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ÁIÔÓÐÊÀÖIß ÖÈÊËIÂ ÏÀÐÀÁÎËI×ÍÈÕ ÑÈÑÒÅÌ IÇ ÇÀÏIÇÍÅÍÍßÌ
ÒÀ ÌÀËÎÞ ÄÈÔÓÇI�Þ

Äîâåäåíî iñíóâàííÿ ïåðiîäè÷íèõ ðîçâ'ÿçêiâ àâòîíîìíî¨ ïàðàáîëi÷íî¨ ñèñòåìè äèôåðåíöi-
àëüíèõ ðiâíÿíü iç çàïiçíåííÿì òà ìàëîþ äèôóçi¹þ íà êîëi. Âèâ÷åíî ïèòàííÿ iñíóâàííÿ òà
ñòiéêîñòi áiæó÷èõ õâèëü, îäåðæàíî áiôóðêàöiéíi ðiâíÿííÿ.

We prove the existence of periodic solutions in autonomous parabolic system of di�erential
equations with retarded argument and small di�usion on the circle. We consider the problem of
the existence and stability of traveling waves. We obtain the bifurcation equations.

Ïèòàííÿ ñòiéêîñòi òà áiôóðêàöi¨ ðîçâ'ÿç-
êiâ äèôåðåíöiàëüíî-ôóíêöiîíàëüíèõ ðiâ-
íÿíü, ïàðàáîëi÷íèõ òà ãiïåðáîëi÷íèõ ñèñòåì
ç ïåðåòâîðåíèì àðãóìåíòîì ðîçãëÿäàëèñÿ,
çîêðåìà, â [1 � 5]. Ó öié ñòàòòi äîñëiäæå-
íî iñíóâàííÿ òà ñòiéêiñòü ÿê çàâãîäíî âå-
ëèêîãî ñêií÷åííîãî ÷èñëà öèêëiâ ïàðàáîëi-
÷íî¨ ñèñòåìè iç çàïiçíåííÿì òà ìàëîþ äèôó-
çi¹þ. Ïîäiáíi çàäà÷i äëÿ äèôåðåíöiàëüíèõ
ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè âèâ÷àëèñÿ
ó ïðàöÿõ [6 � 8] òà ií.
1. Ïåðiîäè÷íi ðåæèìè òà ¨õ ñòié-

êiñòü. Íåõàé Rn � n-âèìiðíèé ïðîñòið ç íîð-
ìîþ |u| =

√
u21 + ...+ u2n, C = C[−∆, 0] �

ïðîñòið íåïåðåðâíèõ ôóíêöié iç çíà÷åííÿìè
â Rn ç íîðìîþ ||φ|| = sup

−∆≤θ≤0
|φ(θ)|. Ïîçíà÷è-

ìî ÷åðåç ut � åëåìåíò ïðîñòîðó C, çàäàíèé
ôóíêöi¹þ ut(θ, x) = u(t+ θ, x), −∆ ≤ θ ≤ 0.

Ðîçãëÿíåìî ïàðàáîëi÷íó ñèñòåìó iç çàïi-
çíþþ÷èì àðãóìåíòîì òà ìàëîþ äèôóçi¹þ

∂u

∂t
= εD

∂2u

∂x2
+ L(ε)ut + f(ut, ε) (1)

i ïåðiîäè÷íîþ óìîâîþ

u(t, x+ 2π) = u(t, x), (2)

äå ε � ìàëèé äîäàòíèé ïàpàìåòp, u ∈ Rn,
L(ε) : C → Rn � ëiíiéíèé íåïåðåðâíèé îïå-
ðàòîð, f : C×[0, ε0) → Rn, f(φ, ε) = O(||φ||2)
ïðè ||φ|| → 0, îïåðàòîð f ï'ÿòü ðàç íåïåðåðâ-
íî äèôåðåíöiéîâíèé âiäíîñíî ñâî¨õ àðãóìåí-
òiâ. Ïðèïóñòèìî, ùî íóëüîâèé ðîçâ'ÿçîê ðiâ-
íÿííÿ (1) ïðè ε = 0 àñèìïòîòè÷íî ñòiéêèé.

