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WIMAN'S TYPE INEQUALITY FOR SOME DOUBLE POWER SERIES

By A2 denote the class of analytic functions of the form f(z) =
∑+∞
n+m=0 anmz

n
1 z

m
2 , with

the domain of convergence T = {z = (z1, z2) ∈ C2 : |z1| < 1, |z2| < +∞} = D × C and
∂
∂z2

f(z1, z2) 6≡ 0 in T. In this paper we prove some analogue of Wiman's inequality for analytic

functions f ∈ A2. Let a function h : R2
+ → R+ be such that h is nondecreasing with respect

to each variables and h(r) ≥ 10 for all r ∈ T := (0, 1) × (0,+∞) and
∫∫

∆ε

h(r)dr1dr2
(1−r1)r2

= +∞
for some ε ∈ (0, 1), where ∆ε = {(t1, t2) ∈ T : t1 > ε, t2 > ε}. We say that E ⊂ T is a set

of asymptotically �nite h-measure on T if νh(E):=
∫∫

E∩∆ε

h(r)dr1dr2
(1−r1)r2

< +∞ for some ε > 0. For

r = (r1, r2) ∈ T and a function f ∈ A2 denote

Mf (r) = max{|f(z)| : |z1| ≤ r1, |z2| ≤ r2}, µf (r) = max{|anm|rn1 rm2 : (n,m) ∈ Z2
+}.

We prove the following theorem: Let f ∈ A2. For every δ > 0 there exists a set E = E(δ, f) of

asymptotically �nite h-measure on T such that for all r ∈ (T ∩∆ε)\E we have

Mf (r) ≤ h3/2(r)µf (r)

(1− r1)1+δ
ln1+δ

(h(r)µf (r)

1− r1

)
· ln1/2+δ er2

ε
.
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1 Introduction

Let ER be the class of analytic functions f represented by power series of the form

f(z) =
+∞∑
n=0

anz
n (1)

with the radius of convergence R := R(f) ∈ (0; +∞]. For r ∈ [0, R) denote Mf (r) =

max{|f(z)| : |z| = r} and µf (r) = max{|an|rn : n ≥ 0} the maximum modulus and maximal

term of series, respectively. We also denote by HR the class of continuous positive increasing

to +∞ on [0;R), R ≤ +∞, functions such that h(r) ≥ 2 (∀r ∈ (0, R)) and
∫ R
r0
h(r)d ln r =

ÓÄÊ 517.55
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+∞ for some r0 ∈ (0, R). In paper [1] the following statements are proved:

10. If h ∈ HR and f ∈ ER, then for any δ > 0 there exist E(δ, f, h) := E ⊂ (0, R), r0 ∈ (0, R)

such that

(∀ r ∈ (r0, R)\E) : Mf (r) ≤ h(r)µf (r){lnh(r) ln(h(r)µf (r))}1/2+δ and

∫
E

h(r)d ln r < +∞.

20. If we additionally assume that the function f ∈ ER is unbounded, then

lnMf (r) ≤ (1 + o(1)) ln(h(r)µf (r))

holds as r → R (r /∈ E). Remark, that assertion 10 at h(r) ≡ const implies the classical

Wiman-Valiron theorem for entire functions (see [2, 3, 4, 5, 6, 8, 7]) and at h(r) ≡ 1/(1− r)
theorem about the K�ovari-type inequality for analytic functions in the unit disc D = {z ∈
C : |z| < 1} ([10, 9, 11]). From statement 20 in the case where lnh(r) = o(lnµf (r)) (r → R)

and from Cauchy inequality µf (r) ≤ Mf (r) it follows that lnMf (r) = (1 + o(1)) lnµf (r)

holds as r → R (r /∈ E).

In paper [12] it is proved some analogues of Wiman's type inequality for analytic functions

represented by the series of the form

f(z) = f(z1, . . . , zm) =
∑+∞

‖n‖=0
anz

n (2)

with the domain of convergence

Dp × Cm−p = {z = (z1, . . . , zm) ∈ Cm : (z1, . . . , zp) ∈ Dp, (zp+1, . . . , zm) ∈ Cm−p}.

Papers [13, 14] deal with the same for analytic ([13]) and random analytic ([14]) functions

in the case m = 2, p = 1, i.e. when T = D× C = {z = (z1, z2) ∈ C2 : |z1| < 1, z2 ∈ C} is the
domain of convergence.

ByA2
0 we denote the class of analytic functions of form (2) with the domain of convergence

D× C and ∂
∂z2
f(z1, z2) 6≡ 0 in D× C,

r1
∂

∂r1

lnMf (r) + ln r1 > 1
(
∀ r = (r1, r2) ∈ (r0

1, 1)× (r0
2,+∞)

)
.

