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ÑÈËÜÍÀ ÍÅÏÅÐÅÐÂÍIÑÒÜ ÔÓÍÊÖIÉ ÄÂÎÕ ÇÌIÍÍÈÕ

Âèâ÷àþòüñÿ ïèòàííÿ, ÿêi ïîâ'ÿçàíi ç ïîíÿòòÿì íåïåðåðâíîñòi ó ñèëüíîìó ðîçóìiííi, ó

âèïàäêó ôóíêöié iç çíà÷åííÿìè â ìåòðè÷íèõ ïðîñòîðàõ. Äîñëiäæåíî íàðiçíi òà ñóêóïíi

âëàñòèâîñòi öüîãî ïîíÿòòÿ, à òàêîæ óçàãàëüíåíî êiëüêà ðåçóëüòàòiâ ç [9].
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Âñòóï

Ïèòàííÿ ïðî âçà¹ìîçâ'ÿçîê ìiæ íàðiçíèìè òà ñóêóïíèìè âëàñòèâîñòÿìè íåïåðåðâ-

íîñòi âèâ÷àþòüñÿ äîñèòü äàâíî. Äîáðå âiäîìî, ùî íàðiçíî íåïåðåðâíi ôóíêöi¨ íå çî-

áîâ'ÿçàíi áóòè ñóêóïíî íåïåðåðâíèìè. Îäíàê, öå áóëî òàê "äîáðå âiäîìî"íå çàâæäè.

Íàâiòü Î.Êîøi â ñâié ÷àñ ââàæàâ, ùî íàðiçíî íåïåðåðâíi äiéñíi ôóíêöi¨ ¹ ñóêóïíî íå-

ïåðåðâíèìè. Ïðî öþ ïîìèëêó Êîøi ìîæíà çíàéòè âiäîìîñòi â [1, ñ. 952], [2, ñ. 115], i â

êîìåíòîâàíîìó ïåðåêëàäi [3, ñ. 29] "Cours d'Analyse à òàêîæ ó ðîáîòàõ [4], [5] òà [6].

Äåÿêi ìàòåìàòèêè (äèâ. [7] òà [9]) ñõèëüíi ââàæàòè, ùî íàñïðàâäi Êîøi íå ïîìèëÿâñÿ,

à ïðîñòî âèêîðèñòîâóâàâ iíøå ïîíÿòòÿ "íàðiçíî¨ íåïåðåðâíîñòi". Òàê, â ïðàöÿõ [7] òà

[9] âèíèêëî ïîíÿòòÿ íåïåðåðâíîñòi â ñèëüíîìó ðîçóìiííi. Íàðiçíî íåïåðåðâíi ôóíêöi¨ â

ñèëüíîìó ðîçóìiííi âæå ¹ ñóêóïíî íåïåðåðâíèìè.

Â öié ðîáîòi ìè ðîçãëÿíåìî ïîíÿòòÿ íåïåðåðâíîñòi ó ñèëüíîìó ðîçóìiííi íà âèïàäîê

ôóíêöié iç çíà÷åííÿìè â ìåòðè÷íèõ ïðîñòîðàõ, à òàêîæ óçàãàëüíèìî êiëüêà ðåçóëüòàòiâ

ç [9].

1 Çâ'ÿçîê ñèëüíî¨ íåïåðåðâíîñòi ç íåïåðåðâíiñòþ òà ìàéæå

íåïåðåðâíiñòþ

Ôóíêöiÿ f : R×R→ R ¹ íåïåðåðâíîþ â ñèëüíîìó ðîçóìiííi âiäíîñíî x /y/ â òî÷öi

(x0, y0) [7], ÿêùî

lim
(x,y)→(x0,y0)

|f(x, y)− f(x0, y)| = 0

ÓÄÊ 517.51
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lim

(x,y)→(x0,y0)
|f(x, y)− f(x, y0)| = 0

/
.

Ôóíêöiÿ f íàçèâà¹òüñÿ íåïåðåðâíîþ â ñèëüíîìó ðîçóìiííi âiäíîñíî x /y/, ÿêùî âîíà ¹

íåïåðåðâíîþ â ñèëüíîìó ðîçóìiííi âiäíîñíî x /y/ äëÿ âñiõ (x, y) ∈ X × Y .