Ïîðÿä ç (1) ðîçãëÿíåìî ëiíiéíi ðiâíÿííÿ

∂ũ

∂t
= L(ε)ũt, (3)

∂ũ

∂t
= L(0)ũt. (4)

Çãiäíî ç òåîðåìîþ Ðiññà îïåðàòîð L(ε) ìî-
æíà çîáðàçèòè ó âèãëÿäi iíòåãðàëà Ñòiëòü¹-
ñà

L(ε)φ =

0∫
−∆

[dη(θ, ε)]φ(θ),

äå ìàòðèöÿ η(θ, ε) ìà¹ îáìåæåíó âàðiàöiþ
âiäíîñíî θ. Íåõàé η(θ, ε) äâi÷i íåïåðåðâíî
äèôåðåíöiéîâíà âiäíîñíî ε. Õàðàêòåðèñòè-
÷íå ðiâíÿííÿ äëÿ ðiâíÿííÿ (3) ìà¹ âèãëÿä

detΛε(λ) = 0, Λε(λ) = λI −
0∫

−∆

eλθdη(θ, ε),

(5)
äå I � îäèíè÷íà ìàòðèöÿ. Ïðèïóñòèìî, ùî
ðiâíÿííÿ (5) ìà¹ îäíó ïàðó êîðåíiâ âèãëÿäó
ξ(ε) ± iζ(ε), ξ(0) = 0, ξ′(0) > 0, ζ(0) > 0, à
iíøi êîðåíi ëåæàòü ó ïiâïëîùèíi Reλ ≤ λ0 <
0.

Ðiâíÿííÿ (1) ìîæíà çàïèñàòè ó âèãëÿäi

∂u

∂t
= L(0)ut + F (ut, ε), (6)

äå F (ut, ε) = εD
∂2u

∂x2
+ L(ε)ut − L(0)ut +

f(ut, ε). Ïîçíà÷èìî ÷åðåç ũt(φ) ðîçâ'ÿçîê
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ðiâíÿííÿ (4) ç ïî÷àòêîâîþ ôóíêöi¹þ φ ∈
C. Âèçíà÷èìî îïåðàòîð çñóâó çà ðîçâ'ÿçêà-
ìè ðiâíÿííÿ (4) ñïiââiäíîøåííÿì T (t)φ =
ũt(φ). Ñiì'ÿ {T (t), t ≥ 0} óòâîðþ¹ ñèëü-
íî íåïåðåðâíó ïiâãðóïó. Òâiðíèé îïåðàòîð
ïiâãðóïè ¹ îïåðàòîðîì äèôåðåíöiþâàííÿ

Aφ(θ) =
dφ(θ)

dθ
, −∆ ≤ θ ≤ 0, ç îáëàñòþ âè-

çíà÷åííÿ

D(A) = {φ ∈ C,
dφ

dθ
∈ C,

dφ(0)

dθ
= L(0)φ}.

Ïîçíà÷èìî ÷åðåç P âëàñíèé ïiäïðîñòið
â C, ïîðîäæåíèé ðîçâ'ÿçêàìè ðiâíÿííÿ (4),
ùî âiäïîâiäàþòü êîðåíÿì ±iζ(0). Ðîçêëàäå-
ìî ïðîñòið C â ïðÿìó ñóìó C = P⊕Q. Íåõàé
Φ = Φ(θ) � áàçèñ â P. Ðîçãëÿäàþ÷è ñïðÿæå-
íå äî (4) ðiâíÿííÿ, ìîæíà àíàëîãi÷íî âèçíà-
÷èòè ôóíêöiþ Ψ = Ψ(θ), 0 ≤ θ ≤ ∆. Òîäi
êîæíèé åëåìåíò ut ∈ C ìîæíà çîáðàçèòè ó
âèãëÿäi ut = Φy(t) + zt, äå y(t) = (Ψ, ut),
zt = ut − Φy(t), y(t) ∈ R2, zt ∈ Q, (Ψ, ut) �
äåÿêèé áiëiíiéíèé ôóíêöiîíàë. Ðiâíÿííÿ (1)
åêâiâàëåíòíå ñèñòåìi ðiâíÿíü [1, 2]:

∂y

∂t
= By +Ψ(0)F (Φy + zt, ε),

zt = T (t− σ)zσ +

t∫
σ

T (t− s)XQ
0 F (Φy(s)+

+zs, ε)ds.

