Áóêîâèíñüêèé ìàòåìàòè÷íèé æóðíàë. 2015. � Ò. 3, � 1. 27



=
1

|1 + αF (z)|2

∫ ∞

−∞

λ2 + 1

(λ− z)(λ− z̄)
dρ(λ)

çâiäêè ìàéæå ñêðiçü íà R:

ρ̃′(µ) = 1

|1 + αF (µ+ i0)|2
ρ′(µ), (6)

ÿêå âèêîíó¹òüñÿ äëÿ àáñîëþòíî íåïåðåðâíèõ
÷àñòèí ñïåêòðàëüíèõ ìið dρ i dρ̃.

Ç (5) òà (6) âèïëèâà¹ çâ'ÿçîê äëÿ çîáðà-

æåíü f̂ òà ˆ̃f ôóíêöi¨ f

ˆ̃f(µ) =− α(µ+ i)

∫ ∞

−∞

λ− i

λ− (µ+ i0)
f̂(λ)dρ(λ)

+ (1 + αF (µ+ i0))f̂(µ). (7)

Òåîðåìà 2. Íåõàé â ñåïàðàáåëüíîìó
ãiëüáåðòîâîìó ïðîñòîði H çàäàíî ñàìîñïðÿ-
æåíèé îïåðàòîð A òà éîãî ñèíãóëÿðíå çáó-
ðåííÿ êîñèì ïðîåêòîðîì

Ã = A+ α⟨·, ω1⟩ω2, ω1, ω2 ∈ H−1 \ H, α ∈ C.

Òîäi iñíóþòü õâèëüîâi îïåðàòîðè W±,
âèçíà÷åíi â (3), äëÿ ÿêèõ âèêîíó¹òüñÿ ðiâ-
íiñòü:

W±f =

∫ ∞

−∞
(1 + αF (λ± i0))f̂ac(λ)

× Ẽ(λ)(Ã+ i)−1ω2, (8)

äå

P acf =

∫ ∞

−∞
f̂ac(λ)dE(λ)(A+ i)−1ω2,

Äîâåäåííÿ. Îñêiëüêè îïåðàòîðè Ut òà W±
¹ íóëüîâèìè íà îðòîãîíàëüíîìó äîïîâíåííi
äî Hac, òî äëÿ êîæíîãî f ∈ Hac ìà¹ìî f̂ac =
f̂ .

Íåçàëåæíî âiä òîãî, ùî iñíóâàííÿ õâè-
ëüîâèõ îïåðàòîði (3) ó ñëàáêîìó ñåíñi ìîæíà
ïîêàçàòè çà äîïîìîãîþ [5], ïîêàæåìî öå äëÿ
W+ íåçàëåæíî.

Äëÿ äîâiëüíèõ

f ∈ D(A) ∩Hac, g ∈ D(Ã) ∩ H̃ac (9)

ìà¹ìî

⟨g, Utf⟩ − ⟨g, f⟩

= iα

∫ t

0

⟨e−iτÃg, ω1⟩⟨ω2, e
−iτAf⟩,

îñêiëüêè D(A) i D(Ã) òà Hac òà H̃ac iíâàði-
àíòíi âiäíîñíî äi¨ e−iAt òà e−iÃt âiäïîâiäíî.

Îñêiëüêè σac(Ã) ⊆ R, òî iíòåãðóâàííÿ çà-
ëèøà¹òüñÿ íà R.

Âèêîðèñòîâóþ÷è ñïåêòðàëüíå çîáðàæåí-
íÿ òà çìiíèâøè ïîðÿäîê iíòåãðóâàííÿ, îòðè-
ìó¹ìî

⟨g, Utf⟩ − ⟨g, f⟩

= iα

∫ t

0

[∫ ∞

−∞
eiτλ ˆ̃g(λ)(λ+ i)dρ̃(λ)

]
×
[∫ ∞

−∞
e−iτµf̂(µ)(µ− i)dρ(µ)

]
dτ

= α

∫ ∞

−∞

∫ ∞

−∞

eit(λ−µ) − 1

λ− µ

× f̂(µ)(µ− i)ˆ̃g(λ)(λ+ i)dρ̃(λ)dρ(µ).