Äàëi ó ñòàòòi ìè áóäåìî ââàæàòè, ùî X i Y � äîâiëüíi òîïîëîãi÷íi ïðîñòîðè, à Z �

ìåòðè÷íèé ïðîñòið ç ìåòðèêîþ d. Êàæóòü [8], ùî ôóíêöiÿ f : X × Y → Z ¹ ñèëüíî

íåïåðåðâíîþ âiäíîñíî x /y/ â òî÷öi (x0, y0) ∈ X × Y , ÿêùî äëÿ äîâiëüíîãî ε > 0

iñíóþòü îêîëè U òî÷êè x0 â X òà V òî÷êè y0 â Y , òàêi, ùî d(f(x, y), f(x0, y)) < ε

/ d(f(x, y), f(x, y0)) < ε/ äëÿ âñiõ x ∈ U òà y ∈ V . Ôóíêöiÿ f íàçèâà¹òüñÿ ñèëüíî

íåïåðåðâíîþ âiäíîñíî x /y/, ÿêùî âîíà ¹ òàêîþ â êîæíié òî÷öi (x, y) ∈ X × Y . Ôóíêöiÿ

f íàçèâà¹òüñÿ ñèëüíî íàðiçíî íåïåðåðâíîþ, ÿêùî âîíà ¹ ñèëüíî íåïåðåðâíîþ âiäíîñíî

x i y.

Ëåãêî âñòàíîâèòè, ùî äëÿ äiéñíèõ ôóíêöié âiä äâîõ çìiííèõ ïîíÿòòÿ íåïåðåðâíîñòi

ó ñèëüíîìó ðîçóìiííi ç [7] åêâiâàëåíòíå ïîíÿòòþ ñèëüíî¨ íåïåðåðâíîñòi âiäíîñíî äåÿêî¨

çìiííî¨.

Î÷åâèäíî, ùî êîæíà íåïåðåðâíà ôóíêöiÿ f : X × Y → Z ¹ ñèëüíî íåïåðåðâíîþ

âiäíîñíî x òà y. Òàêîæ, ñèëüíà íåïåðåðâíiñòü ôóíêöi¨ f âiäíîñíî x ÷è y ãàðàíòó¹ íå-

ïåðåðâíiñòü f âiäíîñíî x ÷è y âiäïîâiäíî. Òàêèì ÷èíîì, ñèëüíî íàðiçíî íåïåðåðâíi

ôóíêöi¨ ¹ íàðiçíî íåïåðåðâíèìè. Â íàñòóïíîìó ïóíêòi ìè ïîêàæåìî, ùî ñèëüíî íàðiçíî

íåïåðåðâíi ôóíêöi¨ ¹ ñóêóïíî íåïåðåðâíèìè.

Â ðîáîòi [1] áóëî ïîêàçàíî, ùî ñèëüíî íàðiçíî íåïåðåðâíà ôóíêöiÿ âiä n äiéñíèõ

çìiííèõ ¹ ñóêóïíî íåïåðåðâíîþ. Ìè ïåðåíåñåìî öåé ðåçóëüòàò íà âèïàäîê ôóíêöié çi

çíà÷åííÿìè ó ìåòðè÷íèõ ïðîñòîðàõ.

Òåîðåìà 1. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè, Z � ìåòðè÷íèé ïðîñòið òà ôóíêöiÿ

f : X×Y → Z � ñèëüíî íåïåðåðâíà âiäíîñíî y â òî÷öi (x0, y0) ∈ X×Y . Ôóíêöiÿ f íåïå-

ðåðâíà çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0) òîäi i òiëüêè òîäi, êîëè fy0 ¹ íåïåðåðâíîþ

â òî÷öi x0.

Äîâåäåííÿ. Íåîáõiäíiñòü ¹ î÷åâèäíîþ.

