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Îòðèìàíî óìîâè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ íåëiíiéíèõ ìàéæå ïåðiîäè÷íèõ
ðiâíÿíü ó ïðîñòîði îáìåæåíèõ ïîñëiäîâíîñòåé, ùî íå âèêîðèñòîâóþòü H-êëàñè öèõ ðiâíÿíü.

We obtain conditions for the existence of almost periodic solutions of nonlinear almost periodic
equations in the space of bounded sequences that do not use H-classes of these equations.

1. Îñíîâíi ïîçíà÷åííÿ òà îá'¹êò äî-
ñëiäæåíü. Íåõàé Z � ìíîæèíà âñiõ öiëèõ
÷èñåë, E � äîâiëüíèé áàíàõîâèé ïðîñòið ç
íîðìîþ ∥ · ∥E, L(E,E) � áàíàõîâèé ïðîñòið
ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ A : E → E
ç íîðìîþ ∥A∥L(E,E) = sup

∥x∥E=1

∥Ax∥E i M �

áàíàõîâèé ïðîñòið îáìåæåíèõ äâîñòîðîííiõ
ïîñëiäîâíîñòåé x = (xn)n∈Z âåêòîðiâ xn ∈ E,
n ∈ Z, ç íîðìîþ ∥x∥M = sup

n∈Z
∥xn∥E.

Âèçíà÷èìî ó ïðîñòîði M îïåðàòîð çñóâó
Sm, m ∈ Z, ñïiââiäíîøåííÿì

(Smx)n = xn+m, n ∈ Z. (1)

Åëåìåíò y ∈ M íàçèâà¹òüñÿ ìàéæå ïåðiî-
äè÷íèì (äèâ., íàïðèêëàä, [1,2]), ÿêùî çàìè-
êàííÿ ìíîæèíè {Smy : m ∈ Z} ó ïðîñòîðiM
¹ êîìïàêòíîþ ïiäìíîæèíîþ öüîãî ïðîñòîðó.

Ïîçíà÷èìî ÷åðåç B ïiäïðîñòið ìàéæå ïå-
ðiîäè÷íèõ åëåìåíòiâ ïðîñòîðó M ç íîðìîþ
∥x∥B = ∥x∥M.

Íåõàé Ω � îáëàñòü ïðîñòîðó E, òîáòî âiä-
êðèòà çâ'ÿçíà ìíîæèíà ïðîñòîðó E, i K �
ìíîæèíà âñiõ íå ïîðîæíiõ êîìïàêòíèõ ïiä-
ìíîæèí K ⊂ Ω.

Ðîçãëÿíåìî âiäîáðàæåííÿ Fn : Ω → E,
n ∈ Z ùî çàäîâîëüíÿþòü óìîâè:

1) âåêòîðíi ôóíêöi¨ Fn(x), n ∈ Z, ðiâíî-
ìiðíî íåïåðåðâíi ïî x íà êîæíié ìíîæèíi
K ∈ K;

2) (Fn(x))n∈Z � ìàéæå ïåðiîäè÷íèé ïî n
ðiâíîìiðíî ïî x íà êîæíié ìíîæèíi K ∈ K
åëåìåíò ïðîñòîðó M.

Íåâàæêî ïîêàçàòè, ùî, ÿê i â [2, ñ. 428�

429],
sup

n∈Z,x∈K
∥Fn(x)∥E < +∞

äëÿ êîæíî¨ ìíîæèíè K ∈ K i äëÿ äîâiëü-
íî¨ ïîñëiäîâíîñòi (mk)k>1 öiëèõ ÷èñåë iñíó¹
ïiäïîñëiäîâíiñòü (mkl)l>1, äëÿ ÿêî¨ ïîñëiäîâ-

íiñòü
(
Fn+mkl

(x)
)
l>1

çáiãà¹òüñÿ ðiâíîìiðíî

íà ìíîæèíi Z×K.
Ââàæàòèìåìî, ùî

(
Fn+mkl

(x)
)
l>1

çáiãà-

¹òüñÿ ðiâíîìiðíî íà êîæíié ìíîæèíi Z×K,
K ∈ K, i ãðàíè÷íà ïîñëiäîâíiñòü (Gn(x))n∈Z,
ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè

Gn(x) = lim
l→∞

Fn+mkl
(x), n ∈ Z, (2)

çàäîâîëüíÿ¹ óìîâè 1 i 2. Öÿ âèìîãà âèêî-
íó¹òüñÿ, ÿêùî, íàïðèêëàä, dimE < ∞. Ó
ñòàòòi íàâåäåíà âèìîãà âèêîíóâàòèìå äîïî-
ìiæíó ðîëü i íå áóäå âèêîðèñòîâóâàòèñÿ ïðè
îòðèìàííi îñíîâíîãî ðåçóëüòàòó.