We say that E ⊂ T = (0, 1) × R+ is a set of asymptotically �nite logarithmic measure

on T1 if there exists r0 ∈ T such that

νln(E ∩∆r0):=

∫∫
E∩∆r0

dr1dr2

(1− r1)r2

< +∞, ∆r0 = {r = (r1, r2) : r0
1 ≤ r1 < 1, r2 ≥ r0

2}

i.e. the set E ∩∆r0 is a set of �nite logarithmic measure on T .

The following theorem is proved in [13].

Theorem 1 ([13]). Let f ∈ A2
0. For every δ > 0 there exists a set E = E(δ, f) ⊂ T of

asymptotically �nite logarithmic measure such that for all r ∈ T\E we obtain

Mf (r) ≤
µf (r)

(1− r1)1+δ
ln1+δ µf (r)

1− r1

· ln1/2+δ r2. (3)
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Another result of [13] asserts that, for some function f ∈ A2 the set

E =
{
r ∈ T : Mf (r) >

µf (r)

1− r1

ln
µf (r)

1− r1

}
has in�nity logarithmic measure on T .

Remark, that regarding the statement about the classical Wiman inequality, Prof. I.V.

Ostrovskii in 1995 formulated the following problem: what is the best possible description

of the value of an exceptional set E? Later, the same issue was considered in a number of

articles (for example, see [7, 15, 16, 17, 18, 19, 20, 21, 22]) concerning many other relations

obtained in the Wiman-Valiron theory. In this regard, each time the question arises of

�nding the most general possible description of the magnitude of the exceptional set in each

speci�c case. In particular, in the case of analogs of the Wiman-Valiron inequality. The

present article is devoted to obtaining a very general description of the exceptional set in

some analogs of the mentioned inequality for analytic functions in D× C.
Let H be the class of functions h : R2

+ → R+ such that h is nondecreasing with respect

to each variables and h(r) > 10 for all r ∈ T and some ε ∈ (0, 1)

1∫
ε

+∞∫
ε

h(r)dr1dr2

(1− r1)r2

= +∞.

We say that E ⊂ T is a set of asymptotically �nite h-measure on T if h ∈ H and

νh(E):=

∫∫
E∩∆r0

h(r)dr1dr2

(1− r1)r2

< +∞

for some r0 ∈ T . The collection of such sets we denote by Ch.
Some analogs of Wiemann's inequality for entire functions of one and several complex

variables can be found in [23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33].

2 Wiman's type inequality for analytic functions on T

By A2 we denote the class of analytic functions of the form

f(z) = f(z1, z2) =
+∞∑

n+m=0

anmz
n
1 z

m
2 (4)

with the domain of convergence T and ∂
∂z2
f(z1, z2) 6≡ 0 on T.

For ε ∈ (0, 1), r = (r1, r2) ∈ T :=[0, 1)× [0,+∞) and function f ∈ A2 we denote

∆ε = {(t1, t2) ∈ T : t1 > ε, t2 > ε}, Mf (r) = max{|f(z)| : |z1| ≤ r1, |z2| ≤ r2},

µf (r) = max{|anm|rn1 rm2 : (n,m) ∈ Z2
+}, Mf (r) =

+∞∑
n+m=0

|anm|rn1 rm2 .
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Let Df (r) = (Dij) be a 2× 2 matrix such that

Dij = ri
∂

∂ri

(
rj

∂

∂rj
lnMf (r)

)
= ∂i∂j lnMf (r), ∂i = ri

∂

∂ri
, i, j ∈ {1, 2}.

The following statemen for entire function of several variables we �nd in paper [27], and for

analytic functions on the domain in D× C [13].

Theorem 2 ([13, 27]). Let f ∈ A2. There exists an absolute constant C0 such that

Mf (r) ≤ C0µf (r)(det(Df (r) + I))1/2,

where I is the identity 2× 2 matrix.

Lemma 1. Let δ > 0. Then there exists a set E ∈ Ch such that for all r ∈ T\E the

inequalities

det(Df (r) + I) ≤ h(r)

1− r1

·
( ∂

∂r1

lnMf (r)
(
r2

∂

∂r2

lnMf (r) + ln
er2

ε

))1+δ

, (5)

∂

∂r1

lnMf (r) ≤
h(r)

1− r1

·
(

lnMf (r) · ln
er2

ε

)1+δ

, (6)

∂

∂r2

lnMf (r) ≤
h(r)

r2(1− r1)δ
(lnMf (r))

1+δ (7)

hold.