Íåõàé ôóíêöiÿ f : X×Y → Z � ñèëüíî íåïåðåðâíà âiäíîñíî y â òî÷öi (x0, y0) ∈ X×Y
i fx0 ¹ íåïåðåðâíîþ â òî÷öi y0. Çàôiêñó¹ìî ε > 0. Îñêiëüêè f ¹ ñèëüíî íåïåðåðâíîþ

âiäíîñíî y â òî÷öi (x0, y0), òî iñíóþòü îêîëè U òî÷êè x0 â X òà V òî÷êè y0 â Y , òàêi, ùî

d(f(x, y), f(x, y0)) <
ε
2
äëÿ âñiõ x ∈ X òà y ∈ Y . Ç òîãî, øî ôóíêöiÿ fy0 ¹ íåïåðåðâíîþ

â òî÷öi x0 âèïëèâà¹, ùî iñíó¹ îêië U1 òî÷êè x0, òàêèé, ùî d(f(x, y0), f(x0, y0)) <
ε
2
äëÿ

âñiõ x ∈ U1. Ïîêëàäåìî U0 = U ∩ U1. Çàóâàæèìî, ùî U0 ¹ îêîëîì òî÷êè x0. Ðîçãëÿíåìî

äîâiëüíó òî÷êó (x, y) ∈ U0 × V . Òîäi

d(f(x, y), f(x0, y0)) ≤ d(f(x, y), f(x, y0)) + d(f(x, y0), f(x0, y0)) <
ε

2
+

ε

2
= ε.

Òàêèì ÷èíîì, äëÿ êîæíîãî ε > 0 ìè ìà¹ìî, ùî d(f(x, y), f(x0, y0)) < ε äëÿ âñiõ

(x, y) ∈ U0 × V . Öå îçíà÷à¹, ùî ôóíêöiÿ f ¹ íåïåðåðâíîþ â òî÷öi (x0, y0).

Íàñëiäîê 1. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè, Z � ìåòðè÷íèé ïðîñòið òà ôóíêöiÿ

f : X × Y → Z � ñèëüíî íåïåðåðâíà âiäíîñíî y. Ôóíêöiÿ f íåïåðåðâíà çà ñóêóïíiñòþ

çìiííèõ òîäi i òiëüêè òîäi, êîëè f ¹ íåïåðåðâíîþ âiäíîñíî çìiííî¨ x.
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Òåïåð ìè îòðèìó¹ìî íàñòóïíèé íàñëiäîê, ÿêèé âïåðøå áóâ âñòàíîâëåíèé â [10].

Íàñëiäîê 2. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè òà Z � ìåòðè÷íèé ïðîñòið. Ôóíêöiÿ

f : X × Y → Z � íåïåðåðâíà çà ñóêóïíiñòþ çìiííèõ òîäi i òiëüêè òîäi, êîëè ôóíêöiÿ f

ñèëüíî íàðiçíî íåïåðåðâíà.

Íàãàäà¹ìî [12], ùî âiäîáðàæåííÿ f : X → Z íàçèâà¹òüñÿ ìàéæå íåïåðåðâíèì â

òî÷öi x ∈ X, ÿêùî äëÿ äîâiëüíîãî îêîëó W òî÷êè f(x) ∈ Z iñíó¹ ìíîæèíà A â X, òàêà,

ùî x ∈ intA i f(A) ⊆ W , i ïðîñòî ìàéæå íåïåðåðâíèì, ÿêùî âîíî ¹ òàêèì â êîæíié

òî÷öi x ∈ X.

Ìà¹ ìiñöå íàñòóïíèé ðåçóëüòàò.

Òåîðåìà 2. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè, Z � ìåòðè÷íèé ïðîñòið òà ôóíêöiÿ

f : X × Y → Z � ñèëüíî íåïåðåðâíà âiäíîñíî y â òî÷öi (x0, y0) ∈ X × Y . Ôóíêöiÿ f

ìàéæå íåïåðåðâíà çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0) òîäi i òiëüêè òîäi, êîëè fy0 ¹

ìàéæå íåïåðåðâíîþ â òî÷öi x0.

Äîâåäåííÿ. Íåõàé f ¹ ìàéæå íåïåðåðâíîþ çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0). Âi-

çüìåìî ε > 0. Îñêiëüêè ôóíêöiÿ f ñèëüíî íåïåðåðâíà âiäíîñíî y â òî÷öi (x0, y0), òî

iñíóþòü îêîëè U òî÷êè x0 â X òà V òî÷êè y0 â Y , òàêi, ùî ùî d(f(x, y), f(x, y0)) <
ε
2
äëÿ

âñiõ x ∈ U òà y ∈ V . Ç ñóêóïíî¨ ìàéæå íåïåðåðâíîñòi ôóíêöi¨ f â òî÷öi (x0, y0) âèïëèâà¹,

ùî iñíó¹ ìíîæèíà A â X × Y , òàêà, ùî (x0, y0) ∈ intA i d(f(x, y), f(x0, y0)) <
ε
2
äëÿ âñiõ