Ïîçíà÷èìî ÷åðåçΩ ìíîæèíó âñiõ åëåìåí-
òiâ x = (xn)n∈Z ïðîñòîðó M, äëÿ êîæíîãî ç
ÿêèõ xn ∈ Ω, n ∈ Z. Ðîçãëÿíåìî îïåðàòîð
F : Ω → M, ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåí-
íÿì

(Fx)n = Fn(xn), n ∈ Z,
(öåé îïåðàòîð ¹ óçàãàëüíåííÿì äiàãîíàëü-
íèõ îïåðàòîðiâ, ùî äîñëiäæóâàëèñÿ â [3]) i
âiäïîâiäíå ðiâíÿííÿ

Fn(xn) = 0, n ∈ Z. (3)

H-êëàñîì öüîãî ðiâíÿííÿ íàçèâà¹òüñÿ ìíî-
æèíà âñiõ ðiâíÿíü

Gn(yn) = 0, n ∈ Z,
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äå Gn âèçíà÷àþòüñÿ çà äîïîìîãîþ (2).
Ìåòîþ ñòàòòi ¹ âñòàíîâëåííÿ óìîâ ìàéæå

ïåðiîäè÷íîñòi îáìåæåíèõ ðîçâ'ÿçêiâ ðiâíÿí-
íÿ (3) áåç âèêîðèñòàííÿ åëåìåíòiâ H-êëàñó
öüîãî ðiâíÿííÿ.

Çàçíà÷èìî, ùî íå êîæíèé îáìåæåíèé
ðîçâ'ÿçîê ðiâíÿííÿ (3) ¹ ìàéæå ïåðiîäè÷-
íèì. Öå ïiäòâåðäæó¹òüñÿ íàñòóïíèì ïðèê-
ëàäîì.

Ïðèêëàä. Íåõàé E = R. Âèçíà÷èìî âi-
äîáðàæåííÿ Hn : R → R, n ∈ Z, ðiâíîñòÿìè

Hn(x) = sinn

{
0, ÿêùî |x| 6 1,
|x| − 1, ÿêùî |x| > 1,

n ∈ Z,

ùî, ÿê i âiäîáðàæåííÿ Fn, n ∈ Z, çàäîâîëü-
íÿþòü óìîâè 1 i 2. Î÷åâèäíî, ùî êîæíèé
åëåìåíò x = (xn)n∈Z, äëÿ ÿêîãî xn ∈ [−1, 1],
n ∈ Z, ¹ ðîçâ'ÿçêîì ðiâíÿííÿ Hn(xn) = 0.

Ïðè äîñëiäæåííi ðiâíÿííÿ (3) áóäåìî âè-
êîðèñòîâóâàòè îäèí ôóíêöiîíàë, âèçíà÷å-
íèé íà ìíîæèíi îáìåæåíèõ ðîçâ'ÿçêiâ öüîãî
ðiâíÿííÿ, çàìèêàííÿ ìíîæèí çíà÷åíü ÿêèõ
¹ åëåìåíòàìè ç K.
2. Ôóíêöiîíàë ∆. Çàôiêñó¹ìî äîâiëüíó

ìíîæèíó K ∈ K i ïîçíà÷èìî ÷åðåç N (K)
ìíîæèíó ðîçâ'ÿçêiâ x = (xn)n∈Z ðiâíÿííÿ
(3), äëÿ êîæíîãî ç ÿêèõ çàìèêàííÿ R(x)
ìíîæèíè R(x) = {xn : n ∈ Z} ó ïðîñòîði E ¹
ïiäìíîæèíîþ ìíîæèíè K. Òàêîæ çàôiêñó-
¹ìî åëåìåíò x∗ = (x∗n)n∈Z ìíîæèíè N (K) i
÷èñëî ε ∈ [0, r(x∗, K)], äå

r(x∗, K) =

= sup
{
∥x− y∥E : x ∈ R(x∗), y ∈ K

}
.

Ââàæà¹ìî, ùî r(x∗, K) > 0. Ïîçíà÷èìî ÷å-
ðåç Ω(x∗, K, ε) ìíîæèíó âñiõ åëåìåíòiâ y =
(yn)n∈Z ïðîñòîðó M, äëÿ êîæíîãî ç ÿêèõ

x∗n + yn ∈ K, n ∈ Z, i ∥y∥M > ε.