Proof. Let E1 ⊂ T be a set for which inequality (5) does not hold, and ∆ε := ∆(ε,ε)

for ε ∈ (0, 1). Now we prove that E1 is a set of asymptotically �nite h-measure. Since

rj
∂
∂rj

lnMf (r) > 0, j ∈ {1, 2}, for any r ∈ T ∩∆ε we have

rj
∂

∂rj
lnMf (r) + ln

erj
ε
> 1.

Then

νh(E1 ∩∆ε)=

∫∫
E1∩∆ε

h(r)dr1dr2

(1− r1)r2

≤

≤
∫∫

E1∩∆ε

det(Df (r) + I)(1− r1)dr1dr2(
∂
∂r1

lnMf (r)
(
r2

∂
∂r2

lnMf (r) + ln er2
ε

))1+δ

(1− r1)r2

≤

≤
∫∫

E1∩∆ε

1

r1r2

· det(Df (r) + I)dr1dr2(
r1

∂
∂r1

lnMf (r) + ln er1
ε

)1+δ(
r2

∂
∂r2

lnMf (r) + ln er2
ε

)1+δ
.

Let U : T → R2
+ be a mapping such that U = (u1(r), u2(r)) and uj(r) = rj

∂
∂rj

lnMf (r) +

ln
erj
ε
, j ∈ {1, 2}, r = (r1, r2). Then for i, j ∈ {1, 2} we obtain

∂ui
∂ri

=
∂

∂ri

(
ri
∂

∂ri
lnMf (r) + ln

eri
ε

)
=

1

ri
∂i∂i lnMf (r) +

1

r i
,

∂ui
∂rj

=
∂

∂rj

(
ri
∂

∂ri
lnMf (r) + ln

eri
ε

)
=

1

rj
∂i∂j lnMf (r), i 6= j.
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So, the Jacobian

J1:=
D(u1, u2)

D(r1, r2)
=

∣∣∣∣∣∂u1∂r1

∂u1
∂r2

∂u2
∂r1

∂u2
∂r2

∣∣∣∣∣ = det(Df (r) + I)
1

r1r2

.

Therefore,

νh(E1 ∩∆ε) ≤
∫∫

U(E1∩∆ε)

du1du2

u1+δ
1 u1+δ

2

≤
+∞∫
1

+∞∫
1

du1du2

u1+δ
1 u1+δ

2

< +∞.

Suppose that E2 ⊂ T is a set for which inequality (6) does not hold. Then

νh(E2 ∩∆ε) =

∫∫
E2∩∆ε

h(r)dr1dr2

(1− r1)r2

≤
∫∫

E2∩∆ε

∂
∂r1

lnMf (r) · (1− r1)dr1dr2

(lnMf (r) · ln er2
ε

)1+δ(1− r1)r2

.

Consider the mapping V : T → R2
+, where V = (v1(r), v2(r)) and v1 = lnMf (r), v2 =

ln er2
ε
, r = (r1, r2). So,

J2:=
D(v1, v2)

D(r1, r2)
=

∣∣∣∣∣∣∣∣∣
∂
∂r1

lnMf (r)
∂
∂r2

lnMf (r)

0 1
r2

∣∣∣∣∣∣∣∣∣ =
1

r 2
· ∂
∂r1

lnMf (r).

Therefore

νh(E2 ∩∆ε) ≤
∫∫

E2∩∆ε

∂
∂r1

lnMf (r)dr1dr2

(lnMf (r) · ln er2
ε

)1+δr2

=

=

∫∫
V (E2∩∆ε)

du1du2

(u1 · u2)1+δ
≤

+∞∫
1

+∞∫
1

du1du2

(u1 · u2)1+δ
< +∞.

Let E3 ⊂ T be a set for which inequality (7) does not hold. Then

νh(E3 ∩∆ε) ≤
∫∫

E3∩∆ε

∂
∂r2

lnMf (r)r2dr1dr2

1
(1−r1)δ

ln1+δMf (r)(1− r1)r2

.

De�ne the mappingW : T → T, whereW = (w1(r), w2(r)) and w1 = r1, w2 = lnMf (r), r =

(r1, r2). So,

J3:=
D(w1, w2)

D(r1, r2)
=

∣∣∣∣∣∣∣∣∣
1 0

∂
∂r1

lnMf (r)
∂
∂r2

lnMf (r)

∣∣∣∣∣∣∣∣∣ =
∂

∂r2

lnMf (r).

Therefore,

νh(E3 ∩∆ε) ≤
∫∫

W (E3∩∆ε)

du1du2

(1− u1)1−δu1+δ
2

≤
1∫

0

du1

(1− u1)1−δ ·
+∞∫
1

du2

u1+δ
2

< +∞.