(x, y) ∈ A. Áåç îáìåæåííÿ çàãàëüíîñòi, ìè ìîæåìî ââàæàòè, ùî A ⊆ U × V . Ïîçíà÷èìî

÷åðåç AX ïðîåêöiþ ìíîæèíè A íà X. Îñêiëüêè (x0, y0) ∈ intA, òî x0 ∈ intAX . Òîäi äëÿ

äîâiëüíî¨ òî÷êè x ∈ AX iñíó¹ òî÷êà y ∈ V , òàêà, ùî (x, y) ∈ A i ìè îäåðæó¹ìî

d(fy0(x), fy0(x0)) = d(f(x, y0), f(x0, y0)) ≤ d(f(x, y0), f(x, y))+

+d(f(x, y), f(x0, y0)) <
ε

2
+

ε

2
= ε.

Îòæå, äëÿ äîâiëüíîãî ε > 0 iñíó¹ ìíîæèíà AX â X, òàêà, ùî x0 ∈ intAX i

d(fy0(x), fy0(x0)) < ε äëÿ âñiõ x ∈ AX . Öå îçíà÷à¹, ùî ôóíêöiÿ fy0 ¹ ìàéæå íåïåðåðâíîþ

â òî÷öi x0.

Íàâïàêè, íåõàé ôóíêöiÿ fy0 ¹ ìàéæå íåïåðåðâíîþ â òî÷öi x0. Âiçüìåìî äîâiëüíå

ε > 0. Îñêiëüêè ôóíêöiÿ f ñèëüíî íåïåðåðâíà âiäíîñíî y â òî÷öi (x0, y0), òî iñíóþòü

îêîëè U òî÷êè x0 âX òà V òî÷êè y0 â Y , òàêi, ùî ùî d(f(x, y), f(x, y0)) <
ε
2
äëÿ âñiõ x ∈ U

òà y ∈ V . Îñêiëüêè ôóíêöiÿ fy0 ¹ ìàéæå íåïåðåðâíîþ â òî÷öi x0, òî iñíó¹ ìíîæèíà A âX,

òàêà, ùî x0 ∈ intA i d(fy0(x), fy0(x0)) <
ε
2
äëÿ âñiõ x ∈ A. Áåç îáìåæåííÿ çàãàëüíîñòi, ìè

ìîæåìî ââàæàòè, ùî A ⊆ U . Çàóâàæèìî, ùî (x0, y0) ∈ intA× V . Ðîçãëÿíåìî äîâiëüíó

òî÷êó (x, y) ∈ A× V . Òîäi

d(f(x, y), f(x0, y0)) ≤ d(f(x, y), f(x, y0)) + d(f(x, y0), f(x0, y0)) <

<
ε

2
+

ε

2
= ε.

Öå îçíà÷à¹, ùî f ¹ ìàéæå íåïåðåðâíîþ çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0).

Íàñëiäîê 3. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè, Z � ìåòðè÷íèé ïðîñòið òà ôóíêöiÿ

f : X × Y → Z � ñèëüíî íåïåðåðâíà âiäíîñíî y. Ôóíêöiÿ f ìàéæå íåïåðåðâíà çà

ñóêóïíiñòþ çìiííèõ òîäi i òiëüêè òîäi, êîëè f ¹ ìàéæå íåïåðåðâíîþ âiäíîñíî x.
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2 Çâ'ÿçîê ñèëüíî¨ íåïåðåðâíîñòi ç êâàçiíåïåðåðâíiñòþ òà êëiêîâiñòþ

Íàãàäà¹ìî [11], ùî äëÿ òîïîëîãi÷íèõ ïðîñòîðiâ X òà Z âiäîáðàæåííÿ f : X → Z íà-

çèâà¹òüñÿ êâàçiíåïåðåðâíèì â òî÷öi x0 ∈ X, ÿêùî äëÿ äîâiëüíîãî îêîëó W òî÷êè f(x0)

â ïðîñòîði Z òà äîâiëüíîãî îêîëó U òî÷êè x0 â ïðîñòîði X iñíó¹ âiäêðèòà íåïîðîæíÿ

ìíîæèíà G â X, òàêà, ùî G ⊆ U i f(G) ⊆ W , i ïðîñòî êâàçiíåïåðåðâíèì, ÿêùî âîíà ¹

êâàçiíåïåðåðâíèì â êîæíié òî÷öi x ∈ X.