Ðîçãëÿíåìî ôóíêöiîíàë

∆(x∗, K, ε) = inf
y∈Ω(x∗,K,ε)

∥F(x∗ + y)∥M . (4)

Çàñòîñóâàííÿ ôóíêöiîíàëà ∆ äî äîñëiä-
æåííÿ ìàéæå ïåðiîäè÷íèõ íåëiíiéíîãî ðiâ-
íÿííÿ (3) òà àíàëîãi÷íîãî ëiíiéíîãî ðiâíÿ-
ííÿ íàâåäåìî â íàñòóïíèõ äâîõ ïóíêòàõ.

3. Îñíîâíèé ðåçóëüòàò. Íàâåäåìî óìî-
âè iñíóâàííÿ ìàéæå ïåðiîäè÷íèõ ðîçâ'ÿçêiâ
ðiâíÿííÿ (3), â ÿêèõ íà âiäìiíó âiä âiäî-
ìî¨ òåîðåìè Àìåðiî ïðî ìàéæå ïåðiîäè÷íi
ðîçâ'ÿçêè íåëiíiéíèõ äèôåðåíöiàëüíèõ ðiâ-
íÿíü [2,4] íå âèêîðèñòîâó¹òüñÿ H-êëàñ ðiâ-
íÿííÿ (3).

Òåîðåìà 1.Íåõàé K íàëåæèòü ìíîæè-
íi K. ßêùî äëÿ ðîçâ'ÿçêó z ∈ N (K) ðiâíÿ-
ííÿ (3) i äåÿêîãî ÷èñëà δ > 0 âèêîíó¹òüñÿ
ñïiââiäíîøåííÿ

∆(z, K, ε) > 0 (5)

äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ¹ ìàéæå
ïåðiîäè÷íèì.

Äîâåäåííÿ. Ïðèïóñòèìî, ùî ðîçâ'ÿçîê
z ∈ N (K) ðiâíÿííÿ (3) íå ¹ åëåìåíòîì ïðîñ-
òîðó B. Òîäi iñíó¹ ïîñëiäîâíiñòü

(
Smpz

)
p>1

,

äëÿ ÿêî¨ êîæíà ïiäïîñëiäîâíiñòü
(
Skpz

)
p>1

áóäå ðîçáiæíîþ. Îòæå, äëÿ äåÿêèõ ïîñëiäîâ-
íîñòåé (pr)r>1, (qr)r>1 íàòóðàëüíèõ ÷èñåë i
÷èñëà γ ∈ (0, r(z, K))

∥Smpr
z− Smqr

z∥M > γ, r > 1. (6)

Íå îáìåæóþ÷è çàãàëüíîñòi, ìîæíà ââàæà-
òè, ùî ïîñëiäîâíiñòü

(
Fn+kp(x)

)
p>1

çáiãà¹òü-
ñÿ ðiâíîìiðíî íà Z×K. Òîäi

lim
p,q→∞

sup
n∈Z, x∈K

∥Fn+kp(x)− Fn+kq(x)∥E = 0.

(7)
Ðîçãëÿíåìî åëåìåíòè

yr = Skprz− Skqrz = (yr,n)n∈Z, r > 1,

ïðîñòîðó M, äå yr,n = yn+kpr − yn+kqr . Î÷å-
âèäíî, ùî

S−kqryr ∈ Ω(z, K, γ), r > 1. (8)

Ïîêàæåìî, ùî

∆(z, K, γ) = 0. (9)

Çàâäÿêè (4), (8) òà òîìó, ùî

Fn+kpr (zn+kpr ) ≡ 0, r > 1, (10)

âèêîíóþòüñÿ ñïiââiäíîøåííÿ

∆(z, K, γ) = inf
y∈Ω(z,K,γ)

sup
n∈Z

∥Fn(zn + yn)∥E 6
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6 sup
n∈Z

∥∥Fn+kqr (zn+kqr + yr,n)
∥∥
E
=

= sup
n∈Z

∥∥Fn+kqr (zn+kpr )
∥∥
E
6

6 sup
n∈Z

∥∥Fn+kpr (zn+kpr )
∥∥
E
+

+sup
n∈Z

∥∥Fn+kpr (zn+kpr )− Fn+kqr (zn+kpr )
∥∥
E
6

6 sup
n∈Z, x∈K

∥∥Fn+kpr (x)− Fn+kqr (x)
∥∥
E
, r > 1,

ç ÿêèõ íà ïiäñòàâi (7) i (10) âèïëèâà¹ ñïiâ-
âiäíîøåííÿ (9), ùî ñóïåðå÷èòü (5).