Òóò XQ
0 � ïðîåêöiÿ íà ïiäïðîñòið Q ôóíêöi¨

X0(θ) = 0, −∆ ≤ θ < 0, X0(0) = I,

B =

(
0 ζ(0)

−ζ(0) 0

)
.

Àíàëîãi÷íî [2] ìîæíà äîâåñòè iñíóâàííÿ
ôóíêöi¨ g : R2 × [0, ε0) → Q, ùî çàäîâîëü-
íÿ¹ óìîâè g(0, ε) = 0, ||g(y, ε) − g(y′, ε)|| ≤
1

2
|y−y′| i òàêî¨, ùî ìíîæèíà Sε = {(φ, ε)|ε ∈

[0, ε0), φ = Φy+ϑ, y ∈ R2, ϑ = g(y, ε), ϑ ∈ Q}
¹ ëîêàëüíèì iíòåãðàëüíèì ìíîãîâèäîì ðiâ-
íÿííÿ (6). Ôóíêöiÿ g(y, ε) áóäå ÷îòèðè ðà-
çè íåïåðåðâíî äèôåðåíöiéîâíîþ âiäíîñíî y.
Ïîâåäiíêà ðîçâ'ÿçêiâ ðiâíÿííÿ (6) íà iíòå-
ãðàëüíîìó ìíîãîâèäi Sε îïèñó¹òüñÿ ðiâíÿí-
íÿì

∂v

∂t
= Bv +Ψ(0)F (Φv + g(v, ε), ε), (7)

äå v =

(
v1
v2

)
. Äëÿ êîæíîãî ðîçâ'ÿçêó ut =

Φy(t) + zt ðiâíÿííÿ (6) iñíó¹ ðîçâ'ÿçîê χt =
Φv(t)+g(v(t), ε), ùî íàëåæèòü Sε i òàêèé, ùî
ïðàâèëüíà îöiíêà

||ut − χt|| ≤ Ke−νt, K > 0, ν > 0.

Ó ðiâíÿííi (7) çáåðåæåìî â ëiíiéíèõ äî-
äàíêàõ ÷ëåíè ïîðÿäêó O(ε). Òîäi îäåðæèìî
ðiâíÿííÿ

∂v

∂t
= Bv + εΨ(0)DΦ(0)

∂2v

∂x2
+ εΨ(0)×

×L′(0)Φv +Ψ(0)f(Φv + g(v, ε), ε). (8)

Ïåðåéøîâøè äî êîìïëåêñíèõ çìiííèõ w =
v1 + iv2, w = v1 − iv2, îäåðæèìî ðiâíÿííÿ
âèãëÿäó

∂w

∂t
= ε(γ+iδ)

∂2w

∂x2
+ε(γ1+iδ1)

∂2w

∂x2
−iζ(0)w+

+ε(α+ iβ)w+ε(α1+ iβ1)w+W (w,w, ε), (9)

äå

(γ + iδ)w + (γ1 + iδ1)w = (1, i)Ψ(0)DΦ(0)v,

(α + iβ)w + (α1 + iβ1)w = (1, i)Ψ(0)×
×L′(0)Φv, α = ξ′(0), β = ζ ′(0),

W (w,w, ε) = (1, i)Ψ(0)f(Φv + g(v, ε), ε).

Ïåðåòâîðèìî ðiâíÿííÿ (9) çà äîïîìîãîþ
ïiäñòàíîâêè

w = s+ V2(s, s) + V3(s, s), (10)

äå V2 i V3 � ôîðìè âiäïîâiäíî äðóãîãî i òðå-
òüîãî ïîðÿäêó. Ïåðåòâîðåííÿ (10) ìîæíà ïi-
äiáðàòè òàê, ùî ðiâíÿííÿ äëÿ s íàáåðå âè-
ãëÿäó

∂s

∂t
= ε(γ + iδ)

∂2s

∂x2
+ ε(γ1 + iδ1)

∂2s

∂x2
− iζ(0)s+

+ε(α+ iβ)s+ ε(α1+ iβ1)s+(d0+ ic0)s
2s+ . . .

(11)
Òóò ó ëiíiéíèõ äîäàíêàõ çáåðåæåíî ÷ëåíè
ïîðÿäêó O(ε), à â íåëiíiéíèõ � O(1).