Íàñòóïíèé ðåçóëüòàò ¹ óçàãàëüíåííÿì âiäïîâiäíî¨ òåîðåìè ç [9].

Òåîðåìà 3. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè, Z � ìåòðè÷íèé ïðîñòið òà ôóíêöiÿ

f : X × Y → Z � ñèëüíî íåïåðåðâíà âiäíîñíî y â òî÷öi (x0, y0) ∈ X × Y . Ôóíêöiÿ

f êâàçiíåïåðåðâíà çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0) òîäi i òiëüêè òîäi, êîëè fy0 ¹

êâàçiíåïåðåðâíîþ â òî÷öi x0.

Äîâåäåííÿ. Íåõàé f ¹ êâàçiíåïåðåðâíîþ çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0). Âiçüìåìî

ε > 0 òà îêië U òî÷êè x0 â X. Îñêiëüêè ôóíêöiÿ f ñèëüíî íåïåðåðâíà âiäíîñíî y

â òî÷öi (x0, y0), òî iñíóþòü îêîëè U1 òî÷êè x0 â X òà V òî÷êè y0 â Y , òàêi, ùî ùî

d(f(x, y), f(x, y0)) <
ε
2
äëÿ âñiõ x ∈ U1 òà y ∈ V . Ïîêëàäåìî U2 = U ∩U1. Çàóâàæèìî, ùî

U2 ¹ îêîëîì òî÷êè x0. Ç ñóêóïíî¨ êâàçiíåïåðåðâíîñòi ôóíêöi¨ f â òî÷öi (x0, y0) âèïëèâà¹,

ùî iñíóþòü âiäêðèòi íåïîðîæíi ìíîæèíè G â X òà H â Y , òàêi, ùî G ⊆ U2, H ⊆ V

i d(f(x, y), f(x0, y0)) < ε
2
äëÿ âñiõ x ∈ G òà y ∈ H. Òîäi äëÿ äîâiëüíî¨ òî÷êè x ∈ G òà

äîâiëüíî¨ òî÷êè y ∈ H ìà¹ìî, ùî

d(fy0(x), fy0(x0)) = d(f(x, y0), f(x0, y0)) ≤ d(f(x, y0), f(x, y))+

+d(f(x, y), f(x0, y0)) <
ε

2
+

ε

2
= ε.

Îòæå, äëÿ äîâiëüíîãî ε > 0 òà äîâiëüíîãî îêîëó U òî÷êè x0 â X iñíó¹ âiäêðèòà íåïîðî-

æíÿ ìíîæèíà G â X, òàêà, ùî G ⊆ U i d(fy0(x), fy0(x0)) < ε äëÿ âñiõ x ∈ G. Öå îçíà÷à¹,

ùî ôóíêöiÿ fy0 ¹ êâàçiíåïåðåðâíîþ â òî÷öi x0.

Íàâïàêè, íåõàé ôóíêöiÿ fy0 ¹ êâàçiíåïåðåðâíîþ â òî÷öi x0. Âiçüìåìî äîâiëüíå ε > 0

òà äîâiëüíi îêîëè U òî÷êè x0 â X òà V òî÷êè y0 â Y . Îñêiëüêè ôóíêöiÿ f ñèëüíî

íåïåðåðâíà âiäíîñíî y â òî÷öi (x0, y0), òî iñíóþòü îêîëè U1 òî÷êè x0 â X òà V1 òî÷êè y0
â Y , òàêi, ùî ùî d(f(x, y), f(x, y0)) <

ε
2
äëÿ âñiõ x ∈ U1 òà y ∈ V1. Ïîêëàäåìî U2 = U1∩U

òà H = int(V1∩V ). Çàóâàæèìî, ùî U2 � öå îêië òî÷êè x0 â X òà H � âiäêðèòà íåïîðîæíÿ

ìíîæèíà â Y . Îñêiëüêè ôóíêöiÿ fy0 ¹ êâàçiíåïåðåðâíîþ â òî÷öi x0, òî iñíó¹ âiäêðèòà

íåïîðîæíÿ ìíîæèíà G â X, òàêà, ùî d(fy0(x), fy0(x0)) <
ε
2
äëÿ âñiõ x ∈ G. Ðîçãëÿíåìî

äîâiëüíó òî÷êó (x, y) ∈ G×H. Òîäi

d(f(x, y), f(x0, y0)) ≤ d(f(x, y), f(x, y0)) + d(f(x, y0), f(x0, y0)) <

<
ε

2
+

ε

2
= ε.