Îòæå, ïðèïóùåííÿ, ùî ðîçâ'ÿçîê z ðiâíÿ-
ííÿ (3) íå ¹ ìàéæå ïåðiîäè÷íèì, õèáíå.

Òåîðåìó 1 äîâåäåíî.

4. Çàñòîñóâàííÿ òåîðåìè 1. Âèêîðè-
ñòà¹ìî òåîðåìó 1 äî äîñëiäæåííÿ îäíîãî
êëàñó íåëiíiéíèõ ðiçíèöåâèõ ðiâíÿíü òà ëi-
íiéíîãî ðiâíÿííÿ, àíàëîãi÷íîãî (3).

4.1. Íåëiíiéíå ðiçíèöåâå ðiâíÿííÿ

Fn(xn+1 − gn(xn)) = 0, n ∈ Z. Ó öüîìó ðiâ-
íÿííi Fn � âiäîáðàæåííÿ, ùî é ó ðiâíÿííi
(3), à íåïåðåðâíi âiäîáðàæåííÿ gn : Ω → E,
n ∈ Z, ¹ òàêèìè, ùî:

à) (gn(x))n∈Z ÿê âåêòîðíà ôóíêöiÿ çi çíà-
÷åííÿìè â M íåïåðåðâíà ïî x íà Ω è, îòæå,
ðiâíîìiðíî íåïåðåðâíà ïî x íà êîæíié ìíî-
æèíi K ∈ K (äèâ. [5, ñ. 112]);

á) (gn(x))n∈Z ÿê ïîñëiäîâíiñòü ìàéæå ïå-
ðiîäè÷íà ðiâíîìiðíî ïî x íà êîæíié ìíîæè-
íi K ∈ K.

Âèêëàäåìî iäåþ îäíîãî ìåòîäó ç'ÿñóâàí-
íÿ ìàéæå ïåðiîäè÷íîñòi îáìåæåíèõ ðîçâ'ÿç-
êiâ äîñëiäæóâàíîãî ðiçíèöåâîãî ðiâíÿííÿ ç
âèêîðèñòàííÿì òåîðåìè 1.

ßêùî v = (vn)n∈Z ¹ ðîçâ'ÿçêîì öüîãî ðiâ-
íÿííÿ i R(v) ⊂ K1, äå K1 ∈ K, òî íà ïiäñòàâi
óìîâ à) i á) ïîñëiäîâíiñòü h = (hn)n∈Z, ùî
âèçíà÷à¹òüñÿ ðiâíîñòÿìè

hn = vn+1 − gn(vn), n ∈ Z,

¹ îáìåæåíîþ i R(h) ⊂ K2 äëÿ äåÿêî¨ ìíîæè-
íè K2 ∈ K. Îòæå, h = (hn)n∈Z ¹ ðîçâ'ÿçêîì
ðiâíÿííÿ (3). Ó öüîìó âèïàäêó äî (3) ìîæíà
çàñòîñóâàòè òåîðåìó 1 ïðè K = K2 i z = h.
Ââàæàòèìåìî, ùî óìîâè öi¹¨ òåîðåìè âèêî-
íóþòüñÿ. Òîäi ïîñëiäîâíiñòü h = (hn)n∈Z ¹

ìàéæå ïåðiîäè÷íîþ i äî ìàéæå ïåðiîäè÷íî-
ãî ðiçíèöåâîãî ðiâíÿííÿ

xn+1 − gn(xn) = hn, n ∈ Z,

ùî ìà¹ îáìåæåíèé ðîçâ'ÿçîê x = v, ìîæ-
íà çàñòîñóâàòè ðåçóëüòàòè äîñëiäæåíü ñòàò-
òi [6] (ó âèïàäêó fn(x) = gn(x) + hn, n ∈ Z)
i ïîêàçàòè ìàéæå ïåðiîäè÷íiñòü v (ïðè äî-
äàòêîâèõ âèìîãàõ äî fn, n ∈ Z).