Äîñëiäèìî iñíóâàííÿ i ñòiéêiñòü õâèëüî-
âèõ ðîçâ'ÿçêiâ çàäà÷i (1), (2). Ðîçâ'ÿçîê ðiâ-
íÿííÿ (11) áóäåìî øóêàòè ó âèãëÿäi áiæó÷î¨
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õâèëi s = θ(y), y = σt + x, äå ôóíêöiÿ θ(y)
ìà¹ ïåðiîä 2π. Òîäi îäåðæèìî ðiâíÿííÿ

σ
dθ

dy
= ε(γ+ iδ)

d2θ

dy2
+ ε(γ1+ iδ1)

d2θ

dy2
− iζ(0)θ+

+ε(α+ iβ)θ+ ε(α1+ iβ1)θ+(d0+ ic0)θ
2θ+ . . .

Öå ðiâíÿííÿ çàìiíîþ
dθ

dy
= θ1 çâåäåìî äî âè-

ãëÿäó

dθ

dy
= θ1, σθ1 = ε(γ + iδ)

dθ1
dy

+ ε(γ1+

+iδ1)
dθ1
dy

− iζ(0)θ + ε(α + iβ)θ + ε(α1+

+iβ1)θ + (d0 + ic0)θ
2θ + . . . . (12)

Iíòåãðàëüíèé ìíîãîâèä ñèñòåìè (12) ìî-
æíà çîáðàçèòè ó âèãëÿäi

θ1 = −ζ(0)
σ

iθ+
ε

σ

[
− ζ2(0)

σ2
(γ + iδ)θ− ζ2(0)

σ2
×

×(γ1 + iδ1)θ + (α + iβ)θ + (α1 + iβ1)θ

]
+

+
d0 + ic0

σ
θ2θ + . . . .

Òóò â ëiíiéíèõ äîäàíêàõ çáåðåæåíî ÷ëåíè
ïîðÿäêó O(ε), à â íåëiíiéíèõ � O(1). Ðiâíÿ-
ííÿ íà öüîìó ìíîãîâèäi íàáåðå âèãëÿäó

dθ

dy
= −ζ(0)

σ
iθ+

ε

σ

[
− ζ2(0)

σ2
(γ+ iδ)θ− ζ2(0)

σ2
×

×(γ1 + iδ1)θ + (α + iβ)θ + (α1 + iβ1)θ

]
+

+
d0 + ic0

σ
θ2θ + . . . .

Ó öüîìó ðiâíÿííi çðîáèìî çàìiíó θ =

p exp

(
−ζ(0)

σ
iy

)
i óñåðåäíèìî îäåðæàíå ðiâ-

íÿííÿ âiäíîñíî y [9]. Òîäi îäåðæèìî àâòî-
íîìíå ðiâíÿííÿ âèãëÿäó

dp

dy
=
ε

σ

[
−ζ

2(0)

σ2
(γ + iδ)p+ (α + iβ)p

]
+

+
d0 + ic0

σ
p2p. (13)

Ïåðåéøîâøè ó ðiâíÿííi (13) äî ïîëÿðíèõ
êîîðäèíàò p = r exp(iφ), îòðèìà¹ìî ðiâíÿ-
ííÿ

dr

dy
= −εζ

2(0)γ

σ3
r + ε

α

σ
r +

d0
σ
r3. (14)

Íåõàé âèêîíóþòüñÿ íåðiâíîñòi γ > 0, d0 <
0, ασ2 > ζ2(0)γ. Òîäi ðiâíÿííÿ (14) ìà¹ ñòà-
öiîíàðíèé ðîçâ'ÿçîê

r =
√
εR0, R0 =

√(
α− ζ2(0)γ

σ2

)
|d0|−1,

îòæå, ïåðiîäè÷íèé ðîçâ'ÿçîê ñèñòåìè (12)

ìà¹ âèãëÿä θ =
√
εR0 exp

(
−ζ(0)

σ
iy

)
+O(ε),

θ1 =
dθ

dy
. Âðàõîâóþ÷è, ùî ôóíêöiÿ θ ïîâèííà

ìàòè ïåðiîä 2π, îäåðæó¹ìî σ = −ζ(0)
n

+O(ε),

n = ±1,±2, . . ., îòæå, ïåðiîäè÷íèé ðîçâ'ÿçîê
ðiâíÿííÿ (11) ìà¹ âèãëÿä

sn = sn(t, x) =
√
εrn exp(i(χn(ε)t+ nx)),

(15)