Öå îçíà÷à¹, ùî f ¹ êâàçiíåïåðåðâíîþ çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0).

Íàñëiäîê 4. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè, Z � ìåòðè÷íèé ïðîñòið òà ôóíêöiÿ

f : X×Y → Z � ñèëüíî íåïåðåðâíà âiäíîñíî y. Ôóíêöiÿ f êâàçiíåïåðåðâíà çà ñóêóïíiñòþ

çìiííèõ òîäi i òiëüêè òîäi, êîëè f ¹ êâàçiíåïåðåðâíîþ âiäíîñíî x.
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Äëÿ ìåòðè÷íîãî ïðîñòîðó (Z, d) ôóíêöiÿ f : X → Z íàçèâà¹òüñÿ êëiêîâîþ â òî÷öi

x∈X [13], ÿêùî äëÿ äîâiëüíîãî ε > 0 i äîâiëüíîãî îêîëó U òî÷êè x â X iñíó¹ âiäêðèòà

íåïîðîæíÿ ìíîæèíà G â X, òàêà, ùî G ⊆ U i d(f(x), f(x′)) < ε äëÿ âñiõ x′ ∈ G. Ôóíêöiÿ

íàçèâà¹òüñÿ êëiêîâîþ, ÿêùî âîíà ¹ òàêîþ â êîæíié òî÷öi.

Òåîðåìà 4. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè, Z � ìåòðè÷íèé ïðîñòið òà ôóíêöiÿ

f : X × Y → Z � ñèëüíî íåïåðåðâíà âiäíîñíî y â òî÷öi (x0, y0) ∈ X × Y . Ôóíêöiÿ f

êëiêîâà çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0) òîäi i òiëüêè òîäi, êîëè fy0 ¹ êëiêîâîþ â

òî÷öi x0.

Äîâåäåííÿ. Íåõàé f ¹ êëiêîâîþ çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0). Âiçüìåìî ε > 0 òà

îêië U òî÷êè x0 â X. Îñêiëüêè ôóíêöiÿ f ñèëüíî íåïåðåðâíà âiäíîñíî y â òî÷öi (x0, y0),

òî iñíóþòü îêîëè U1 òî÷êè x0 â X òà V òî÷êè y0 â Y , òàêi, ùî ùî d(f(x, y), f(x, y0)) <
ε
3

äëÿ âñiõ x ∈ U1 òà y ∈ V . Ïîêëàäåìî U2 = U∩U1. Çàóâàæèìî, ùî U2 ¹ îêîëîì òî÷êè x0. Ç

ñóêóïíî¨ êëiêîâîñòi ôóíêöi¨ f â òî÷öi (x0, y0) âèïëèâà¹, ùî iñíóþòü âiäêðèòi íåïîðîæíi

ìíîæèíè G â X òà H â Y , òàêi, ùî G ⊆ U2, H ⊆ V i d(f(x, y), f(x′, y′)) < ε
3
äëÿ âñiõ

x, x′ ∈ G òà y, y′ ∈ H. Òîäi äëÿ äîâiëüíèõ òî÷îê x, x′ ∈ G òà äîâiëüíî¨ òî÷êè y ∈ H

ìà¹ìî, ùî

d(fy0(x), fy0(x
′)) = d(f(x, y0), f(x

′, y0)) ≤ d(f(x, y0), f(x, y))+

+d(f(x, y), f(x′, y)) + d(f(x′, y), f(x′, y0)) <
ε

3
+

ε

3
+

ε

3
= ε.

Îòæå, äëÿ äîâiëüíîãî ε > 0 òà äîâiëüíîãî îêîëó U òî÷êè x0 â X iñíó¹ âiäêðèòà íåïî-

ðîæíÿ ìíîæèíà G â X, òàêà, ùî G ⊆ U i d(fy0(x), fy0(x
′)) < ε äëÿ âñiõ x, x′ ∈ G. Öå

îçíà÷à¹, ùî ôóíêöiÿ fy0 ¹ êëiêîâîþ â òî÷öi x0.