4.2. Ëiíiéíèé àíàëîã ðiâíÿííÿ (3).
Ðîçãëÿíåìî âiäîáðàæåííÿ Fn : E → E,
n ∈ Z, ùî âèçíà÷àþòüñÿ ðiâíîñòÿìè

Fn(x) = Anx− hn, n ∈ Z,

ó âèïàäêó ìàéæå ïåðiîäè÷íèõ ïîñëiäîâíîñ-
òåé (An)n∈Z i (hn)n∈Z, äå An ∈ L(E,E) i
hn ∈ E. Òàêîæ ðîçãëÿíåìî âiäïîâiäíå ëiíié-
íå ðiâíÿííÿ

Anxn = hn, n ∈ Z, (11)

ùî ¹ îêðåìèì âèïàäêîì ðiâíÿííÿ (3).
Ïîñëiäîâíiñòü (An)n∈Z i âiäïîâiäíèé îïå-

ðàòîð A : M → M, ùî âèçíà÷à¹òüñÿ ðiâíiñ-
òþ

Ax = (Anxn)n∈Z, (12)

íàçèâàþòüñÿ ìàéæå ïåðiîäè÷íèìè, ÿêùî
çàìèêàííÿ ìíîæèíè {SmAS−m : m ∈ Z} ó
ïðîñòîði L(M,M) ¹ êîìïàêòíîþ ìíîæèíîþ.

Çàçíà÷èìî, ùî ó öüîìó ðiâíÿííi îïåðàòî-
ðè An, n ∈ Z, ìîæóòü íå ìàòè îáåðíåíèõ
íåïåðåðâíèõ îïåðàòîðiâ.

Çàâäÿêè òåîðåìi 1 ñïðàâäæó¹òüñÿ íàñòóï-
íå òâåðäæåííÿ.

Òåîðåìà 2.Íåõàé K íàëåæèòü ìíîæè-
íi K. ßêùî ëiíiéíå ðiâíÿííÿ (11) ìà¹ ðîç-
â'ÿçîê z = (zn)n∈Z çi çíà÷åííÿìè â K i äëÿ
äåÿêîãî ÷èñëà δ > 0 âèêîíó¹òüñÿ ñïiââiäíî-
øåííÿ

inf
y∈Ω(z,K,ε)

sup
n∈Z

∥An(zn + yn)− hn∥E > 0

äëÿ âñiõ ε ∈ (0, δ), òî öåé ðîçâ'ÿçîê ìàéæå
ïåðiîäè÷íèé.

Íà çàâåðøåííÿ íàâåäåíî¨ ÷àñòèíè ðåçóëü-
òàòiâ iç çàñòîñóâàííÿì ôóíêöiîíàëà ∆, çà-
çíà÷èìî, ùî àíàëîãi÷íèé ôóíêöiîíàë âèêî-
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ðèñòîâóâàâñÿ àâòîðîì äëÿ äîñëiäæåííÿ ìàé-
æå ïåðiîäè÷íèõ ðiçíèöåâèõ ðiâíÿíü iç íå-
ïåðåðâíèì òà äèñêðåòíèì àðãóìåíòàìè [7]�
[10], äèñêðåòíèõ ðiâíÿíü [11], äèôåðåíöiàëü-
íèõ ðiâíÿíü [12]�[14], äèôåðåíöiàëüíî-ðiçíè-
öåâèõ ðiâíÿíü [15], à òàêîæ ðiâíÿíü ç íåïå-
ðåðâíèì àðãóìåíòîì [16], äëÿ ÿêèõ (3) ¹ äè-
ñêðåòíèì àíàëîãîì.

5. Äîñëiäæåííÿ ðiâíÿííÿ (11) áåç âè-
êîðèñòàííÿ ôóíêöiîíàëà ∆. Ñïðàâäæó-
þòüñÿ íàñòóïíi äâà òâåðäæåííÿ ïðî iñíóâà-
ííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ ðiâíÿííÿ (11) ó
ïðîñòîðàõ M i B.

Òåîðåìà 3. Íåõàé

sup
n∈Z

∥An∥L(E,E) < +∞. (13)

Ðiâíÿííÿ (11) äëÿ êîæíî¨ ïîñëiäîâíî-
ñòi h = (hn)n∈Z ∈ M ìà¹ ¹äèíèé ðîçâ'ÿçîê
x = (xn)n∈Z ∈ M òîäi i òiëüêè òîäi, êîëè
îïåðàòîð An äëÿ êîæíîãî n ∈ Z ìà¹ îáåð-
íåíèé íåïåðåðâíèé îïåðàòîð A−1

n i

sup
n∈Z

∥∥A−1
n

∥∥
L(E,E)

< +∞. (14)