äå rn =
√

(α− n2γ) |d0|−1, χn(ε) = −ζ(0) +
εβ + εc0r

2
n − εδn2. Çâiäñè îäåðæèìî ïåðiîäè-

÷íèé ðîçâ'ÿçîê çàäà÷i (1), (2)

un = un(t, x) =
√
εrn cos(χn(ε)t+ nx). (16)

Ðiâíÿííÿ ó âàðiàöiÿõ â îêîëi ðîçâ'ÿçêó
(15) ðiâíÿííÿ (11) ìà¹ âèãëÿä

∂v

∂t
= −iζ(0)v + ε(γ + iδ)

∂2v

∂x2
+ ε(γ1+

+iδ1)
∂2v

∂x2
+ ε(α + iβ)v + ε(α1 + iβ1)v+

+(d0 + ic0)(2εr
2
nv + s2nv).

Çðîáèâøè çàìiíó v = w exp(iχn(ε)t) i óñåðå-
äíèâøè îäåðæàíå ðiâíÿííÿ âiäíîñíî t, îäåð-
æèìî ðiâíÿííÿ

∂w

∂t
= ε[(γ + iδ)

∂2w

∂x2
+ (α + iδn2 + d0r

2
n)w+

+(d0 + ic0)r
2
n(w + w exp(2inx))]. (17)
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Ðîçâ'ÿçîê ðiâíÿííÿ (17) áóäåìî øóêàòè ó
âèãëÿäó ðÿäó Ôóð'¹ â êîìïëåêñíié ôîðìi

w(t, x) =
∞∑

k=−∞

yk(t) exp(ikx),

w(t, x) =
∞∑

k=−∞

vk(t) exp(ikx). (18)

Ïiäñòàâëÿþ÷è (18) â (17) i çðiâíþþ÷è êîå-
ôiöi¹íòè ïðè exp(ikx), îäåðæèìî ðiâíÿííÿ
âiäíîñíî êîåôiöi¹íòiâ ðÿäó Ôóð'¹

dyk+n

dt
= ε[(α+ iδn2 + d0r

2
n)yk+n − (γ+ iδ)(k+

+n)2yk+n + (d0 + ic0)r
2
n(yk+n + vk−n)]. (19)

Àíàëîãi÷íî ïiäñòàâëÿþ÷è (18) ó ñïðÿæåíå
äî (17) ðiâíÿííÿ, îäåðæèìî

dvk−n

dt
= ε[(α− iδn2+ d0r

2
n)vk−n− (γ− iδ)(k−

−n)2vk−n + (d0 − ic0)r
2
n(vk−n + yk+n)]. (20)

Ñòiéêiñòü õâèëüîâèõ ðîçâ'ÿçêiâ çàäà÷i (1),
(2) âèçíà÷à¹òüñÿ ñòiéêiñòþ ñèñòåìè (19), (20)
ç ïàðàìåòðîì k ∈ Z. Ó ñèñòåìi (19), (20) çðî-
áèìî çàìiíó yk+n = zk+n exp(2iδkn), vk−n =
wk−n exp(2iδkn). Òîäi îäåðæèìî ëiíiéíó ñè-

ñòåìó ç ìàòðèöåþ εA =

(
εa11 εa12
εa21 εa22

)
.

Îñêiëüêè α − γn2 = −d0r2n, òî ìàòðèöÿ A
ìà¹ íóëüîâå âëàñíå çíà÷åííÿ ïðè k = 0.
Îñêiëüêè ñóìà äiàãîíàëüíèõ åëåìåíåòiâ ìà-
òðèöi A âiä'¹ìíà, a = a11 + a22 < 0, òî
äëÿ îðáiòàëüíî¨ åêñïîíåíöiàëüíî¨ ñòiéêîñòi
õâèëüîâîãî ðîçâ'ÿçêó un(t, x) íåîáõiäíî i äî-
ñèòü, ùîá ïðè k ̸= 0 âèêîíóâàëàñü óìîâà
a2c > f 2, äå c = Re(det(A)), f = Im(det(A)),
f = 4γkn(c0r

2
n − δk2), òîáòî

(d0r
2
n − γk2)2(γ2k2 + δ2k2 − 2γd0r

2
n−

−4γ2n2 − 2δc0r
2
n) > 4γ2n2(c0r

2
n − δk2)2. (21)