Äîäàòêîâî ïðèïóñòèìî,ùî

f̂ρ′ ∈ L2(R), ˆ̃gρ̃′ ∈ L2(R). (10)

Òîäi çà Ëåìîþ

lim
t→∞

⟨g, Utf⟩ = ⟨g, f⟩

+ α

∫ ∞

−∞

∫ ∞

−∞

f̂(µ)(µ− i)ˆ̃g(λ)(λ+ i)

µ− (λ+ i0)

× ρ̃′(λ)ρ′(µ)dλdµ
= ⟨g, f⟩

+

∫ ∞

−∞
(1 + αF (λ+ i0))f̂(λ)ˆ̃g(λ)ρ̃′(λ)dλ

−
∫ ∞

−∞
f̂(λ)ˆ̃g(λ)ρ̃′(λ)dλ = ⟨g,W+f⟩,

äå âèêîðèñòàíî (7).
Îòæå (8) ó ñëàáêîìó ñåíñi ïîêàçàíî äëÿ

ôóíêöié f, g, ÿêi çàäîâîëüíÿþòü óìîâè (9)
òà (10). Òàêi ôóíêöi¨ óòâîðþþòü ùiëüíó ïiä-
ìíîæèíó ó Hac òà H̃ac âiäïîâiäíî. Îòæå ó
ñëàáêîìó ñåíñi ãðàíèöÿ

lim
t→∞

P̃ acUt =W+

iñíó¹.
Äëÿ äîâåäåííÿ iñíóâàííÿ ãðàíèöi ó ñèëü-

íîìó ñåíñi ïîòðiáíî ïîêàçàòè, ùî

∥W+f∥ = ∥P acf∥.
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Äiéñíî, ç (8) òà (6):

∥W+f∥2

=

∫ ∞

−∞
|1 + αF (λ+ i0)|2|f̂(λ)|2dρ̃(λ)

=

∫ ∞

−∞
|1 + αF (λ+ i0)|2|f̂(λ)|2ρ̃′(λ)dλ

=

∫ ∞

−∞
|f̂(λ)|2ρ′(λ)dλ = ∥f∥2.

Äîâåäåííÿ äëÿ W− àíàëîãi÷íå. �
Äëÿ îá÷èñëåííÿ W ∗

+ ðîçãëÿíåìî

f ∈ Hac, g ∈ H̃ac.

Îòðèìó¹ìî

⟨g,W+f⟩

=

∫ ∞

−∞
ˆ̃g(λ)(1 + αF (λ+ i0))f̂(λ)ρ̃′(λ)dλ

=

∫ ∞

−∞

ˆ̃g(λ)

1 + αF (λ− i0)
f̂(λ)ρ′(λ)dλ.

Îòæå ñïðÿæåíèé îïåðàòîð ìà¹ âèãëÿä

W ∗
+g =

∫ ∞

−∞

1

1 + αF (λ+ i0)
ˆ̃gacdE(A+ i)−1ω1,

äå

P̃ acg =

∫ ∞

−∞
ˆ̃gacdẼ(Ã+ i)−1ω1 ∈ H̃ac.

Òîäi S(Ã, A) = W ∗
+W− � îïåðàòîð ðîçñiÿííÿ,

à

S(Ã, A, λ) =
1 + αF (λ− i0)

1 + αF (λ+ i0)
(11)

� ìàòðèöÿ ðîçñiÿííÿ, ÿêà ó äàíîìó âèïàäêó
ñêëàäà¹òüñÿ iç îäíîãî åëåìåíòà, à ¨¨ äiÿ � öå
ìíîæåííÿ íà (11).
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