Çàçíà÷èìî, ùî â öié òåîðåìi ïîñëiäîâ-
íiñòü (An)n∈Z ìîæå íå áóòè ìàéæå ïåðiîäè÷-
íîþ.
Äîâåäåííÿ. ßêùî ðiâíÿííÿ (11) äëÿ

êîæíîãî h = (hn)n∈Z ∈ M ìà¹ ¹äèíèé ðîç-
â'ÿçîê x = (xn)n∈Z ∈ M, òî äëÿ êîæíîãî
n ∈ Z äëÿ ìíîæèíè çíà÷åíü R(An) i ÿäðà
kerAn îïåðàòîðà An âèêîíóþòüñÿ ñïiââiä-
íîøåííÿ

R(An) = E, (15)

i
kerAn = {0}. (16)

ßêáè äëÿ äåÿêîãî n0 ∈ Z âèêîíóâàëîñÿ ñïiâ-
âiäíîøåííÿ kerAn0 ̸= {0}, òî òîäi åëåìåíò

a =

{
a, ÿêùî n = n0,
0, ÿêùî n ∈ Z \ {n0},

ïðîñòîðó M íàëåæàâ áè ÿäðó îïåðàòîðà A,
ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì (12). Öå
ñóïåðå÷èëî á ¹äèíîñòi ðîçâ'ÿçêó x ðiâíÿííÿ
(11), ùî âiäïîâiäà¹ h.

Çàâäÿêè (15), (16) òà òåîðåìi Áàíàõà ïðî
îáåðíåíèé îïåðàòîð [5, c. 225] îïåðàòîð An

ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðàòîð A−1
n .

Ïîêàæåìî, ùî âèêîíó¹òüñÿ ñïiââiäíîøå-
ííÿ (14).

Îñêiëüêè äëÿ êîæíî¨ îáìåæåíî¨ ïîñëiäîâ-
íîñòi h = (hn)n∈Z, äå hn ≡ const ∈ E, ðiâ-
íÿííÿ (11) ìà¹ ¹äèíèé îáìåæåíèé ðîçâ'ÿçîê
x = (xn)n∈Z = (A−1

n const)n∈Z, òî äëÿ êîæíî-
ãî âåêòîðà u ∈ E ïîñëiäîâíiñòü (A−1

n u)n∈Z
¹ îáìåæåíîþ. Òîìó çà òåîðåìîþ Áàíàõà-
Øòåéíãàóñà [17, c. 54] âèêîíó¹òüñÿ ñïiââiä-
íîøåííÿ (14).

Íàâïàêè, ÿêùî îïåðàòîð An ìà¹ îáåð-
íåíèé íåïåðåðâíèé îïåðàòîð A−1

n äëÿ âñiõ
n ∈ Z i âèêîíó¹òüñÿ ñïiââiäíîøåííÿ (14), òî
äëÿ êîæíîãî h = (hn)n∈Z ∈ M ðiâíÿííÿ (11)
ìà¹ ðîçâ'ÿçîê x = (xn)n∈Z ∈ M, ùî ïîäà¹òü-
ñÿ ó âèãëÿäi

x = (A−1
n hn)n∈Z. (17)

Öåé ðîçâ'ÿçîê, î÷åâèäíî, ¹äèíèé.
Òåîðåìó 3 äîâåäåíî.

Òåîðåìà 4. Íåõàé (An)n∈Z � ìàéæå ïå-
ðiîäè÷íà ïîñëiäîâíiñòü. ßêùî îïåðàòîð An

ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðàòîð A−1
n

äëÿ âñiõ n ∈ Z i âèêîíó¹òüñÿ ñïiââiäíî-
øåííÿ (14), òî äëÿ êîæíî¨ ïîñëiäîâíîñòi
h = (hn)n∈Z ∈ B ðiâíÿííÿ (11) ìà¹ ¹äèíèé
ðîçâ'ÿçîê x = (xn)n∈Z ∈ B.

Öþ òåîðåìó äîâåäåìî çà äîïîìîãîþ òåî-
ðåìè 3 òà íàñòóïíèõ äâîõ òâåðäæåíü.