Òîìó ïðàâèëüíå íàñòóïíå òâåðäæåííÿ.
Òåîðåìà 1. Íåõàé γ > 0, d0 < 0 i äëÿ äå-

ÿêîãî öiëîãî n âèêîíó¹òüñÿ íåðiâíiñòü α >
γn2. Òîäi çíàéäåòüñÿ òàêå ε0 > 0, ùî ïðè
0 < ε < ε0 çàäà÷à (1), (2) ìà¹ ïåðiîäè÷íi âiä-
íîñíî t ðîçâ'ÿçêè (16), äå n ∈ Z. Öi ðîçâ'ÿç-
êè åêñïîíåíöiàëüíî îðáiòàëüíî ñòiéêi òîäi

i òiëüêè òîäi, êîëè âèêîíó¹òüñÿ óìîâà (21)
ïðè âñiõ k ∈ Z, k ̸= 0.

Äëÿ íàáëèæåíîãî çíàõîäæåííÿ öèêëiâ
çàäà÷i (1), (2) äîñèòü îáìåæèòèñÿ ÷ëåíàìè
äðóãîãî i òðåòüîãî ïîðÿäêó ðîçêëàäó ôóí-
êöi¨ Ψ(0)f(Φv + g(v, 0), 0) â ðÿä çà ñòåïåíÿ-
ìè v. À äëÿ öüîãî äîñèòü âèçíà÷èòè ÷ëåíè
äðóãîãî ïîðÿäêó â ðîçêëàäi ôóíêöi¨ g(v, 0).
Ïåðøå íàáëèæåííÿ ôóíêöi¨ g(v, 0) ìà¹ âè-
ãëÿä

g1(v, 0) =

0∫
−∞

T (−s)XQ
0 f(Φe

Bsv, 0)ds.

Çîáðàçèìî ôóíêöiþ f(Φy, 0) ó âèãëÿäi
f(Φy, 0) = c1y

2
1 + c2y1y2 + c3y

2
2 + O(|y|3). Òî-

äi çíàõîäæåííÿ ôóíêöi¨ g1(v, 0) çâîäèòüñÿ äî
îá÷èñëåííÿ iíòåãðàëà

z =

0∫
−∞

T (−s)XQ
0 e

iωsds,

äå ω ∈ {0, 2ζ(0),−2ζ(0)}. Çàóâàæèìî, ùî ií-
òåãðàë z çáiæíèé.
Òåîðåìà 2 [10]. Ïðè äîâiëüíèõ äiéñíèõ

ω ôóíêöiÿ z(θ) íàëåæèòü Q
∩
D(A) i âèêî-

íó¹òüñÿ ðiâíiñòü

iωz − Az = XQ
0 . (22)

Äëÿ çíàõîäæåííÿ z ïîòðiáíî ðîçâ'ÿçàòè
ðiâíÿííÿ (22) âiäíîñíî z. Öå ðiâíÿííÿ ðiâ-
íîñèëüíå òàêié ñèñòåìi

dz(θ)

dθ
−iωz(θ) = −XQ

0 (θ), −∆ ≤ θ < 0, (23)

0∫
−∆

[dη(θ, 0)]z(θ)− iωz(0) = −XQ
0 (0). (24)

Ìîæíà ïîêàçàòè [10], ùî ñèñòåìà (23), (24)
ìà¹ ¹äèíèé ðîçâ'ÿçîê.
2. Áiôóðêàöiéíi ðiâíÿííÿ äëÿ çàäà-