Íàâïàêè, íåõàé ôóíêöiÿ fy0 ¹ êëiêîâîþ â òî÷öi x0. Âiçüìåìî äîâiëüíå ε > 0 òà

äîâiëüíi îêîëè U òî÷êè x0 âX òà V òî÷êè y0 â Y . Îñêiëüêè ôóíêöiÿ f ñèëüíî íåïåðåðâíà

âiäíîñíî y â òî÷öi (x0, y0), òî iñíóþòü îêîëè U1 òî÷êè x0 â X òà V1 òî÷êè y0 â Y , òàêi,

ùî ùî d(f(x, y), f(x, y0)) < ε
3
äëÿ âñiõ x ∈ U1 òà y ∈ V1. Ïîêëàäåìî U2 = U1 ∩ U òà

H = int(V1 ∩ V ). Çàóâàæèìî, ùî U2 � öå îêië òî÷êè x0 â X òà H � âiäêðèòà íåïîðîæíÿ

ìíîæèíà â Y . Îñêiëüêè ôóíêöiÿ fy0 ¹ êëiêîâîþ â òî÷öi x0, òî iñíó¹ âiäêðèòà íåïîðîæíÿ

ìíîæèíà G â X, òàêà, ùî G ⊆ U2 i d(fy0(x), fy0(x
′)) < ε

3
äëÿ âñiõ x, x′ ∈ G. Ðîçãëÿíåìî

äîâiëüíi òî÷êè (x, y), (x′, y′) ∈ G×H. Òîäi

d(f(x, y), f(x′, y′)) ≤ d(f(x, y), f(x, y0)) + d(f(x, y0), f(x
′, y0)) + d(f(x′, y0), f(x

′, y′)) <

<
ε

3
+

ε

3
+

ε

3
= ε.

Öå îçíà÷à¹, ùî f ¹ êëiêîâîþ çà ñóêóïíiñòþ çìiííèõ â òî÷öi (x0, y0).

Íàñëiäîê 5. Íåõàé X òà Y � òîïîëîãi÷íi ïðîñòîðè, Z � ìåòðè÷íèé ïðîñòið òà ôóíêöiÿ

f : X × Y → Z � ñèëüíî íåïåðåðâíà âiäíîñíî y. Ôóíêöiÿ f êëiêîâà çà ñóêóïíiñòþ

çìiííèõ òîäi i òiëüêè òîäi, êîëè f ¹ êëiêîâîþ âiäíîñíî x.

Àâòîðè äÿêóþòü ðåöåíçåíòîâi çà âàãîìi çàóâàæåííÿ, ÿêi äîïîìîãëè ñóòò¹âî ïîêðà-

ùèòè öþ ñòàòòþ.
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The concept of continuity in a strong sense for the case of functions with values in metric

spaces is studied. The separate and joint properties of this concept are investigated, and several

results by Russell are generalized.

A function f : X × Y → Z is strongly continuous with respect to x /y/ at a point

(x0, y0) ∈ X × Y provided for an arbitrary ε > 0 there are neighborhoods U of x0 in X and V

of y0 in Y such that d(f(x, y), f(x0, y)) < ε /d((x, y), f(x, y0)) < ε/ for all x ∈ U and y ∈ V .

A function f is said to be strongly continuous with respect to x /y/ if it is so at every point

(x, y) ∈ X × Y .

Note that, for a real function of two variables, the notion of continuity in the strong sense

with respect to a given variable and the notion of strong continuity with respect to the same

variable are equivalent.

In 1998 Dzagnidze established that a real function of two variables is continuous over a

set of variables if and only if it is continuous in the strong sense with respect to each of the

variables.

Here we transfer this result to the case of functions with values in a metric space: if X and

Y are topological spaces, Z a metric space and a function f : X×Y → Z is strongly continuous
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with respect to y at a point (x0, y0) ∈ X × Y , then the function f is jointly continuous if and

only if fy is continuous for all y ∈ Y .

It is obvious that every continuous function f : X × Y → Z is strongly continuous with

respect to x and y, but not vice versa. On the other hand, the strong continuity of the function

f with respect to x or y implies the continuity of f with respect to x or y, respectively. Thus,

strongly separately continuous functions are separately continuous.

Also, it is established that for topological spaces X and Y and a metric space Z a function

f : X × Y → Z is jointly continuous if and only if the function f is strongly continuous with

respect to x and y.