Ëåìà 1. Íåõàé M � ïåðåäêîìïàêòíà
ìíîæèíà ëiíiéíèõ íåïåðåðâíèõ îïåðàòîðiâ,
ùî äiþòü ó ïðîñòîði M, êîæíèé îïåðàòîð
A ∈ M ìà¹ îáåðíåíèé íåïåðåðâíèé îïåðà-
òîð A−1 i äëÿ äåÿêîãî äîäàòíîãî ÷èñëà γ
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

sup
A∈M

∥∥A−1
∥∥
L(M,M)

6 γ. (18)

Òîäi êîæíèé îïåðàòîð B ∈ M, äå M �
çàìèêàííÿ M ó ïðîñòîði L(M,M), ìà¹
îáåðíåíèé íåïåðåðâíèé îïåðàòîð B−1,∥∥B−1

∥∥
L(M,M)

6 γ (19)
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i çàìèêàííÿ ìíîæèíè {A−1 : A ∈ M} ó
ïðîñòîði L(M,M) ¹ êîìïàêòíîþ ìíîæè-
íîþ.

Äîâåäåííÿ. Íåõàé B ∈ M \ M. Iñíó¹
ïîñëiäîâíiñòü îïåðàòîðiâ An ∈ M, n > γ,
äëÿ ÿêèõ

∥An −B∥L(M,M) 6
1

n
, n > γ. (20)

Îñêiëüêè

B = An

(
I − A−1

n (An −B)
)

äëÿ êîæíîãî n > γ,∥∥A−1
n (An −B)

∥∥
L(M,M)

6

6
∥∥A−1

n

∥∥
L(M,M)

∥An −B∥L(M,M) 6
γ

n
< 1

äëÿ êîæíîãî n > γ (òóò âèêîðèñòàíî (18) i
(20)) i îïåðàòîðè An òà I −A−1

n (An −B) ìà-
þòü íåïåðåðâíi îáåðíåíi (äðóãèé îïåðàòîð ¹
îáîðîòíèì íà ïiäñòàâi íåðiâíîñòi∥∥A−1

n (An −B)
∥∥
L(M,M)

< 1

[5, ñ. 228]), òî îïåðàòîð B òàêîæ ìà¹ îáåðíå-
íèé íåïåðåðâíèé îïåðàòîð i

B−1 =
(
I − A−1

n (An −B)
)−1

A−1
n , n > γ.

Çâiäñè îòðèìó¹ìî, ùî∥∥B−1
∥∥
L(M,M)

(∥∥A−1
n

∥∥
L(M,M)

)−1

6

6
∥∥∥(I − A−1

n (An −B)
)−1
∥∥∥
L(M,M)

, n > γ.

Îñêiëüêè∥∥∥(I − A−1
n (An −B)

)−1
∥∥∥
L(M,M)

6

6
(
1−

∥∥A−1
n (An −B)

∥∥
L(M,M)

)−1

6

6
(
1− γ

n

)−1

=
n

n− γ

(äèâ. [18, c. 45]) i lim
n→∞

n

n− γ
= 1, òî äëÿ B−1

âèêîíó¹òüñÿ íåðiâíiñòü (19).
Äàëi, îñêiëüêè B−1 íåïåðåðâíî çàëåæèòü

âiä B (íà âiäêðèòié ìíîæèíi âñiõ îïåðàòîðiâ

iç L(M,M), ùî ìàþòü íåïåðåðâíi îáåðíåíi
îïåðàòîðè) i ìíîæèíà M, âñi åëåìåíòè ÿêî¨
îáîðîòíi, ¹ êîìïàêòíîþ ìíîæèíîþ, òî ìíî-
æèíà

{
B−1 : B ∈ M

}
òàêîæ ¹ êîìïàêòíîþ.

Çâiäñè âèïëèâà¹ êîìïàêòíiñòü çàìèêàííÿ
ìíîæèíè {A−1 : A ∈ M} â L(M,M).

Ëåìó 1 äîâåäåíî.

Ëåìà 2. Íåõàé M1 i M2 � êîìïàêòíi
ìíîæèíè åëåìåíòiâ ïðîñòîðiâ L(M,M) i
M âiäïîâiäíî.

Òîäi ìíîæèíà M1M2 ¹ êîìïàêòíîþ.

Äîâåäåííÿ. Çàçíà÷èìî, ùî

M1M2 = {Ax : A ∈ M1,x ∈ M2}.

Íåõàé (Anxn)n>1 � äîâiëüíà ïîñëiäîâíiñòü
åëåìåíòiâ ìíîæèíè M1M2 (òóò An ∈ M1

i xn ∈ M2, n > 1). Îñêiëüêè ìíîæèíà M1

¹ êîìïàêòíîþ, òî iñíóþòü ïiäïîñëiäîâíiñòü
(nk)k>1 ïîñëiäîâíîñòi íàòóðàëüíèõ ÷èñåë i
åëåìåíò C ∈ M1, äëÿ ÿêèõ

lim
k→∞

Ank
= C.