It remains to remark that the set E =
⋃3
j=1Ej is also a set of asymptotically �nite

h-measure in T .
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Theorem 3. Let f ∈ A2. For every δ > 0 there exists a set E = E(δ, f) ∈ Ch such that for

all r ∈ (T ∩∆ε)\E we obtain

Mf (r) ≤
h3/2(r)µf (r)

(1− r1)1+δ
ln1+δ

(h(r)µf (r)

1− r1

)
· ln1/2+δ er2

ε
.

Note, that Theorem 1 follows from Theorem 3 at h(r) ≡ 10.

Proof. Let E ′ and E0 be the exceptional sets from Theorem 1 and Lemma 1, respectively.

Then for E = E ′ ∪ E0 and δ ∈ (0, 1), we get for all r ∈ T\E

Mf (r) ≤ C0µf (r)(det(Df (r) + I))1/2 ≤

≤ C0

√
h(r)µf (r)

(
1

1− r1

( ∂

∂r1

lnMf (r)
)1+δ(

r2
∂

∂r2

lnMf (r) + ln
er2

ε

)1+δ
)1/2

.

Hence by Lemma 1 for all r ∈ ∆ε\E one can obtain

Mf (r) ≤ C0µf (r)h
3/2(r)×

×

(
1

(1− r1)2

(
lnMf (r) · ln

er2

ε

)(1+δ)2( 1

(1− r1)δ
(lnMf (r))

1+δ + ln
er2

ε

)1+δ
)1/2

<

<
µf (r)h

3/2(r)

(1− r1)1+δ
ln(1+δ)2 Mf (r) ln1/2+2δ r2. (8)

Using inequality (8) we get

lnMf (r) ≤ ln
µf (r)

(1− r1)1+δ
+

3

2
lnh(r) + (1 + δ)2 ln lnMf (r) +

(1

2
+ 2δ

)
ln ln

er2

ε
≤

≤ 2 ln
µf (r)h(r)

(1− r1)
+ 8 ln lnMf (r).

Therefore, lnMf (r) ≤ 2 ln
h(r)µf (r)

1−r1 . Finally for all r ∈ ∆ε\E we have

Mf (r) ≤Mf (r) ≤
h3/2(r)µf (r)

(1− r1)1+δ

(
2 ln

h(r)µf (r)

1− r1

)1+2δ+δ2

ln1/2+2δ er2

ε
<

<
h3/2(r)µf (r)

(1− r1)1+δ1

(
ln
h(r)µf (r)

1− r1

)1+δ1

ln1/2+δ1
er2

ε
,

where δ1 > 2(δ + δ2).
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×åðåç A2 ïîçíà÷èìî êëàñ àíàëiòè÷íèõ ôóíêöié âèãëÿäó f(z) =
∑+∞
n+m=0 anmz

n
1 z

m
2 , ç

îáëàñòþ çáiæíîñòi T = {z = (z1, z2) ∈ C2 : |z1| < 1, |z2| < +∞} = D × C i ∂
∂z2

f(z1, z2) 6≡ 0

â T. Ó öié ñòàòòi ìè äîâåäåìî äåÿêi àíàëîãè íåðiâíîñòi Âiìàíà äëÿ àíàëiòè÷íèõ ôóíêöié

f ∈ A2. Íåõàé ôóíêöiÿ h : R2
+ → R+ òàêà, ùî h íåñïàäíà ïî êîæíié çìiííié i h(r) ≥ 10

äëÿ âñiõ r ∈ T := (0, 1) × (0,+∞) i
∫∫

∆ε

h(r)dr1dr2
(1−r1)r2

= +∞ äëÿ äåÿêîãî ε ∈ (0, 1), äå ∆ε =

{(t1, t2) ∈ T : t1 > ε, t2 > ε}. Áóäåìî ãîâîðèòè, ùî E ⊂ T ¹ ìíîæèíîþ ñêií÷åííî¨ h-ìiðè

íà T, ÿêùî νh(E):=
∫∫

E∩∆ε

h(r)dr1dr2
(1−r1)r2

< +∞ äëÿ äåÿêîãî ε > 0. Äëÿ r = (r1, r2) ∈ T i ôóíêöi¨

f ∈ A2 ïîçíà÷èìî

Mf (r) = max{|f(z)| : |z1| ≤ r1, |z2| ≤ r2}, µf (r) = max{|anm|rn1 rm2 : (n,m) ∈ Z2
+}.

Äîâåäåíî òàêó òåîðåìó: Íåõàé f ∈ A2. Äëÿ êîæíîãî δ > 0 iñíó¹ ìíîæèíà E = E(δ, f)

àñèìïòîòè÷íî ñêií÷åííî¨ h-ìiðè íà T òàêà, ùî äëÿ âñiõ r ∈ (T ∩∆ε)\E âèêîíó¹òüñÿ íåðiâ-

íiñòü

Mf (r) ≤ h3/2(r)µf (r)
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