÷i ïðî iíâàðiàíòíi òîðè. Íåõàé òåïåð ðiâ-
íÿííÿ (5) ìà¹ ïðîñòi êîðåíi ξm(ε) ± iζm(ε),
ξm(0) = 0, ξ′m(0) > 0, ζm(0) > 0, m ∈
{1, . . . , p}, à ðåøòà êîðåíiâ ëåæàòü ó ïiâïëî-
ùèíi Reλ ≤ λ0 < 0. Ó öüîìó âèïàäêó âëà-
ñíèé ïiäïðîñòið P áóäå ìàòè ðîçìiðíiñòü 2p,
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ïðè÷îìó iñíó¹ iíòåãðàëüíèé ìíîãîâèä Sε =
{(φ, ε)| ε ∈ [0, ε0), φ = Φy + ϑ, y ∈ R2p,
ϑ = g(y, ε), ϑ ∈ Q} ðiâíÿííÿ (6). Òîäi ðiâíÿ-
ííÿ íà ìíîãîâèäi çâîäèòüñÿ äî âèãëÿäó (8),
äå v ∈ R2p, à ìàòðèöÿ B ìà¹ âëàñíi çíà÷å-
ííÿ ±iζm(0), m ∈ {1, . . . , p}. Çà äîïîìîãîþ
íåâèðîäæåíîãî ïåðåòâîðåííÿ T ìàòðèöþ B
ìîæíà çâåñòè äî âèãëÿäóB = TGT−1, äåG �
äiàãîíàëüíà ìàòðèöÿ ç åëåìåíòàìè ±iζm(0)
íà ãîëîâíié äiàãîíàëi. Çðîáèâøè â ñèñòåìi
(8) çàìiíó v = Tw, îäåðæèìî ñèñòåìó

∂w

∂t
= Gw + εT−1Ψ(0)DΦ(0)T

∂2w

∂x2
+

+εT−1Ψ(0)L′(0)ΦTw + T−1Ψ(0)f(ΦTw+

+g(Tw, ε), ε). (25)

Íåõàé âèêîíó¹òüñÿ óìîâà A:

n1ζ1(0) + · · ·+ npζp(0) ̸= 0

ïðè 0 < |n1|+ · · ·+ |np| < 6,

äå n1, . . . , np � öiëi.
Ïåðåòâîðèìî ñèñòåìó (25) çà äîïîìîãîþ

ïiäñòàíîâêè

w = s+
4∑

i=2

Wi(s, s, ε), (26)

äå W2, W3, W4 � ôîðìè âiäïîâiäíî äðóãîãî,
òðåòüîãî i ÷åòâåðòîãî ïîðÿäêó. Ïåðåòâîðåí-
íÿ (26) ìîæíà ïiäiáðàòè òàê, ùî ðiâíÿííÿ
äëÿ s òà s íàáóäóòü âèãëÿäó [6, 9]

∂s

∂t
= Gs+ εT−1Ψ(0)DΦ(0)T

∂2s

∂x2
+

+εT−1Ψ(0)L′(0)ΦTs+ S(s, s, ε) +O(|s|5),
(27)

äå S(s, s, ε) � âåêòîð-ôóíêöiÿ ç åëåìåíòàìè

Sm = sm

p∑
j=1

amj(ε)sjsj. Ó ðiâíÿííi (27) çðî-

áèìî çàìiíó s = exp(Gt)χ i óñåðåäíèìî îäåð-
æàíå ðiâíÿííÿ âiäíîñíî t. Òîäi îòðèìà¹ìî
ðiâíÿííÿ

∂χ

∂t
= εH

∂2χ

∂x2
+ εJχ+ S(χ, χ, ε) +O(|χ|5),

(28)

äå H òà J � äiàãîíàëüíi ìàòðèöi ç äiàãî-
íàëüíèìè åëåìåíòàìè hm òà jm âiäïîâiäíî.
Ðîçâ'ÿçîê ðiâíÿííÿ (28) áóäåìî øóêàòè ó
âèãëÿäó ðÿäó Ôóð'¹ â êîìïëåêñíié ôîðìi.
ßêùî â ðiâíÿííi äëÿ êîôiöi¹íòiâ Ôóð'¹ ïå-
ðåéòè äî ïîëÿðíèõ êîîðäèíàò, òî îòðèìà¹ìî
áiôóðêàöiéíi ðiâíÿííÿ âèãëÿäó B(ε)r2+εΘ−
εn2Γ = 0, äå n ∈ Z, Θ òà Γ � âåêòîðè ç åëå-
ìåíòàìè Re jm òà Rehm âiäïîâiäíî, B(ε) �
ìàòðèöÿ ç åëåìåíòàìè Reamj, r2 � øóêàíèé
âåêòîð ç åëåìåíòàìè r2j . ßêùî iñíó¹ ðîçâ'ÿ-
çîê áiôóðêàöiéíîãî ðiâíÿííÿ, òî iñíó¹ iíâà-
ðiàíòíèé òîð çàäà÷i (1), (2).
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