Àíàëîãè÷íî, çàâäÿêè êîìïàêòíîñòi M2 iñ-
íóþòü ïiäïîñëiäîâíiñòü (nkl)l>1 ïîñëiäîâíîñ-
òi (nk)k>1 i åëåìåíò y ∈ M2, äëÿ ÿêèõ

lim
l→∞

xnkl
= y.

Î÷åâèäíî, ùî ïîñëiäîâíiñòü
(
Ankl

xnkl

)
l>1

¹

çáiæíîþ i

lim
l→∞

Ankl
xnkl

= Cy ∈ M1M2.

Îòæå, ìíîæèíà M1M2 ¹ êîìïàêòíîþ.
Ëåìó 2 äîâåäåíî.

Äîâåäåííÿ òåîðåìè 4. Çàçíà÷èìî, ùî
äëÿ (An)n∈Z âèêîíó¹òüñÿ ñïiââiäíîøåííÿ
(13), îñêiëüêè öÿ ïîñëiäîâíiñòü ¹ ìàéæå ïå-
ðiîäè÷íîþ. Çàôiêñó¹ìî äîâiëüíó ïîñëiäîâ-
íiñòü h = (hn)n∈Z ∈ B. Çàâäÿêè òåîðåìi 3 òà
óìîâàì òåîðåìè 4 ðiâíÿííÿ (11) ìà¹ ¹äèíèé
ðîçâ'ÿçîê x = (xn)n∈Z ∈ M, ùî ïîäà¹òüñÿ ó
âèãëÿäi (17).

Öåé ðîçâ'ÿçîê ¹ ìàéæå ïåðiîäè÷íèì, òîá-
òî çàìèêàííÿ ìíîæèíè {Smx : m ∈ Z} ó
ïðîñòîði M ¹ êîìïàêòíèì.
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Ñïðàâäi, ðiâíiñòü (17) ìîæíà ïîäàòè ó âè-
ãëÿäi

x = A−1h, (21)

äå A � îïåðàòîð, ùî âèçíà÷à¹òüñÿ ñïiââiäíî-
øåííÿì (12). Íà ïiäñòàâi (21)

{Smx : m ∈ Z} =
{
SmA

−1h : m ∈ Z
}
=

=
{
SmA

−1S−mSmh : m ∈ Z
}
⊂

⊂
{
SmA

−1S−m : m ∈ Z
}
{Smh : m ∈ Z} ⊂

⊂ {SmA−1S−m : m ∈ Z} {Smh : m ∈ Z}.
(22)

Òóò {SmA−1S−m : m ∈ Z} � çàìèêàííÿ
ìíîæèíè {SmA

−1S−m : m ∈ Z} ó ïðîñòîði
L(M,M), à {Smh : m ∈ Z} � çàìèêàííÿ
ìíîæèíè {Smh : m ∈ Z} ó ïðîñòîði M.
Çàâäÿêè ìàéæå ïåðiîäè÷íîñòi îïåðàòîðà A,
âèêîíàííþ ñïiââiäíîøåííÿ (14) òà òâåðäæå-
ííþ ëåìè 1 êîæíèé îïåðàòîð B ç ìíîæèíè
{SmAS−m : m ∈ Z} áóäå ìàòè îáåðíåíèé
íåïåðåðâíèé îïåðàòîð B−1, ïðè÷îìó∥∥B−1

∥∥
L(M,M)

6 sup
n∈Z

∥∥A−1
n

∥∥
L(E,E)

,

i ìíîæèíà {SmA−1S−m : m ∈ Z} áóäå êîì-
ïàêòíîþ (îïåðàòîð A−1 ìàéæå ïåðiîäè÷-
íèé). Ìíîæèíà {Smh : m ∈ Z} òàêîæ ¹ êîì-
ïàêòíîþ, îñêiëüêè h ∈ B. Òîìó çà ëåìîþ 2
êîìïàêòíîþ áóäå i ìíîæèíà

{SmA−1S−m : m ∈ Z} {Smh : m ∈ Z}.

Òîäi íà ïiäñòàâi (22) êîìïàêòíîþ áóäå i ìíî-
æèíà {Smx : m ∈ Z}, òîáòî ðîçâ'ÿçîê x ðiâ-
íÿííÿ (11) áóäå ìàéæå ïåðiîäè÷íèì.

Òåîðåìó 4 äîâåäåíî.
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